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_ Measurements of the yield and angular and energy distribution of photoprotons emitted from 
zinc have been carried out at various bremsstrahlung peak energies ranging from 19.8 to 


30.7 mev.— The results are compared with the statistical theory of nuclear reactions and 
with the direct photoeffect model. The data obtained with zinc confirm the conclusions 


regarding the significance of a direct photoeffect and of the influence of shells for nuclei 


with Z © 30. 


1. INTRODUCTION 


'HE present work continues the investigation 

of photoprotons emitted by different nuclei 
under the action of synchrotron bremsstrahlung 
with y-ray energies up to 30 mev — 

As is well known, deviations from the statisti- 
cal theory in the investigation of photonuclear 
reactions have been observed in a number of papers 
(Refs. 4-6 and others). In the investigation of 
the (y,p) reaction in copper! and in nickel? a 
number of additional facts were discovered which 


contradict the idea of evaporation of particles from. 


the compound nucleus. These results were quali- 
tatively explained by assuming a direct interaction 
of the y-quanta with the individual nucleons in 
the nucleus (the so-called ‘‘direct’’ photoeffect) 
with the shell structure of the nucleus taken into 
account. 

In accordance with the shell model ‘, the zinc 
nucleus has a structure analogous to the copper 
nucleus, with the only difference that outside the 


filled ee level containing 8 protons, the zinc 
nucleus in the 3 Ps 2 state contains not one but 
two protons. Therefore, it was expected that in- 


vestigations carried out with zinc would confirm 
the sharp change in the proton distribution 


accompanying a small increase in Ey,, obtained 
in the case of copper and explained by assuming 
that the photoeffect from the Afa rs level begins 
to be important. 


Fic. 1. Positioning of the plates. g — photo plates, 
h —targets, dotted lines indicate the position of the 
plates for the measurement of proton yield. 


2. THE METHOD OF MEASUREMENT 


The experimental method has been described 
in detail in Ref. 1. The protons were recorded in 
thick nuclear emulsions NIKFI Ia-2 400p in thick- 
ness. The placing of the plates is shown in Fig. 1 
The construction of the chamber in which the 
plates were situated was altered slightly in order 
to improve the positioning of the plates and the 
placement of the chamber with respect to the y- 
ray beam. In order to remove soft electrons from 
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the beam permanent magnets were installed inside 
the chamber. The proton background was measured 
with the target removed from the chamber. It was 
of significant amount (5-10%) in only two plates 
which were nearest to the y-beam. In the other 
plates the proton background did not exceed 1%. 
The background is primarily due to protons with 
energies up to 5-6 mev. The target was in the 
form of a foil of chemically pure zinc of 25 mg/cm 
in thickness. The energy losses in the half thick- 
ness of the target were calculated in accordance 
with Ref. 8. The emulsions were treated by the 
dry temperature method using the standard amidol 


2, 


developer. The plates were scanned by means of 
binocular microscopes MBI-2 with a magnification 
of 630X. In scanning the plates proton tracks 
were selected corresponding to proton energies 
ope 3.0 mev which started at the surface of the 


emulsion and proceeded in the required direction. 
The complete energy spectrum was measured in 
only two irradiations at energies EF, = 20.8 and 


28.6 mev. In all the other cases only the energy 
of the fast protons with ¢, > 9 mev was determined. 
The proton energy was determined from the range- 
energy curve for the Ilford C-2 emulsion”, which 
is permissible because of the similarity in the 
composition of the emulsions NIKF'l Ia-2 and Ilford 
C-2. No identification of deuteron tracks was made. 
The dosage was recorded by means of an inte- 
grating ionization monitoring chamber. The moni- 
tor was calibrated by means of a thickwalled ioni- 
zation chamber whose sensitivity was calculated 
according to the data of Ref. 10. The photon 
spectrum was found in accordance with Ref. 11 
taking into account absorption in the walls of the 
accelerating chamber. 
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3. EXPERIMENT AL RESULTS 


Figure 2 shows the energy spectra integrated 
over the angles @ of the photoprotons with energies 
es > 3 mev from zinc, obtained at energies E 

ym 


= 20.8 and 28.6 mev. Curve 1 for E = 2038 
mev is normalized in accordance with the data on 
angular distribution on the assumption that its 
isotropic part (75%) is due to evaporation. For 
Eni = 28.6 mev, the normalization was carried 


m: %~ 20.8 mev and 6 — 28.6 mev. 1 — spectra caicu- 


ng to evaporation theory; 2 ~— spectra calculated 
| ling ac - 
ing to the direct photoeffect model taking i os 


the sum of curves 


shells into account; 3 — 
and 2, 


out on the basis of the calculated dependence on 
ae of the yield of evaporated protons. The 


areas under curve 3 and under the experimental 
histogram are equal. The calculated curves in- 
clude a correction for finite target thickness. 
Figure 3 shows energy distributions of photopro- 
tons with energies «_ > 9 mev measured for various 
values of E Figure 4 shows the angular dis- 
tributions Or photenec ane with energies €, > 3 

and Cr 9 mev. The dependence of the yield 
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of protons with «> 3 mev on the maximum y- ray 
energy Fake is shown in Tig. 5. The proton yield 
is normalized to the same ionization in a thick- 
walled ionization chamber. Figure 6a shows the 


analogous dependence for photoprotons with - 
> 9 mev. obtained by multiplying the yield of 


Protons with € 2 3 mev (Fig. 5) by the ratio of 
the number of protons with 2 9 mev to the num- 
ber of protons with €, > 3 mev, taking the angular dis- 


tribution into account. The errors shown in the Figures 
are statistical. Figure 6b shows the cross-section 
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Fic. 3. Energy distr ibutions for protons with energies & >_ 9 mev from 
zine obtained at Ey :a- 20.8; b — 23.3; c — 26.1 and d — 28.6 mev. 


m . 
The spectra have been calculated using the direct photoeffect model 
taking shells into account and utilizing: 1 — the cross sections from 


Ref. 14, 2 — the experimental cross-section. 
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Fic. 4. Angular distributions of photoprotons from zinc obtained at 
energy values E ym! a — 20.8, b — 23.3 and c — 28.6 mev. /, and /, 


are the relative numbers of protons per unit solid angle for protons: 
1 — with energies €,, > 3 mev, 2 — with energies €, > 9 mev. 
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for the production of photoprotons with 62 9 mev 


calculated from the yield curves by the “‘photon 
difference’’ method!2. An estimate of the inte- 
erated cross-section for the emission of photo- 
protons with energy €, > 3 mev from zinc gives 

a value equal to 0.46 mev * barn. The ratios for 
the photoproton yield from zinc, copper and nickel 
at E.,, = 25.5 mev are 1.5: 1.0: 1.7, respectively. 


at 


us 20 ) 


JO om Mev 


FIG.5. Dependence on Ey of the yield of photo- 


protons with energies € >3 meév from zinc. Ip is the 
a 

curve calculated according to evaporation theory and 

normalized according to the data on angular distribution 

on the assumption that at Ey, = 20.8 mev the isotropic 

part of the yield (75%) is determined by evaporation. 

I is the yield in relative units reduced to the same 

ionization in a thick-walled ionization chamber. 


4. DISCUSSION OF RESULTS 


In the discussion of results, the most attention 
was devoted to the data obtained for fast protons 
since the direct photoeffect of interest to us 
should be particularly prominent in this energy 
region. 

An examination of the angular distributions 
of photoprotons from zinc (Fig. 4) shows that a 
marked anisotropy for protons with energies 
ee > 3 mev of the form /(6) ~ 1+ 0.4 sin? 6 for 


EY m& 20.8 mev* is replaced by a practically 
isotropic distribution for Spee S03 mew ter 


* The angular distributions obtained for |e pai 19.8 mev 


which are not shown in Fig. 4 are even more anisotropic 
than those for EY mn = 20.8 mev. 


fast protons with « > 9 mev the angular distribu- 
tion for En < 20.8 mev has the form /(0) ~ sin’6. 


For energies a > 23.3 mev an appreciable 


isotropic component appears and the maximum 

in the angular distribution is displaced forward. 
Thus in zinc a sharp change in the angular 

distribution is observed as we go from Em 

= 20.8 mev to ee = 23.3 mev. Apparently this 


result, as in the case of copper, can be explained 
by assuming that at large y-ray energies the 
photoeffect from the deeper lying level Afa so be- 
gins to play a more important role. In this con- 
nection, it should be pointed out that the angular 
distributions obtained for fast photoprotons from 
zinc at E> 23.3 mev are somewhat similar 


to the angular distributions obtained in nickel? 
and in cobalt}, i.e., in nuclei where the filling 
of the 4f, ,, shell is completed. These distribu- 


tions also do not contradict the data obtained 

in the case of copper’. The displacement in the 
forward direction with respect to .6 = 90° of the 
maximum of the angular distribution in all these 
cases apparently points to the fact that, for this 


level,interference between the dipole and the 


quadrupole absorption of y-quanta takes place. 

It should be noted that in the case of zinc the 
anisotropy in the angular distributions of fast 
protons for relatively small values of Em is too 
great, just as in the case of copper, in comparison 
with what is predicted in Refs.14 and 15 for the 
photoeffect from the P-shell. 

The angular distribution of the form /(0) ~ sin? 0 
obtained for fast photoprotons from copper and 
zinc would appear to indicate a considerable trans- 
parency of these nuclei for protons from the upper- 
most level. In this case, however, the following 
consideration should be taken into account. The 
transfer by the proton of a considerable amount 
of energy on collision which could lead toa sig- 
nificant distortion of the angular distribution re- 
moves the proton from among the recorded fast 
protons. 


The energy distributions of photoprotons from 
zine obtained at FE, = 20.8 and 28.6 mev (see 
Fig. 2) were compared with spectra calculated on 
the basis of the statistical theory of nuclear 
reactions /®, and in accordance with the direct 
photoeffect model proposed in Ref. 14. In making 
the calculations using the statistical theory it 
was assumed that the level density of the final 
nucleus depends on its excitation energy Ep in 
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OES Rt Bi ofE ,) = const * exp {(3.35 
0 40)*E ,) 4; Ee =E, oe. oe where 


B , is the proton binding energy. The calculation 
was made for the main isotope Zn®4. The ratio 


of the binding energies of the proton and the neu- 


tron in the other isotopes is such that their con- 
tribution to the total evaporation spectrum is quite 
small. The binding energies for the proton B 

and for the neutron Bin Zn®4 were taken to be 


7.7 and 11.8 mev respectively!8. 


Fic. 6. a— dependence on Ee of the yield of 


fast photoprotons from zinc; 6b — cross-section for the 
emission of fast protons from zinc. 1 — ee 9 2= 
_ 8<e >10 mev. 


The calculation of the energy spectrum using 
the direct interaction model was carried out on 
the assumption that the protons in the nucleus 
are in separate levels with binding energies 
Bow Boe etc., and that the total energy of the 
y-quantum minus the binding energy is given up to 
the emitted proton. Transitions / > / — 1 and 1 
+ 1+ 1 were taken into account. The photoproton 
spectrum for the given isotope was found using 
the formula 


Nie) = const: >) 1;3 (2p 
i 


abo Bp;) Ny (Sp ae By, Evin) 


| 


7 \ - = .\ 
« [Stal t=1 (2p) + 21;410 442 Ep)! 


Here n. and /. are respectively the number of 
protons in the i-th level and their angular momen- 
tum in accordance with the mode] of filling the 
levels given in Ref. 7; 71, +1 (Sp) — the 
penetrability through the barrier — was calculated 
using the formulas given in Ref. 16; &/;+1 
=(2(/;+-1)+ 1] is the statistical factor; 


Ny (@p + Bo, Exam) is the number of y-quanta of 
energy F., --¢, + By, in the bremsstrahlung 


Spectrum with maximum energyLy,,; 5 (8, + Lip,) 
is the cross-section for the direct photoeffect 


per nucleon taken from Ref. 14. As may be seen 
from Fig. 2, for Em = 20.8 mev the experimental 


spectrum is well described by the sum of the 
theoretical curves. However, at E Ps 28.6 mev, 
the observed proton distribution shows a deficiency 
of fast and an excess of slow protons. This de- 
viation may be explained either by assuming that 
as the energy of the proton increases the proba- 
bility of it transferring a part of its energy to the 
other nucleons in the nucleus increases also, or 
by assuming that the dependence of the cross- 
section for the direct photoeffect on the energy of 
the y-quanta differs from the one given in Ref,14*, 
In this connection it is of interest to examine the 


* Ji is of interest to note that a calculation of the 
direct photoeffect for the nucleus Mo!00 carried out 
by B. N. Kalinkin (private communication) showed that 
the total cross-section is made up of the sum of the 
resonance cross-sections for individual levels. 
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data on the cross-section for the emission of 
fast protons from zinc. As may be seen from Fig. 
6b the cross-section for protons with Ges 9 mev 


has a sharp peak in the region of y-quanta with 
energy E, ~ 23-24 mev and falls off towards Ey 


~ 29-30 mev. Apparently there is also a second 
maximum at an energy of 17-18 mev but it is less 
pronounced. The cross-section curve plotted for 
protons with energy in the range 9-10 mev indi- 
cates more clearly the presence of two peaks in 
the cross-section which are most probably deter- 
mined by the absorption of y-quanta by protons in 
the two outer shells of the zinc nucleus. From 
the value of the energy of the y-quanta at which 
the second rise in the cross-section for the emis- 
sion of protons with «| > 9 mev is observed it 


is possible to determine the position of the 4f, /2 
level. The depth of this level is ~ 14 mev from 
which the value of ~ 6 mev is obtained for the 
distance between the two upper levels. 

In order to check the correctness of the form of 
the cross-section curve,|obtained from the yield 
curve with considerable errors, this curve was used 
to calculate the energy distribution of the photo- 
protons on the assumption of the transfer of the 
total energy of the y-quantum minus the binding 
energy to the proton. The assumed form for the 
cross-section for the direct photoeffect for each 
of the upper levels is shown in Fig. 6b. As may 
be seen from Fig. 3, the spectra of fast photo- 
protons from zinc calculated using the experimental 
cross-section agree satisfactorily with the experi- 
mental spectra, while Courant’s cross-section 
predicts a much harder proton energy spectrum. 

A model for the nuclear photoeffect proposed 
by Wilkinson’> has been widely discussed in re- 
cent literature. In contrast to the model of col- 
lective dipole oscillations of protons with respect 
to neutrons in the nucleus (Refs. 19, 20 and 
others),Wilkinson’s model explains the ‘‘giant”’ 
resonance observed in photonuclear reactions in 
terms of the resonance absorption of y-quanta by 
individual nucleons situated within closed shells. 
In this model the nucleons outside closed shells 
should play no essential role. However, as indi- 
cated by the angular distributions and by the 
cross-sections for protons obtained in the present 
work, and also by the results for copper?, one or 
two protons in the new unfilled shell play an im- 
portant role particularly for relatively low values 
of the energy of the y-quanta. If the direct 
photoeffect were determined primarily by the closed 
shell then one would not expect the experimentally 


observed sharp change in the form of the angular 
distributions as the energy of the y-quanta is 
varied. Also one would expect that the photo- 
effect in nickel, copper and zinc should not show 
appreciable differences. 

Thus the results of studying photoprotons from 
zine confirm the conclusions reached earlier that 
the contribution of the direct photoeffect to the 
proton yield from nuclei with Z ~ 30 represents 
a considerable amount (20-40%) at y-ray energies 
used. It seems probable that in the above case the 
y-quanta interact with protons situated within indi- 
vidual nuclear shells. Apparently the cross-section 
for such an interaction has a resonance character. 

Indications of the influence of the shells were ob- 
tained in the recently published work on the inves- 
tigation of photoprotons from argon”?. Unfortunately, 
the data available for other elements are insuffi- 
cient to be analyzed in terms of the considerations 
given above. 

The authors are very grateful to R. D. Polukar- 
ova and N. A. Ponomareva for their help in scan- 
ning the plates, and in analyzing the results, and 
also to the members of the group operating the 
synchrotron. 
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_ An investigation has been made of 
ing dielectric films with positive ion 


bombardment. 
lithium ions. 


the electron emission which is produced by bombard- 
s and which continues after termination of the ion 


The electron €m1ssion was excited by hyd y , 
rogen lons, Ox gen 10nsS and 

The emission has been obser ved in films of al Al 
Cc 2 »B, 03 9 ) 0, 


, and in mica 


sheets. The effect oftarget temperature on emission was investigated. The potentials 


at the film surfaces have been measured. 


a 


HEN thin dielectric films deposited on a metal 
substrate are bombarded by electrons or ions, 


under certain conditions there is observed an ex- 
tended electron emission which continues after the 
bombardment is terminated. The origin of this emis- 
sion seems to be associated with the positive 
charge at the surface of thedielectric. Malter }, 
who discovered this effect, and other investigators 
bombarded the surface of a dielectric film with 
electrons to obtain the emission. Starodubtsev? ob- 


tained this emission by creating a positive charge 


at the surface of a B, 0, film bombarded by 


K* ions and b. O° ions. 

The present work was undertaken to obtain more 
information onthe electron emission from dielec- 
tric films, deposited ona metal substrate, which 
is produced when the films are bombarded by posi- 
tive ions. 


DESCRIPTION OF THE APPARATUS AND METHOD 
OF MEASUREMENT 


The experiments were carried out with the ap- 
paratus shown inFig. 1. The target 6 in the opera- 
ting chamber 8 is bombarded by positive ions se- 
lected by the mass-analyzer 2. The instrument 
frame is grounded. Jons which leave the mass- 
analyzer pass through two diaphragms 3 with an 
aperture diameter of 4 mm. To inhibit secondary- 
electron emission from diaphragm 3, a negative 

potential of 300 volts is applied to the cylindrical 


electrode 4 (inner diameter 12 mm, length 15 mm). 
The target holder 7, which is insulated from the 
frame and is in electrical contact with thetarget 6, 
can be rotated without breaking the vacuum. The 
micrometer screw 9 isinsulated fromthe frame and 
is used to move the probe 10 back and forth with- 
out disturbing the vacuum. The probe 10 can touch 
the target 6, as desired, in which case electrical 
contact is established between the target and the 
micrometer screw. It is also possible, without 
disturbing the vacuum, to position a flat disc- 
collector (not shown inFig. 1) between the target 
and collector 5; this disc-collector is insulated 
from theframe but is in contact with the collector. 
The ion current is measured by the galvanometer G 
in the collector—target circuit when the collector 


potential ‘as = (. The electron emission curve is 


measured with the same galvanometer G, in the 
collector—target or disc-collector-target circuit, 
but with a positive collector potential V, varying 


from 0 to 3,000 volts applied to the collector. 
The dielectric film is deposited on the target by 
vacuum evaporation in the operating chamber 8 
while a vacuum of approximately 10°° mm Hg is 
maintained. By rotating the rod 7, the targets are 
set over the evaporator 1, located in the bottom 
part of the operating chamber 8, andB, O, and 


CaF’, are evaporated on to the molybdenum sub- 


strate. After the film is evaporated, thetarget is 
positioned opposite the collector and subjected 
to ion bombardment. Before deposition of the. film, 
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the target substrate is heated to 1,000—1,200° C 
by electron bombardment (the electron—bombard- 
ment device is not shown inF'ig. 1). The target- 
substrate heating is carried on until thevacuum in 
the operating chamber cannot be maintained at 10-° 


mm Hg. The CaF’. film was also vacuum evaporated 
in another chamber with and without substrate 
baking and then transferred in air to the operating 
chamber. No noticeable difference in the properties 
of thetargets with the CaF’, films, prepared in the 
manner indicated above, was found. The thickness 
of the film is measured to an accuracy of 1 p with 
a multiple —beam interferometer. The targets are 
bombarded by a beam of positive ions selected by 
the mass analyzer, with energies ranging from 10 

to 40 kev at currents ranging from 2 to 6 x 10°’ 
amp. 


300V 
Fic. 1. Diagram of the apparatus. 


RESULTS OF THE MEASUREMENTS 


Electron Emission from B, 0, Films. Bly 0, 


was evaporated from a conical tungsten spiral on to 
the molybdenum substrate. It was found that the 
vacuum in the operating chamber improved notice- 
ably during intense evaporation of BO,” Fol- 


‘lowing evaporation of the film, thetarget was heated 
several times to temperatures of 800—900° C. The 
thickness of the B, 0, film in the experiments be- 
ing described here varied from 10 to 15 p. The tar- 
get was exposed to a beam of protons with an ener- 
gy of 10 kev. 

In Fig. 2 are showntheresults of the measure- 
ment of electron emission from two targets, I and 
II, prepared in thesame way, andexposed under the 
same conditions for one minute with V = +400 


volts and an external ballast resistor R = 1500 ohms. 
The distance bet ween the collector and the target 
was 10 mm. 


1) hours 


rT 


Fic. 2. Electron emission from B Os films, The 


time dependence of the emission current / is shown. 


Pi, By 


Electron emission from CaF, films. The 


time dependence for the emissioncurrent / is shown 
for films ofvarious thicknesses: /)thickness 20 Te 


V = 2,500 volts; //—thickness 309 p, V.= 3,000 volts; 


I]]—thickness 75 [ie ae = 2,600 volts; /V—thickness 105 
HL, ys = 1,000 volts. 


As is apparent from the data, the emission currents 
from identical films, exposed to a proton beam 
under identical conditions, vary by a large factor 
from one experiment to another. Many such experi- 
ments were carried out and the curves shown inFig. 
2 are typical. 

Electron Emission from Thin Mica Sheets. 

Thin cleavage sheets of mica (muscovite) with 
thicknesses ranging from 3 to 70 p using sub- 
strates of aquadag or vacuum—evaporated silver, 
were bombarded by beams of Hee Hye ; Hs ava 


Ox ions with energies from 10 to 40 kev for 1-2 


min with V , ranging from 200 to 3,000 volts and 
R =1,500 ohms. The distance between the col- 
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lector and target was 10 mm. After bombardment 
was terminated, electron emissionwas observed in 
some of thetargets, with V set at a fixed value. 


500 00 1600 v 


Fic. 4. Electron emission from CaF 2 films. The 


voltage—current characteristics for the emission are 


shown for various distances /-between the collector 
and the target. 


1500 Q 


HOON 


Fic. 5. Diagram of the electron projector. 


A total of 118 targets were tested; of these, 29 
exhibited electron emission. The emission was 
observed in sheet thicknessesranging from 3 to 
64 p, and the highest value of the emission current 
was 14 p amp. 

In various experiments the time required for the 
emission to fall from the maxiuum value to the min- 
imum detectable value (10~ amp) varied from sev- 
eral minutes to five hours. It is obvious that one 
cannot discuss reproducibility of the results. 
Changing the type of ion or the beam energy, over 
the region which was investigated, had no effect. 

Electron Emission from Al, 0, Films. Films 


of Al, O, were obtained by anodizing polished 
aluminum in an electrolytic bath (3 percent t i 
; iy 
acid and ammonium hydroxide, pH = 5.5) for . a 
period of 15 minutes. The thickness of the Al 0, 
2 


film wasdetermined from the formula 


t= 13.5), 


where ¢ is the thickness in Angstroms and J is the 
. joe : ' 
voltage in volts.” Using this process, transparent 


non-porous layers of Al, 0; with thicknesses from 


1.2 x 10°” to 2.6 x 10° cm were obtained on the 
polished Al. 

When these targets were bombarded by beams of 
Hie ig. and He ions with energies from 10 to 
40 kev secondary emission was observed. The se- 
condary emission factor was a = 3. No delayed 
emission was found in films of this thickness. 


TABLE I| 
Cross- 

Chamber emperature Sas 

pressure of the resistance 

in mm Hg. |container °C ohne one! 
760 10" 
10-8 4013 
10-8 4(10 


By passing a current of 1.5 ma for a period of 
190 hours to the polished Al inthe sameelectrolytic 
bath, opaque porous films of Al, 0, , 9-6 p in 
thickness were obtained. The thickness of these 
films was measured with a multiple-beam interfer- 
ometer after they werevemoved from the Al in a 
HeCl, solution, washed in distilled water, and dried. 


The targets with Al, Q, films of theindicated 


thickness were bombarded with a nts beam with an 
energy of 10 kev for 10 seconds withV , = 2,000 


volts and R = 1,500 ohms. Electron emission was 
observed in these targets after the bombardment 
was terminated. The emission lasted for 12 min and 
thelargest value of the emission current was 6 pL 
amp. 

Electron Emission from CaF, Films. Calcium 


fluoride was vacuum evaporated from a molybdenum 


10 


container on to the molybdenum substrate. Targets 
with films of CaF, with thicknesses from2 to 


309 p were bombarded by beams of tee : Hote, H,* 
and (ORY ions with energies from 10 to 40 kev and 


Li eo ions with energies from 2 to 8 kev for a period 


of 20 sec with V, ranging from 200 to 3,000 volts 


and R = 1,500 ohms. 30 targets were tested and in 
all targets electron emission lasted from several 
minutes to six hours. The highest emission cur- 
rent was 150 » amp. InFig. 3, the time dependence 
of theelectron emission current for targets with 
CaF’, films is shown for films of different thick- 
nesses, 

In Fig. 4 the voltage-current characteristics of the 
electron emission are shown for a target with a 
CaF film 40—45 p thick with various distances 
between the collector and thetarget / , at room 
temperature. It should be noted that the voltage- 
current characteristics will havethe form shown 
in Fig. 4 in each target only if the following con- 
ditions are fulfilled: 1) the period of time in which 
the voltage -current characterisitics are taken 
must be less than one—two hours; 2) the film 
must not be punctured. Film punctures are pro- 
duced when the voltage V, is too high, at high 
emission currents with small / (1~3 mm) and 
when thetarget temperature is increased to 70—80° 
C. When the film is punctured, circular flashes 
of light approximately 1—2 mm in diameter are 
observed at the surface of the target. 

Effect of Temperature on Emission from CaF, 


Films. Theelectron emission of a target with a 
CaF’, film, which is produced when thetarget is 


bombarded by a beam of H,* ions with energies 


from 10 to 40 kev and which continues after the 
bombardment, can be observed at temperatures 
ranging from —195 to + 80°C. Theemission was 
not observed at temperatures above + 80°C. The 
emission from a target with a CaF film 26-30 p: 


thick, produced by bombardment with a Beanree H i 
ions with an energy of 10 kev at a temperature of 
—195 °C, was observed continuously for 6 hours 
after thebombardment was terminated while the 
temperature of thetarget was gradually increased 
to +80°C. At + 80°C the emission current vanished 
sharply, but after target coolingto below + 80°C. 
me 
ions, the emission was produced again with he 
same intensity and lifetime. 

The results of a measurement of the cross-sec- 


and subsequent bombardment by the beam of } 
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tional resistance of a CaF film 20-25 thick 


are shownin Table I. 
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Fic. 6. Diagram of the arrangement used to measure 
thepotential of thetarget surface. 


Observations with an Electron Projector. A 
film of Caf’, was vacuum—evaporated on to asteel 


sphere 4 mm in diameter; the target was placed at 
the center of a spherical glass bulb, 100 mm in 


diameter (Fig. 5). The thickness of the CaF , film 


was 10-15 p. A semi-transparent film of silver was 
deposited on the inner surface of the sphere; this 
served as a collector. The silver film was covered 
with a fine layer of ZnS. When the target of the 


electron projector was bombarded with a beam of HS 


ions with energy of 10 kev, electron emission was 
produced and continued after the bombardment was 
terminated. The electrons emitted at the target 
produced scintillations at the screen of theelectron 
projector. The luminescence pattern did not 

cover the entire screen but consisted of separate 
patches whose shapes kept changing. 


500 


1000 1500 VV 


Fic. 7. The dependence of Ve on | for fixed values 


of J; the values shown on the curves are pt amps. 
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MEASUREMENT OF THEPOTENTIAL AT THE 
SURFACE OF A TARGET WITH A CaF, FILM 


Adz Wollaston wire was placed on an insulator 
in the operating chamber (Fig. 6) between the col- 
lector and the target and an image of this wire was 
projected onthe screen along with ascale. A 
fixed potential, V 1 Was applied to the wire. A 


fixed potential difference ,V__, was set up be- 
c 


tween the collector and the target, causing the 

image of the wire on the screen to assume the posi- 
tion NV, . 
‘of the wire assumed the position N 


After the 


bombardment of the target was terminated, the 


While the target was bombarded the image 


image of the wire was gradually restored to the 


position Ny . After several hours the image of 


the wire coincided with the original position N ; 
1 


then, without removing the potentials Vi and V,, 
the electrometer was disconnected and a potential 
difference V, was applied to theterminals A and 
B such that the image of thewire assumed the 

position NV a The potential V was taken to be 


the approximate value of the potential at the sur- 
face of thetarget. In various experiments, the 


potential i varied from 180—220 volts for CaF’, 
film thicknesses of 26-30  . Inasmuch as the 


TABLE IJ 
: Electron Target : Electron Target 
ibis Beas emission surface a emission ws 
>| current Pelenial sweet | etcurent potential 

HL p. amp. volts b py amp. volts 
45 5 380 43 25 690 
45 20 330 43 18 520 
45 2S 63 43 20 520 
45 30 500 43 20 570 
45 22 346 85 2 760 
45 54 450 85 Dak 990 
45 51 920 85 3 900 
45 42.5 450 85 5 830 
45 81 020 ia 44 330 
50 ORY 470 iy 49 340 
50 0.4 | 380 Ths. 32 450 
13 46 380 


electrons are emitted from a small portion of the 
target surface, it may be assumed that the poten- 
tial of the emittingpart of the target surface is 
greater than V es 


In measuring the potential at the surface of the 
target with CaF’, films, use was also made of the 


method suggested by Dobischek, Jacobs and 
Treely.* It was shown that for a fixed value of 
the emission current, in changes linearly with the 
distance between the collector andthe target /; 
the potential of the target surface was computed 
by extrapolating tol =0. The dependence of V, 
on 1 (Fig. 7) computed inthe present work for 
fixed values of the current, using the voltage- 
current characteristics in Fig. 4, is also linear. 
In order to change the distance between the col- 
lector and the target smoothly,the target was fast- 
ened to the probe 10 of the micrometer screw 9 
(Fig. 1). After the electronemission had been 
produced and the bombardment terminated, the 
disc-collector was positioned between the collec- 
tor and thetarget. The diameter of the target was 


20 mm and the diameter of the disc-collector was 
45 mm. Inchanging the distance J, in order to 
maintain any desired fixed value of the electron 
emission current, it was necessary to vary V. : 


Using the curves V, = f (l) for /= const , the 


potential at thetarget surface was calculated by 
extrapolating to! = 0. Thesurface potentials were 
measured in several targets andthe results are 
shown inTablelIlI. 

I wish to express my sincere gratitude to Prof. 
K. D. Sinel’nikov for his valuable comments and 
continued interest. 
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We have studied the interaction with heavy nuclei inemulsion of protons with energies 


130, 460 and 660 mev. By observing the tracks 


of recoil nuclei in stars formed as a re- 


sult of this interaction, we have determined the average number of cascade protons and 


alpha-particles in stars with different numbers 
ber of ‘‘black’’ prongs and the mean excitation 


of prongs. Therelation between the num- 
energy of the nucleus was established for 


all three energies of the bombarding protons. The distribution of nuclei according to 
excitation energy was found. The experimentally observed energy spectrum ofthe pro- 
tons differs somewhat from an evaporation spectrum. 


INTRODUCTION 


ii is well known that the process of disintegra- 
tion of nuclei by fast particles is made up of two 
stages: cascade and evaporation. The occurrence 
of the second stage is caused by the fact that as a 
result of the passage of the primary particle through 
the nucleus, and the consequent development of a 
cascade of successive collisions of nucleons, the 
nucleus is left in an excited state; the excitation 
energy is usually only a part, small or large, of the 
initial kinetic energy of the bombarding particle. 
The excitation energy is one of the most important 
characteristics of the interaction process. There 
are several papers in which this quantity has been 
calculated for different cases of interaction. 1—3 
The experimental determination of the excitation 
energy, for example in work done by radiochemical 
analysis of the disintegration products, is extreme 
ly inexact and is rather in the nature of an estimate. 
In particular cases estimates have been based on 
theoretical relations, which in their turn require 
experimental verification. Lock et al.4 , in studying 


the interaction of 950 mev protons with nuclei in 
emulsion, determined the mean excitationenergy of 
the nucleus fromthe average nuinber of charged 
particles accompanying each disintegration. In 
their work they used the relation between the number 
of charged particles evaporated and the excitation 
energy, as calculated by Le Couteur.® From obser- 
vations of stars produced in emulsion by high en- 
ergy cosmic ray particles, Bernardini and co-work- 
ers! showed that an excitation energy of 35 mev in 
Ag and Br corresponds on the average to the evap- 
oration of one charged particle (whereas this num- 
ber is ~ 0.3 according to Ref. 5). The computa- 
tion of the cascade stage carried out by these auth- 
ors,” as well as the results of their experiments 
with 400 mev protons, confirm the correctness of the 


2 


relation they give between number of particles and 
excitation energy. Stars produced by 450 mev 
protons were also studied in Reference 6. The 
authors of this paper came to the conclusion that 
Le Couteur’s curve does not agree with their ex- 
perimental data, while the relation given in Ref. 1 
isin very close agreement. 

It would be interesting also to find the distri- 
bution function for the nuclear excitation energy. 
This distribution was computed in the paper of Ber- 
nardini et al.,1 but there are no experimental data 
on this point. 

While the study of fast cascade particles emerg- 
ing upon disintegration of nuclei by high energy 
nucieons has been covered in many papers, by 
using nuclear emulsions, similar investigations of 
the ‘‘black’’ component of knock-on particles is 
made difficult by the presence of the evaporation 
particles. Estimates of the fraction of cascade 
protons with energy below 30 mev were made? 8 
by observing the angular anisotropy of black tracks 
in stars on heavy nuclei in emulsion. It com- 
prises 25-30% of the total number of prongs. The 
Monte Carlo method?! gives a very similar result. 
In all these investigations, it was assumed that the 
“‘black’”’? gascade particles consist only of protons 
and of neutrons, (which are not observable in ex- 
periments with plates), though there are experi- 
mental indications that alpha-particles are pre- 
sent. 

The present investigation is devoted tothe ques- 
tions raised above. The method used in this work 
was described by us in an earlier paper.”’” The 
analysis of tracks of recoil nuclei in stars, on which 
this method is based, has also been developed by 
Harding *° and Grilli and Vitale.11 In both of these 


*The results published in Ref. 9 should beregarded as 
preliminary, and for purposes of illustration. 
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papers, it was assumed thatthe nucleus which pro- 
duces the recoil track is moving with a velocity 


whose magnitude and direction are determined by 
the sum of two independent velocities: 1) the ve- 
locity given to the nucleus as a result of the passage 
of the primary particle which loses part of its 
kinetic energy in traversing the nucleus (we call 
this component the transfer velocity), and 2) the 
velocity acquired by the nucleus during the suc- 
ceeding evaporation of particles. A similar model 
of the formation of recoiltracks is also the basis 
of our method, with the difference that the first 
component of the momentum of the nucleus isassumed 
to be equal in magnitude and direction to the 
change in momentum of the primary particle, which 


after colliding with the nucleus preserves its initial 
direction of motion, while the decrease in kinetic 
energy of the bombarding particle is assumed to be 
equal to the excitation energy of the nucleus. 


EXPERIMENTAL ARRANGEMENT 


In our work we used plates with fine-grained emul- 
sion type P—9, prepared in N. A. Perfilov’s labo- 
ratory, and also plates with NIKFI type K emulsion, 
on which parallel experiments were done. The emul- 
sion layer was 150 microns in thickness. The 
emulsion recorded protons with energies up to 30— 
35 mev, as was established by observing 7—p de- 
cay. In the experiment at 140 mev, the NIKFI 
emulsion was sensitive out to 100 mev. The irradia 
tion was carried out in external, collimated beams 


of protons, with energy 140, 460, and 660 mev, at 
the synchrocyclotron of the Institute for Nuclear 
Problems of the Academy of Sciences of the USSR. 
The 140 mev protons were obtained by slowing 
down faster protons in a copper block. When the 
energy loss in the emulsion layer is included, the 
effective energy of these protons is set at 130 mev. 
The beam was incident parallel to the plane of the 
emulsion within 5°. The number of background 
stars, as determined from control plates exposed 
simultaneously but outside the beam, didnot ex- 


ceed 2%. The angles were measured to 1”, the 
track lengths to 0.3 microns. All the measurements 
were made under maximum magnification (100 
x 20x 1.5). The small grain size of P—9 emulsion 
makes it especially valuable for measuring recoil 
tracks, as was confirmed by comparison data from paral- 
lel experiments on K and P—9 emulsions. 

The velocities of the recoil nuclei were deter- 
mined from the range-velocity curves}? for light 


fission fragments from uranium, where the conver- 
sion coefficient from range in air to range in emul- 


Sion was taken as 1760. We selected for measure- 
ments those stars which contained recoil tracks 
which did not deviate by more than 30 ° from the 
plane of observation. Only the projection of the 
track length on this plane was measured. If a star 
contained alpha-particle tracks shorter than 40 mi- 
crons while the total number of prongs was less 
than 6, it was discarded as very probably being the 


result of disintegration of light nuclei in the emul- 
sion. 


lin high leas 
Range of Recoil Nucleus (in microns) 
Backward Forward 


Fic. 1. Distribution of stars according to range of 
recoil nuclei; ‘‘backward’’ and ‘‘forward’’ refer to direc- 
tion relative to the bombarding beam. The solid curve is 
drawn including unobservable cases, 


YO uv 10’cm/sec 
F orward 


Yf] £0 0 20 
Backward 


Fic. 2. Distribution of nuclei according to recoil 
velocity component v. The solidcurve is the distribu- 
tion corrected for unobservable cases, the dashed 
curve was calculated from formula (2) of the present 
paper. 


EXPERIMENTAL DATA 


Figure 1 shows the distribution in range of recoil 
nuclei, for incident proton energies of 460 and 
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660 mev (1483) cases). The curve is drawn taking 
into account cases which are missed because of low 
velocity of the recoil nucleus (cf. below). Figures 
2 and 3 show the distribution of x and y components 
of the velocity——v and w.* Both these curves are 
drawn including the correction for unobservable 
cases. This correction was obtained from the as- 
sumption that the true distribution of w is Gaussian. 
The points for v= +15 x 107 cmsecin Fig. 2 

were corrected correspondingly. For the points 
v=-+5x 10’ cm/sec, the correction wasmade so 
that the total number of cases was twice as great 
as that observed, since the number of stars from Ag 
and Br which contain recoil tracks is about 50% 

of all disintegrations of those nuclei. The range 
correction was made similarly, using the relation 
between &, v and w. 


Wd 


N 


0 20 @ wll'cm/sec 


FIG. 3. Distribution of nuclei according to velocity 


component w. The solid curve is a Gaussian distribu- 
tion. 


The measured values of velocity for stars with 
different numbers of prongs, and also the velocity 
of transferred motion of target nuclei calculated 
from the tracks, u = v+—w,are shown in Fig.4. 

The spread in the individual values for each point 
is extremely large, and very good statistics are 
necessary for obtaining more or less smooth curves. 
For thisreason, the experimental points on the 
graphs are taken as an average for two successive 
values of the prong number n. Insome experiments, 
the values of w were measured separately in two 
directions—— ‘‘up’’ and ‘‘down’’ with respect to the 
bombarding beam. The average values obtained 

*Here and throughout the paper we shall stick to the 


notation usedin Ref. 9, where the x-axis is taken along 
the direction of the incident protons. 


were equal within the limits of statistical accuracy, 
as was to be expected, since evaporation is an 
isotropic process. 
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Fic. 4. Average values of the ‘‘forward’? component 
of velocity: J— vt , 2-w; 3—‘‘Backward’’component of 
velocity v= ; 4-transfer velocity u as a function of prong 
number, for stars formed by protons with energy: a) 130, 


b) 460, c) 660 mev. 
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Knowledge of the value of u enables us to deter- 
mine the excitation energy for each type of star 
from the formula: 


= E, —[V (Po — Mu)? c? — mect — me?}, 


where U is the excitation energy, Q is the sum of 
the binding energies of the ejected particles, M 
and u arethe mass and velocity of the nucleus, m, 


ae and p 9 are the mass, energy and momentum of 


the impinging proton. In this way we find the de- 
pendence of n (U + (Q), the number of prongs per 
star, on the quantity U +(Q. In order to determine 
the number of ejected particles, and consequently 
the value of (/, one can proceed as follows: upon 
setting some value for the number of charged parti- 


cles evaporated, n " , we determine the numbers 


vap 
of alpha-particles and protons evaporated from the 


theoretical dependence of (a/p) onn 13 


evap evap 
Knowing from the experiment the average number of 
a-particles and protons in a given type of star and 
subtracting from the total number of a particular 
particle the number of evaporation particles, we 
determine the composition of the charged prompt 
component. Data concerning the number of fast 
protons (with energies greater than 30 mev) were 
obtained from observations on electron-sensitive 
plates (cf. Table I). We compare the value of U 
found from (1) with the magnitude of the initial ex- 
citation energy necessary for evaporating the 
given number of particles n ee If the value of 


U from formula (1) does not agree with the value 
of the excitation energy obtained from the theoreti- 


cal curve of n (U), the computation is repeated 


evap 


for a new value of n The ratio of the num- 
eva 


bers of cascade neutrons and protons was taken in 
accordance with Ref. 2 (a check for the case of 
460 mev protons showed that n (U) obtained by 
the method just described changes only slightly if 
the numbers of neutrons and protons are taken to 

be equal). In Fig. 5 we show the dependence of 


the number of black tracks per star on the excita- 
tion energy, for all three energies of the bombard- 


ing particles. 


EXCITATION ENERGY 


The curves n (U) enable us to construct the dis- 
tribution of cases of interaction of fast protons 


with Ag andBr nuclei according to excitation ener- 
gy of these nuclei. For this purpose it is neces- 
sary to know the prong distribution of stars pro- 
duced in theemulsion. Disintegrations which are 
not accompanied by emergence of charged particles 
of low energy, as well as a considerable number 

of the one— and two—pronged stars, cannot be 
counted even inrelativistic emulsions, when one is 
making an area search. Therefore, the experimental 
data on prong distribution of stars produced by 460 
and 660 mev protons were corrected for unobserva- 
ble cases, in accordance with the data of Bernard- 
ini et al.! The prong distribution of stars from 


130 mev protons was taken as the average of the 
data of Refs. 3 and 7. The effect of star formation 
onlight nuclei in theemulsion was taken into ac- 
count by using the resultsof experiments with high 
energy neutrons.® Jn Table II we give the prong dis- 
tributions of stars as obtained from observations of 
disintegrations in electron-sensitive plates and 
corrected in the manner just described. For com- 
parison we also give the distribution of stars with 
more than two prongs, as found inP—9 emulsion 
and assigned in accordance with our criterion to 
disintegrations of Ag and Br. 


number of prongs per star 


IU mev 


Fic. 5. Relation between number of black prongs 


per star andexcitation energy of Ag and Br nuclei, for 
proton energies: ]—660 mev, 2-460 mev, 3—130 mev, 
4—theoretical evaporation curve (Ref. 13). 


Figure 6 shows the distributions of nuclei ac- 
cording to initial excitation energy, constructed 
from the dataof Fig. 5 and Table II. The distribu- 
tion found for thecase of disintegration by 460 
mev protons is in good agreement with the results of 
computation. ! 
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TABLE I 


Average Number of Fast Protons (E > 30 mev) 
in stars from Ag and Br 


Number of Energy of incident 
black protons, mev 

mech eet 130 | 460 | 660 
= 0 —_ Dl 

1 Onn Meola meno, 

2 0.40 | 1.08 | 1.34 

3 Dace 1p alaORs i ahora 

4 OLA | W).Gle |) aheale? 

5 OrAG) || Ozh || al Os 

6 — | 0.66 | 0,96 

7 — | 0.49 | 0,84 

8 — | 0,40] 0,72 

) — One ORS 

10 = — 0.50 

11 = = 0.33 

WW = — OR 
average 0.40 | 0.97 | 1,43 

| 


The average excitation energy canbe determined 
from : 1) the distribution given inFig. 6; 2) from 
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the transfer velocity u averaged over all stars, 
using formula 1); 3) from the average number of 
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Fic. 6. Distribution of Ag and Br nuclei according 
to excitation energy from bombardment by protons of 
energy: 130, solid curve; 460, dash curve; 660 mev, 
dot—dash curve. 


charged evaporation particles, obtained by trans- 
forming the curven (U +() toa curve of n(U). 
All three methods lead to an average value of the 
excitation energy which is equal, for thecase of 


E = 130, E y= 460 and E 9 = 660 mev respectively, 


TABLE J]. 


Prong distribution of stars in Ag and Br 


FE, = 130 Mev | E, = 460 mev FE, = 660 mev 
calc exp. calc. exp. calc. exp. 
number of 
black all ee ee all stars ad all stars sok 
rongs wit wit stars with wil with wit 
prongs, 7 ds ASI SS, 05 n>3 n>3 Stars n>3 n>3 
% % % % 7 % % 
| i 
0 Sail = —- 20 —- — 17.9 — — 
4 24,4 202 LENS lis} .¢/ — — 15,9 — — 
2 40.6 41.7 See 19,9 — — 13,9 —_— -— 
3 Zon 29.9 Slee AT 2D El 27.8 44.3 20.9 16.4 
4 5.6 5.8 9.6 WAL a PT D5) 7? 10,0 18,5 21.6 
5 Ley eed 3.0 OF 19,9 20.7 8,95 15-7 apy 7 
6 — = — 6.4 13,4 (eh feo NGs0) |) “llsez 
7 — — — Le) 9.8 8.4 6,2 44.9 10.1 
8 --- — — 19 4A Bh 4,6 8.9 UP 
9 — — = 0.6 1.4 ind aa B65 of Se 
10 — — — Za0 3,7 2,0 
14 — — — ss — — ORG 1.3 0,7 
1, — — — — — — 0,4 OR 0,2 


to 48 +1, 52 +4,58 +4 mev. Itis obvious that 
these methods are interdependent, so the errors 
shown enable one merely to judge the accuracy of 
computation within the limits of the method used. 
On the basisof thedataof our experiment, we 
constructed a curve of nuclear yield from disin- 


tegration of silver and bromine by 460 mev protons 


(Fig. 7). On this same graph are plotted the experi- 
mental points obtained in Reference 14 fromradio- 
chemical analysis of the products from bombard- 
ment of silver by protons of this same energy. It 
1s apparent that the results of the two papers are 

in agreement. A certain shift of the points is pro- 
bably caused by the fact that in the experiment with 
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emulsion the average charge of the target nuclei 


is somewhat less, and consequently the probability 


of emergence of charged particles is somewhat 
greater than in the experiment with pure silver. 
Starting from our model of the formation of re- 


coil tracks, the distribution function for the quantity 


v canbe written as an integral: 
roy \ P (w) ® (v — w) da, (2) 


where ® (v—w) = ® (u) is the distribution of the 
velocity u, P (w) the distribution for the velocity 
w. By solving (2) for ® (u), one can, it is true, 
find the distribution of excitation energy, i.e., the 
curve of Fig. 6. We have limited ourselves to 


solving the inverse problem: from ® (w) and P(w) we 


calculated the function F (v), a graph of which is 
shownas thedashed curveinFigure 2. The agree- 
ment of the results of the computation with the 
observed distribution is satisfactory for positive 


+ ‘ Fi 
values v For tracks directed opposite to the 


incident proton, the two curves differsomewhat. An 


attempt was made to obtain better agreement of 
the curves by changing the shape of the curve of 
® (u) inthe regionof lowvalues of the argument, 
where it is determined least accurately However, 
this attempt led to no significant improvement. 
Possibly the cause of this disagreement lies in the 
insufficient statistics for the corresponding cases. 


100 


10 


yield in arbitrary units 
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Fic. 7. Yield of nuclei with varying Z from bombard- 
ment of Ag and Br by 460 mev protons. The crosses are 
theresults obtained in Ref. 14 and are adjusted to coin- 
cide with the present experiment at AZ= 0. 
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PROTON ENERGY SPECTRUM 


The energies of protons in the stars were meas- 
ured from the length of tracks stopping in the 
emulsion, andthe usual geometrical corrections 
for track yield were made, assuming that their 
angular distribution is isotropic. This assumption: 
is not completely valid for protons with energy 
greater than 10 mev, but the observed anisotropy 
has an insignificant effect on the spectrum shape. 
The distinguishing of proton tracks from those of 
arparticles was done visually. This selection 
is more reliably done with fine-grained emulsion 
than with type K. The accuracy of selection was 
checked in a special experiment by a method pro- 
posed by Iu. I. Serebrennikov. Along an arbitrarily 
selected track, starting from its end, in a manner 
similar to grain-counting, the aumber of intervals 
of an ocular scale which were completely covered 
by developed grains was recorded. The proces- 
sing of 90 tracks of length 80 p, carried out by 
two independent observers, showed that the tracks 
of a-particles and protons begin to differ signifi- 
cantly after a length of 50 p, andthat visual dis- 
tinction leads to negligible error ( of the 90 
tracks, three proton tracks were mistakenly attri- 
buted to a-particles). 


fh 
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Fic. 8. Energy spectrum of protons emitted from Ag 
and Br nuclei bombarded by protons of energy: 660, 
solid line; 460 mev, dashed line. The first distribution 
was constructed from 6270 tracks, the second from 
2500. Curve A shows the spectrum of ‘‘black’’ prompt 
protons averaged for both beam energies. 


The energy spectra of protons (more precisely, 
singly charged particles) in stars produced by 
protons of energy 460 and 660 mev, are shown in 
Fig. 8. If in the first case the spectrum has a 


single peak due to protons from the evaporation 
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process (and somewhat broadened by knock-on 
protons of low energy), in the stars from 660 mev 
protons there is apparently a second peak associated 
with direct ejection of a considerable number of 
protons with energy 8—10 mev. From the depen- 
dence of n (U) found in the present work it follows 
that withincreasing excitation energy there is also 
an increase in the ‘‘black’’? component of directly 
ejected particles. Thisis confirmed by the 

graphs in Fig. 9, which show proton spectra for 
various initial excitation energies of the nucleus. 
For comparison, curves are shown for the theoretical 
evaporation spectra computed with the effect of 
nuclear cooling included. The difference between 
the experimental and evaporation spectra gives 

the energy distribution of prompt protons, whch 

is shown totaled for all stars in Fig. 8. The dif- 
ference in shape of the observed and computed 
evaporation spectra in the energy region up to 

4 mev (Fig. 9), can be attributed to inclusion 

of stars formed on light nuclei in the emulsion, and 
also to errors in track identification. 
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Fic. 9. Energy spectrum of protons for varying 
initial excitation energy of the nucleus. Computed evap- 
oration spectra are shown for the following nuclear 


excitations: a) 0-50 mev (U,,, = 25 mev); b) 50—100 
mev (UE = 75 mev); ¢) 100-150 mev (U_,,— 195 mev) 


? 


d) 150—200 mev (Ui y= 175 mev). 


A comparison which we have made of the spectra 
of protons emitted into the forward and backward 
hemispheres with respect to the beam shows that 
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there is a small excess of particles of low energy 
(E < 7 mev) emitted backwards. This excess is 
quantitatively explained by the effect of the motion 
of the evaporating nucleus. On the other hand, in 
the high energy region where the direct ejection 
begins to have aneffect, we observe an excess of 
protons emerging into the forward hemisphere. 


KNOCK—ON COMPONENT 


The presence of cascade particles of low energy 
is indicated by the appearance of angular aniso- 
tropy of the black tracks in the stars, the aniso- 
tropy being the same for protons and o-particles for 
all three energies of the incident protons in our ex- 
periment (56 + 2% of the prongs are directed into 
the forward hemisphere). 


0 100 200 Y (MeV) 


Fic. 10. Dependence ofnumber of cascade Orparti- 
cles on nuclear excitation energy. Crosses— Eo 


= 660 me€v; solid circles——E O= 460 mev; open circles—.- 


Ey = 130 mev. 


The fraction of knock-on particles can be deter- 
mined from the overall observed anisotropy, by 
using the angular distribution data and computing 
by the Monte Carlo method. On the other hand, the 
average number of charged cascade particles can 
be found as the difference between the average 
number of prongs in a star and the number of evap- 
oration particles corresponding to the given exci- 
tation energy. A third independent method for de- 
termining this quantity consists in observing the 
proton energy spectrum. As was pointed out above, 
one can separate the spectrum of cascade protons 
from the totalspectrum observed in the experiment, 
and thus calculate the number of cascade particles. 
All three of these methods when applied to disin- 
tegrations by 460 and660 mev protons lead to ap- 
proximately the same result, Since there are no 
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corresponding data in the literature concerning 
cascade o-partcles, the fraction of thelatter was 
determined only from computations of the n (U) 
curves, as indicated above. InTable III we present 
the data for the charged cascade component as ob- 
tained in thepresent experiment, and the results 

of computations in which the effect of o-particles 
was not included. 

Figure 10 shows the relation between the number 
of cascade a-particles and the excitation energy of 
the residual nucleus, though the Jatter quantity 
should beregarded as a function of the total num- 
ber of cascade particles. 


ACCURACY OF THE METHOD 


The internal consistency of the results obtained 
in the present work, as well as the agreement with 
corresponding data of other authors, permit us to 
conclude that the method proposed in Ref. 9, to- 
gether with all the approximations, is admissible 
at least for therange of incident proton energies 
here considered, and is not associated with large 
errors. We have attempted to estimate the error 
in the determination of U which is caused by the 
recoil during ejection of secondary nucleons. By 
calculating the average angle of emergence of the 
cascade nucleons from their known angular distri- 
bution,! and assuming that on the average one 
nucleon is ejected from the nucleus into each of 
the energy groups (E < 30 mev; 30 < E < 100 mev, 
and F > 100 mev), we can determine the momentum 
imparted to the nucleus, and then from formula (1) 
find the average excitation energy U corresponding 
to this momentum Mu. On the other hand, U can 
be determined from the energy balance of the dis- 
integration process. It was found that for a bom- 
barding proton energy of 460 mev, the discrepancy 
between these two values of U was about 10%, 
reaching 50% for high excitation energies (~200 
mev). However, for high excitation energies the 
actual error is in all probability smaller, because 
for a well-developed cascade the angular dis- 
tribution of ‘‘black’’ prompt nucleons must ap- 
proach isotropy, which leads to a decrease in the 
computational error. This is confirmed by the 
agreement of the maximum value of U (200 mev), as 
obtained from a Monte Carlo calculation, + with the 


value for the upper limit of U found in our experi- 

ment. We estimate the accuracy of the results 

obtained in the present work to be ~ 20%. 
DISCUSSION OF RESULTS 


As already pointed out earlier, there are a 
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series of papers whose results do not agree with 
LeCouteur’s evaporation theory. The data ob- 
tained in our experiment concerning the number 

of cascade particles , the magnitude of the excita- 
tion energy, etc., agree with computations by 

the Monte Carlo method, if we use Macke’s thoreti- 
cal curve.13 

The appearance of asecond maximum in the 
energy spectrum of protons from nuclear disintegra- 
tions by 660 mev protons appears, at first glance, 
quite unexpected. There is no indication of this in 
a single paper published up to the present time. 
However, one should consider that in these papers, 
as a rule, the spectrum was studied for all the nu- 
clei in the emulsion lumped together, including 
the light nuclei, and sometimes even with undefined 
energy of the bombarding particles (as in experi- 
ments with cosmic rays). Inaddition, in certain 
,experiments the statistics were poor, so that the 
authors had to take wide energy intervals in con- 
structing a histogram, which led to a coalescence 
of the two peaks into a single one corresponding 
to evaporation protons. It is interesting to note 
that inwork* done with protons of 950 mev energy, 
and free of the limitations just mentioned , a second 
maximum was obtained in the region of 8-10 mev 
which was even more intense than in our experi- 
ment. But the authors themselves* apparently re- 
gard the appearance of the second maximum as acci- 
dental and, wishing to obtain agreement with the 
experiment, draw the evaporation curve so that the 
average nuclear excitation turns out tobe consider- 
ably greater than predicted by the Goldberger 
model. 

The spectrum ofcascade protons (Fig.8) agrees 
in shape with that calculated by the Monte Carlo 
method.!— There isno good reason for doubting 
that the neutral component will have a similar 
spectrum, shifted toward lower energy because of 
the absence of a barrier. This means that for prac- 
tical purposes, the spectra of cascade and evapo- 


ration neutrons will be even more indistinguishable 
than is the case for protons. It seems to us that this 
last point shouldbe considered when interpreting 
experiments on thedetermination of the average 
nuclear excitation energy from the number of emer- 
ging neutrons. 

In conclusion, the author expresses his deep 
gratitude to Prof.N. A. Perfilov for his constant 
interest in the work and for discussion of results, 
and to the administrative staff of the laboratory 
for assistance. The author is grateful to Prof. 

M. G. Meshcheriakov and Prof. V. P. Dzhelepov, as 
well as to his co-workers in the Institute for 
Nuclear Problems, N. P. Bogachev, E. L.Grigor’ev, 
B.S. Neganov and others, for the great cooperation 
they have provided him in carrying out the experi- 
ment. 
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Angle-Energy Distribution of Photoneutrons from Bi 


G.N. ZATSEPI NA, I. E. LAZAREVA AND A. N. PoSPELOV 
P. N. Lebedev Institute o Physics, Academy of Sciences USSR 
(Submitted to JETP editor August 3, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 27-30 (January, 1957) 


The angle-energy distribution of photoneutrons emitted from bismuth bombarded by x- 


Tays with a maximum energy EF = 18.9 mev has been investigated using nuclear 


max 
emulsions. The energy distribution obtained includes a large number of energetic 
neutrons which cannot be explained in terms of the statistical theory. 


I N the Gxieiing studies of photoneutron angular the graphite disc and by the bismuth sample was 
distributions ~°, simultaneous measurements of 


; the eet ay lue of the background 
the distribution over angle and energy have not fiat ‘ pi ki = 


been carried out. In Refs. 1-3, a threshold-detector 
method was employed; in Refs. 4-6, a scintillation 
counter was used to detect neutrons with energies 
above a definite level. In the present work, nuclear 
emulsions have been used to study the energy dis- 
tribution of photoneutrons from bismuth, emitted 

at various angles with respect to the x-ray beam. 


The measurements were carried out at the 30 mev 
synchrotron of the Physical Institute , Academy of 
Sciences, using a maximum x-ray energy ioe 


= 18.9 mev. 

In Fig. 1 is shown the arr angement of the 
sample and the emulsion during irradiation. The 
bismuth sample, a disc 40 mm in diameter and 5 mm 
thick (4.91 em/cm*), was set up ona light alumi- 
num holder at the center of a collimated x-ray 


ax 


SS 
a 


Fic. 1. Arrangement of the sample and emulsion 


beam. To reduce the neutron background, the during wadsations icisyickr eh ene ae 
collimator was made of graphite and aluminum; a ternal synchrotron target; 3 — thin-walled monitor; 4 — 
large paraffin block (80 x 80 x 60 cm) with a emulsion; 5 ~ sample. 

longitudinal channel, 50 mm in diameter in the ranged from 10 to 16 percent as a function of 
direction of the x-ray beam, was placed between angle. 

the collimator and the sample. NIKFI Ya-2 photo- The developed emulsions were scanned with a 
emulsions, 400 p thick, (3 x 5 cm) were placed MBI-2 microscope with a magnification of 60 in 


6 
Mee tence of 16cm fromthe center of the the objective and 5 in the ocular. Only those re- 


sample at angles of 30°, 90°, 150°, and 270° with coil protons which were scattered at small angles 
, . . . . 
respect to the x-ray beam. The disposition of the with respect to the direction of neutron motion 
: were recorded. The maximum detection angle in 
sample and emulsion was chosen (Fig. 1) so as to , c 
ee : : : the plane of the undeveloped emulsion was 15°; 
maintain a uniform solid angle for all emulsions. 


2 _ . ° . ° . 9 @) 
The uncertainty in the neutron direction due to the ree . the Perea is _ 
the finite dimensions of the sample and emulsion Using this selection of tracks the measured proton 


ih bout 3° energy was, on the average, about 8.8 percent 
was, on the avarage, about 3. 


: . maller than the neutron energy. In converting 
. ith a thin-walled 7 ; 3) 
ae fee ues er oe aay - from the measured recoil-proton spectrum to the 
integrating ionization chamber placed in the x-ray 


: hotoneutron spectrum, in addition to this correc- 
i affin block re : 2 
beam between the collimator and the par tion, corrections were introduced to take account 


(the overall thickness of the electrodes and screen, of yp, ies senor baes Gtake Go) onucnne 
made from aluminum foil, was 300 ). cross-section and errors due to tracks which 
To measure the background, the Bi sample at passed out of the emulsion. The range-energy 
the center of the beam was replaced by a graphite relation for protons was taken from Ref. 7. Less 
disc 40 mm in diameter and 0.92 gm/em* thick. than 9 percent of the Bi photoneutrons were scat- 
The number of neutrons in the beam scattered by tered in the sample. 
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FIG. 2. Energy distribution of photoneutrons trom Bi. 


After background corrections, the number of pro- 
tons recorded in the emulsions at angles of 30°, 
90°, 150° and 270° was 2605. In Fig. 2 are shown 
the photoneutron energy specira, /(€), obtained at 
the angles indicated. ilistogram ] represents the 
energy distribution of neutrons emitted at right 
angles to the x-ray beam (90° and 270°). Within 
the error limits, the neutron spectra at 30° and 150° 
are identical. Histogram 2 represents the summed 
spectrum for 30° and 150°. Both spectra which are 
presented are normalized to the same scanned area 
on the emulsion. The solid curve and the dashed 
curve refer to neutron energy distributions com- 
puted on the basis of the statistical theory, using 
two different level densities, 


@, = C exp [3.35 (A — 40)'®(E — E,, —e)}"* 
and 


@, = C exp [0,7 (A — 40)" (E — E, —c)}'h 


(C is a constant, A is the mass number, E is the 
excitation energy, es is the binding energy of the 
neutron and € is the energy of the emitted neutron). 
The cross-sections for the (y, n) and (y, 2n) reac- 
tions in Bi were taken from Ref. 8. A Schiff spec- 
trum was assumed for the y-radiation. No account 
was taken of the change in the x-ray spectrum due 
to transmission through the Bi sample nor of in- 
elastic neutron scattering in the sample. The in- 
troduction of these corrections should tend to in- 
crease the relative number of neutrons at the high 
energies. 

Neither spectrum computed on the basis of the 
statistical theory coincides with the energy dis- 
tribution observed for the photoneutrons from Bi. 


The experimental neutron spectra agree roughly with the 
spectrum calculated using the level density w 

only in the region from 1.5 mev to approximately 

4 mev. Above 4 mev histograms J and 2 exhibit 

a considerable number of neutrons the yield of 
which, according to the evaporation model, should 
be virtually zero. Similar results have been ob- 
tained by Byerly and Stephens” and Price® investi- 
gating photoneutrons emitted at 90° to the x-ray 
beam in photo-disintegration of copper (E.,, 
= 24 mev)and bismuth(Z ,, = 22 mev). The number 
of neutrons with energies above 4 mev is notice- 
ably greater at 90° and 270° than at 30° and 150°. 
In the Table are shown the relative neutron yields 
for different energies at 30°, 90° and 150°. It is 
apparent from this Table that the anisotropy over 
angle increases sharply with increasing neutron 
energy. If it is assumed that the neutron yield 

for energies below 1.5 mev corresponds to that 
expected on the basis of the statistical theory, 
neutrons emitted anisotropically with respect to 
the x-ray beam amount to 8.8 percent of the total 
number of photoneutrons. It would appear that the 
data must be analyzed in terms of two different 
interactions between the y-quanta and nuclei: the 
absorption of y-quanta with the production of a 
compound nucleus and subsequent evaporation, and 
a direct photo-effect. 

In Fig. 3 the following curve has been plotted 
for neutrons emitted at right angles to the y-quanta 
direction: neutron energy is plotted along the 
abscissa axis and the function In[/(e) /e] is plotted 
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FIG. 3. Spectrum of photoneutrons emitted from Bi at 


right angles to the direction of the xtay beam. The 
crosses refer to the spectrum calculated in accordance 


with the Courant model. 
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Relative neutron yields at different energies at 30°, 90° and 150° to the 
direction of the x-ray beam (per unit solid angle)*. 


Energy x i A 50° 
interval, mev. it n ov 
4.5—4 0.88 + 0,04 1+ 0.04 0.97.+ 0,04 
be 27 0.77 + 0.08 4 + 9.09 0.66 + 0.09 
7—141 0.174 0-07 1+ 0,08 0.26 + 0.06 
414 0.52 + 0,06 1 + 0.06 0.47 + 0.06 
4.5—14 O74 £0.03 14 0.04 0.79 4 0.04 


* The neutron yield at 90° is taken as unity. The errors shown are 
statistical errors. 


along the ordinate axis. The straight segment on this basis is in satisfactory agreement with 


up to 4 mev yields an average temperature 7 = /.] the experimental data. Other calculations, carried 
mev. Using a mean excitation energy of about 13 out under the assumption of a small level density 
mev, the temperature should be 0.7 mev. The at small excitation energies of the residual nu- 
higher value of the temperature is obviously con- cleus, do not yield this type of behavior. 


nected with the fact that some of the neutrons with 1H. L. Poss, Phys. Rev. 79, 339 (1950). 


energies below 4 mevy are emitted by virtue of a 2 Demos, Fox, Halpern and Koch, Bull. Am. Phys. 
direct interaction. At an energy of approximately Soc. 27, 30 (1952). 


4 mev, above which the neutron yield is obviously 3G. A. Price, Phys. Rev. 93, 1279 (1954). 
due only to the direct photo-effect, a sharp break 4 Geller, Halpern and Yergin, Phys. Rev. 95, 659 (1954) 
tS oly delhe crossescreter to values of 5 S. A. E. Johansson, Phys. Rev. 97, 434 (1955). 
tia me ct 6 W. R. Dixon, Canad. J. Phys. 33, 785 (1955). 
In{/(e) /e] for a neutron spectrum computed under 7 J. Rotblat, Nature 167, 580 (1951). 
the assumption that the y-quantum absorbed by the 8 Halpern, Nathans and Mann , Phys. Rev. 88, 679 
nucleus transfers all of its energy to the ejected (1952). 

3 é . 83, 54 
neutron. According to Courant?®, in this case the ee R. Byerly and W. E. Stephens, Phys. Rev. 83, 5 


cross-section for the absorption of y-quanta goes 


10 E. D. Courant, Phys. Rev. 82, 703 (1951). 
as o,,~ 1/E°. The value of In[/(e)/e] computed 
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Internal conversion lines in the K shells and L and M subshells of Sm 52 and Gd 


were measured with a high resolution 


-spectrometer. The ratios of the conversion 


coefficients were determined for 122 and 123.2 kev transitions. The energy intervals 
between the conversion lines were measured with high precision. 


HE spectrum of a mixture of the long-lived 

Eu!52 and Eu!54 isotopes shows many conver- 
sion lines, the most intense of which are due to 
transitions of Sm!5* and Gd'** nuclei from the 
first excited states to the ground states!. The 
first excited levels of Sm!>? and Gd!54 are 122 
and 123.2 kev respectively”. The small energy 
difference between these levels places the corre- 
sponding internal-conversion lines of like shells 
of Sm and Gd very close together, complicating 
their separation considerably . 

To separate the spectrum of the Sm/52 and Gd'54 
and to find the ratios of the internal-conversion 
coefficients in the shells and subshells of each 
of these elements, it is necessary to employ a B- 
spectrometer of very high resolution. In this inves- 
tigation we employed for this purpose the prism 
spectrometer described in Ref. 3, after first in- 
creasing its resolution (line half-width 0.04% and 
in some cases 0.02%)*. In addition, the 8-spec- 
trometer was modified to permit accurate measure- 
ment of conversion-line energy differences, facili- 
tating considerably the identification of the com- 
version lines. This B-spectrometer was used to 
determine the intensity ratios and the energy dif- 
ferences of the strongest conversion lines of Sm!5? 
and Gd’54, 

A mixture of long-lived Eu®? and Eu}? iso- 
topes was obtained by irradiating natural europium 
with neutrons. After irradiation, the europium was 
deposited electrolytically on 5-micron thick alumi- 
num foil. A solution of europium chloride in 
ethyl alcohol was subjected to electrolysis to 
obtain a series of sources of various thicknesses 
10 mm long and 1 mm wide. The source selected 
from among these was thin enough to provide 
good resolution and yet give sufficient intensity. 
This source was approximately several hundredths 
of a milligram per square centimeter thi 


* The relative half-width of the line is expressed 
everywhere in this article on a momentum scale. 
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DESCRIPTION OF B-SPECTROMETER 


To increase the resolution of the prism /-spec- 
trometer used in this investigation®, it was modi- 
fied as follows. 

1. The spectrometer tubes were shielded. The 
shield construction was the same as used in the 
Siegbahn spectro-goniometer’. Iron rings and 
shields (Fig. 1) were placed over the spectrometer 
tubes to reducejthe effects of extraneous magnetic fields 
on the electrons moving in the tubes. In addition, 
the shields prevented (to some extent) the iron 
cover of the spectrometer deflecting magnet from 
disturbing the axial symmetry of the fields of the 
lenses. 

2. Instead of using a straight slit in the re- 
cording equipment, the slit was slightly curved 
to agree in shape with the image of a line source. 
To determine the shape of the image, the receiving 
slit was replaced with a photographic plate, which 
was exposed to the particles passing through the 
spectrometer. The source used in this case was 
a deposit of active RdTh on a 10 x 1 mm strip of 
aluminum foil; the spectrometer was tuned to the 
F line. 

3. Some modifications were made to the magnet 
power supply and to the spectrometer lenses. 
Power was supplied from a storage battery. The 
current in the main winding J (Fig. 2) and in the 
lenses 2 was regulated with two slide-wire drum- 
type resistors (each resistor had a drum approxi- 
mately 1 m long and approximately 40 cm in 
diameter). The ratio of the currents in the main 
winding and in the lenses, and also the current 
in the auxiliary windings 4 (located above the 
main winding) and 5 (located on the plates) were 
varied with ordinary rheostats 6. There was no 
need to vary this ratio or this current in the auxi- 
liary windings when measuring the group of the 
peaks corresponding to the conversions in the L 
and M subshells. Null methods were used to 
measure the values of all the currents (using a 
PPTV-1 potentiometer 7 and standard resistors 8). 
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FIG. 1. General view of prism B-spectrometer: 1 — 
plate of magnet yoke; 2 — main winding; 3 — auxiliary 
winding, placed over the main one; 4 — auxiliary wind- 
ing on the plate; 5 — demagnetizing winding; 6 — 
screen; 7 — spectrometer chamber; 8 — sylphons (bel- 
lows); 9 — diaphragm with round hole; 10 — slit dia- 
phragm restricting the beam vertically; JJ — slit dia- 
phragm restricting the beam horizontally; 12 — tubes; 
13 — ground edge; 14 — source; 15 — glass insulator; 
16 — source holder; 17 — electrode; 18 — counter 
chamber; 19 — receiver slit; 20 — counters; 21 — mag- 


netic lens; 22 — ironrings; 23 — lens shields. 
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The currents in the main winding and in the lenses in small steps, was applied to a suitably-insulated 


were stabilized by two selenium photocells 9 con- 
nected in a bridge circuit and exposed to light re- 
flected from the mirror of sensitive galvanometers 
10. A change in current deflects the galvanometer 


mirror and causes the corresponding photocell, 
through an amplifier and a relay system J1, to ac- 


tuate motor 72, which turns the drum of the rheostat 


so as toreturn the mirror to its previous position. 
To reset the equipment to another value of current 
it is merely necessary to reset the knob of the 
bridge-circuit potentiometer. The resulting dis- 
placement of the mirror causes the rheostat motor 
to rotate until the required current is established 
in the circuit. 

The electric-bias method was used to measure 
accurately the energy differences of the conversion 
lines. A positive voltage, which can be varied 


radioactive source (Fig. 1), and all the currents 
in the B-spectrometer windings were kept abso- 
lutely constant. The number of counts n was then 
plotted as a function of the voltage U applied to 
the radioactive source. The distance between the 
conversion peaks could then be read directly in 
volts from the curve n = f(U). The electric-bias 
method was used in its time by Lewis and Bowden® 
to measure the absolute energy difference of mono- 
chromatic groups of a-particles. This method was 
proposed for use in B-spectrometry by Siegbahn® 
for accurate determination of the n/e ratio. 
Voltage was applied to the radioactive source 
from dry cells connected in series. The voltage 
was determined by conventional measurement of 
the current in a 3.0062 (sometimes 4.0061) meg- 
ohm wire-wound resistor. This scheme makes it 


easy to set and measure voltages up to 5 kv with 
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FIG. 2. Power supply circuit of 8-spectrometer. 


an accuracy to within 1 volt. 

Because it has turned out to be much more con- 
venient to plot small portions of the B-spectrum 
by electric bias rather than measure the current 
in the main windings and in the lenses, this method 
is now used also to plot spectra of conversion 
electrons in the determination of the internal-con- 
version coefficient ratios. It was established first 
that within the range of bias used in this investi- 
gation, the value of the bias does not effect the 
areas of the conversion lines. To check this, the 


F line of an active deposit of RdTh was plotted 
at various values of bias and the line areas, ob- 
tained in different measurements, were compared. 
They proved to be equal, within the limits of sta- 
tistical dispersion. 


L SUBSHELLS OF Sm!52 AND Ga}54 


Figure 3 shows a portion of the spectrum of 
the mixture of Eu!>? and Eu! 54, with the lines 
formed by internal-conversion electrons of 122 and 
123.2 kev gamma rays in the L subshells of Sm+5? 
and Gd!54. The half-width of the lines is approxi- 
mately 0.05%. The spectrum was plotted under the 
following conditions: source dimensions 1 x 10 
mm; slit of receiving equipment 1 mm wide, 28 mm 


long; slit diaphragm 10 (Fig. 1) that limits the 
vertical divergence of the beam fully open (the 
only vertical limitation on the beam is diaphragm 
9 with a round hole 7 cm in diameter); slit dia- 
phragm J] which limits the horizontal divergence, 
cuts a beam 5 cm wide; distance from the source 
or from the receiving slit to the middle of the 
corresponding lens 120 cm; aperture ratio of the 
spectrometer approximately 0.02% of 47. 

The lines could be readily identified by mea- 
suring the conversion-line energy differences and 
comparing these differences with the corresponding 
energy differences of the electron levels, known 
from roentgenoscopic measurements’. 

When measuring the energy difference of two 
conversion lines (even those that were not adja- 
cent), one line was first plotted, followed directly 
by the second; the first was then repeated and 
the two energy differences averaged. To some 
extent, this eliminated the effect of small syste- 
matic changes in the intensity of the deflecting 
magnetic field, which sometimes occurred and 
which could introduce an error, albeit small, in 
the measurement. These changes are apparently 
due to the slow variation in the spectrometer- 
magnet temperature. The position of the line was 
established from that of its peak. 

Using the measured energy differences of the 
Sm and Gd conversion electrons and using the 
electron-level differences given in Ref. 7, it is 
possible to determine with great accuracy the 
energy differences of the converting gamma quanta. 
Thus, for example, the measured energy difference 
of the conversion electrons from the Li Gd and 


Ly Sm subshells is 1,357 +4 ev, from which it 


follows that the energy difference of the convert- 
ing gamma quanta in Gd and Sm is 1,292 ev. The 
error with which the last quantity is determined 
depends both on the accuracy of our measurements 
as well as on the accuracy of the data given in 
Ref. 7. 

As can be seen from the drawing, the L,,5m 
and L,,Gd lines did not separate. The distances 
between these lines and other lines could there- 
fore at first not be established and only the dis- 
tances from the peak representing the sum of the 
two lines were measured. To separate the Lypm 
and L,,,Gd lines, the resolution of the B-spectro- 
meter was increased still further in the following 
manner. An aluminum diaphragm with a slit of 0.5 
mm width was placed over the source, thus restrict- 
ing the width of the source. In addition, diaphragms 
10 and 11 (Fig. 1), which limit the divergence of 
the beam, were so mounted as to form a 4 x 4 cm 
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square window (the aperture ratio of the instrument the L,,;Sm and L ,Cd lines and the other lines 
? 
was reduced thereby to 0.01% of 47). and alae to find is ratios d the internal-conver- 
A check on the resolution of the 6-spectrometer gence coefficients in all the L-subshells. 
for the / and /a. conversion lines of a deposit of Table 1 compares the electron-level energy 
active RdTh (Fig. 4) has shown that under these differences E obtained from the roentgenoscopic 
conditions the instrument line half width was 0.02%. data given in Ref. 7 with the results of our mea- 
The L,,,Sm, L,,Gd, and L, Gd lines, plotted surements. 
To obtain the ratios of the areas of the Sm and 


with this value of instrument resolution, are shown 
in Fig. 5. As can be seen, the lines became 
partly separated. Using graphic line separation, 
the ratio of the areas (intensities) was found to be 
Lypm/LyGd = 1.96 0.05. The distance be- 
tween the lines is 76 +2 volts. These data were 
also used to separate graphically the L,,,5m and 


L,,Gd lines on Fig. 3, after which it became 
possible to obtain the distance between each of == 2,25 10.07, Jey /y = 200 £008, for gadolinium 


Gd conversion lines, the spectrum of the con- 
version electrons was plotted both by varying the 
voltage applied to the source (6 times), as well 

as by the usual method of varying the current in 
the principal windings and in the lenses (4 times). 
The first method of plotting the spectrum yielded 
the following area ratios: for samarium L,,/Ly 
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FIG. 5. Conversion lines/,,;,;Sm, L,,;Gd and Gd 


plotted at increased resolution. 


TAB eel 
Differences in electron Differences in electron 
energy levels of Sm, ev energy levels of Gd, ev 
Bry Pky | ba oh | ee Co a eo ee 
From Ref. 7 426 596 1022 44) 694 4132 
From our work 42442 5o97+1 1021+2 | 443-44 691-+4 113442 


Lyy/Ly = 2-80 £0.10, L,,/L, = 2.52 £0.07. The 


second method yielded for samarium L,,/L, = 2.20 
£:0:055 1G 


the ratios of the conversion-line areas obtained by 
different methods fluctuate within the limits of 
statistical error. The area ratios deduced on the 


basis of all the measurements are Ly/L, =P DP) aA)" 


Lin Ibs = 2.16 + 0.05 for samarium and Laue 
= “teen 0.08, Lin/L; =2.46 +0.06 for 
gadolinium. Jt follows therefore that the con- 
version-coefficient ratios are L,:L,,:L,,, =1: 


iil 
(2.22 +0.04)% (2.16 +0.05) for Sm and Ly tla) 


= 1: (2.69 + 0.08): (2.46 + 0.06) for Gd. 


The experimental values of the ratios of the internal 
conversion coefficients were compared with theoretical 
values obtained interpolating the data given by Rouse 
in Ref. 8. The interpolation was performed graphically. 
To interpolate by energies, the logarithms of the coeffi- 
cient of conversion ratios were plotted against the 


/ by = 2.07 +0.07; for gadolinium L,,/L, 
=o) 0.13; Lyy/L, = 2.30 + 0.13. As can be seen, 


logarithm of the transition energy was plotted. 

To interpolate by atomic number, a plot was made 
of the logarithm of the conversion-coefficient 
ratio vs. the atomic number at the transition 
energy of interest to us. Comparison of the theor- 
etical values of the ratios of the internal-conver- 
sion coefficients, obtained in this manner, with 
the measured values establishes this transition, 
as expected to be of the electric quadrupole (E2) 
type for both Sm/5? and Gd!54. For this type of 
transition, the theoretical values of the conver- 
sion-coefficient ratios (with transition energies 
expressed in mC? units, k = 0.24) are 1 
= 1: 2.3: 2.2 for samarium and LpLy hy, =1: 
2.7: 2.5 for gadolinium. This agrees with the 
measured ratios of the conversion coefficients. 


M-SUBSHELLS OF SAMARIUM 


Figure 6 shows a portion of the B-spectrum 
with the lines formed by the internal-conversion 
electrons in the M subshells of Sm (transition 
energy 122 kev). By measuring the energy inter- 
vals between the M lines, and also between M 


Ill 
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Fic. 6. Internal conversion lines in M subshelis 


of Sm!52, 


lines and the nearest lines of the L group (L__Gd), 
it is possible to identify them uniquely, as s oe 
in the diagram. The lines M,y and M, are appar- 
ently considerably weaker than those shown on 

the drawing, and were not noted. 

The ratio of the conversion coefficients in the 
M subshells obtained in this investigation is 
My:My):My, =1: (3.4 0.1): (3.3 + 0.2) (average 
of eight measurements). The striking fact is 
that conversion occurs principally in the M,, and 
M,,; subshells. This agrees with the deductions 
made on the basis of approximate (non-relativistic, 
without allowances for shielding) calculations of 
the relative conversion coefficients in the M sub- 
shells?. 

The ratio of the total conversion coefficient 
in the L subshell to the total conversion coeffi- 
cient in the M subshell of Sm was measured. The 


value obtained was 1 /M=4.5+0.1 (L=L}) 
tLly+Lui; M=M,+ My + Min). 
MEASUREMENTS OF RATIOS OF CONVERSION 


COEFFICIEN?'s IN K AND L SUBSHELLS OF Sm 
AND Gd. 


The K lines of Sm!5? and Gd154, corresponding 
to the above transition energies, are shown in 
Fig. 7. The energy difference of these conversion 
lines, measured by applying an electric bias to 


the source, was 2,117 +1 ev. 
To find the ratios of the coefficient in the K 


shells to the total conversion coefficients in the 
L shells of Sm and Gd, the lines were plotted 


both by using electric bias, as well as by vary- 
ing the current in the principal windings. When 
plotting the groups of K lines or groups of L lines 
by means of electric bias, the current in the spectro- 
trometer windings was adjusted to correspond 
approximate ly to the energy of the plotted group 
of lines. The value of the potential difference 
applied to the source was therefore small in all 
cases (it should have insured the plotting of a 
spectrum within the limits of a single group). 
Using this method of measurement, the correction 
for the value of the energy interval (expressed in 
ev) should be introduced when changing from one 
group of lines to the other. 

When plotting the spectrum by varying the 
current in the main windings, the number of 
counts of the recording device were plotted vs. 
the value / of this current. Here, therefore, in 
addition to the usual correction for the width of 
the pulse interval, a correction was introduced 
for the non-linear dependence of the spectrometer 
magnetic field on/. The magnitude of this cor- 
rection could be obtained without difficulty from 
the known differences between the momenta of the 
electrons belonging to different lines in the mea- 
sured groups of conversion lines. In view of the 
considerable energy difference between the K and 
L electrons, a correction was also introduced for 
the difference in their absorption in the counter 
films. The curves given in Ref. 10 were used to 
determine this correction. Inasmuch as the film 
over the windows of the recording installation 
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was relatively thin (the counter chamber was sepa- 
rated from the evacuated portion of the spectro- 
meter by a colloidal film 0.23 mg /em?” thick and 

the total thickness of the colloidal film covering 
the output opening of the first counter and the in- 
put opening of the second counter was 0.1 mg/cm ay 
this correction amounted to merely 3% of the K/L 
ratio. 

After processing all the measured data, the fol- 
lowing values were obtained for the conversion 
coefficient ratios: for Sm (transition energy 122 
kev) — K/L = 1.76 + 0.04; for gadolinium (transi- 
tion energy 123.2 kev) — K/L = 1.51 + 0.03. 

In determining the theoretical values of K/L, 
we employed the K shells conversion coefficients 
calculated by L. A. Sliv and I . M. Band (private 
communication), making allowances for the shield- 
ing and for the finite dimensions of the atomic nu- 
cleus. The L shell conversion coefficients were 
obtained by interpolation from the data of Ref. 8. 
The theoretical relationships obtained in this 
manner for an E2 transition and a transition energy 
k = 0.24 were K/L = 2.2 for samarium and K/L 
= 1.9 for gadolinium. 

It must be noted that the small number of the 
computed L subshells conversion coefficients did 


not permit sufficiently accurate interpolation. On 
the other hand the experimentally-obtained K/L 
ratios are also subject to noticeable systematic 
errors, owing to the relatively large energy differ- 
ence between the K and L electrons. These fac- 
tors apparently explain also the sufficiently large 
discrepancy between the experimental and theoreti- 
cal values of the K/L ratios. 
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Strong pulsed ma 
particles from an ap 


to measure the energy s 
serve the annihilation o 


a el 
S was ee earlier , strong pulsed mag- 
netic fields synchronized with the working 


cycle of an accelerator can be used to obtain a 
charge and momentum analysis of particles ob- 
served in nuclear emulsions. 

We have exposed electron-sensitive emulsions 
[NIKFI type ‘‘R’’] to y-rays in a magnetic field 
of 1.2 x 10° gauss, the emulsions being situated 
inside a pulsed magnetic field generator (Fig. 1). 


a 


positrons in flight. 


Fic. 1. Sketch of the ex 
netic field of 7000 gauss. 


generator. 4, Nuclear emulsion. 5, Collimator. 


riment. I, ytays. 2, Mag- 
, Pulsed magnetic field 


The electron-positron pairs were analyzed by mo- 
mentum and charge, the annihilation of positrons 
in flight was studied, and the energy spectrum 

of bremsstrahlung from the synchrotron of the 
Physical Institute of the Academy of Sciences was 
measured. 


1. METHODOLOGICAL INVESTIGATIONS 

1. Method of measuring magnetic curvature and 
multiple scattering of particles in emulsion. 

There exist several methods?“* for measuring 
the scattering of particles in emulsion. We adapted 
and used one of the variants of the angle method. 

The track of the particle in the emulsion was 
divided, as in other methods, into equal intervals 
(boxes) of length 100u. Using the eye-piece scale 
shown in Fig. 2, the angles between consecutive 
chords were measured. The procedure was as 
follows: by fine adjustment of the microscope 
stage, the center of one grain in the particle track 
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netic fields (1.2 x 10° gauss) were used in experiments to observe 
ectron accelerator in nuclear emulsions. The method was applied 


ectrum of bremsstrahlung from a synchrotron target, and to ob- 


is placed at the center of the scale 0. Let the 


reading % onthe scale correspond to the track 


position 1-2 shown in Fig. 2. After the point 2 on 


Fic.2. Eye-piece scale, used for measuring the 
angles of magnetic deflection and multiple scattering of 
particles. 


the track is moved to the center of the scale, the 
track occupies position 2-3 and the reading on the 
scale is a,» and so on. In this way the track is 
divided into equal intervals of length RY equal to 


the radius of the scale, and the difference 

A. between two consecutive 
readings represents the angle between consecu- 
tive chords. This method is simple to use and 
can be applied successfully to particles with 


Cita Mas 


large scattering. To measure the scattering of 
high-energy particles, when the intervals must be 
chosen to be longer than R_,, the procedure is 
slightly modified. In this case we consider dif- 
ferences of the form &;;.—«; =A, , or more 
generally a;,,—a; = (Oa. . If the track is di- 
vided into n intervals ot length R, then the angle 
of magnetic deflection in each box is* 


M = Bice / 2)9 Si} Se7 eae) 


* All readings are supposed statistically independent. 
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Here <|Si]>=(1/n)5;ni|Ai—Ai| is the mean 
value of the random deflection, and the mean 
square deviation of <|s; |> is 


61S (= = Sn V (= — 2)/2n. 


The results of a calculation of the ratio of the 
magnetic deflection M to the multiple scattering 
angle <|s,|>, for electrons and positrons, are 
shown in Fig. 3. The abscissa is the length of 
the observed track, and results are shown for 
various values of H. The average number of 
boxes (R ~ 100y) per track in our experiment was 
about 15. From Eq. (1) the error in the determina- 
tion of the energy of a particle from the magnetic 
curvature at H = 1.2 x 10° gauss was about 30 
percent, while the error in a determination by mul- 
tiple scattering was about 20 per cent. The error 
in a measurement of the energy of an electron- | 
positron pair was smaller by roughly a factor Vee 
i.e., equal to 21 per cent and 14 per cent by the 
two methods. 


Med; = 
Zig 2/ | | | 
f 
L ae 1 Nae. 
ae Spee wth, 
| peg | | 
2| cis | ! 
| eee ara 
/ eae arse | 1 


Fic. 3. Results of a calculation of the ratio of the 
magnetic deflection M to the multiple scattering angle 
|si> for an electron or positron. The abscissa is the 


length of the observed track. Curves are shown for 
various values of H. 1, H=4.8x10°. 2, H=2.4 


x 10°. 3, H=1.2x10°. 4, H=0.6 x 10° gauss. 


There are two ways to reduce the error in a 
measurement of magnetic curvature. One is to 
increase the strength of the magnetic field. The 
other is to use diluted emulsions**. A rough 
estimate of the increase in accuracy obtainable 
from diluted! emulsions is made as follows. An 
emulsion which is diluted twofold gives a reduction 


** By diluted emulsions we mean emulsions in which 
the ratio of gelatin to silver halide is higher than normal. 
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of 15 per cent in the average angle of multiple 
scattering, while the density of grains along a 
track is hardly affected. An eightfold diluted emulsion 
gives a reduction of 50 per cent in multiple scat- 
tering and a reduction by a factor of 3 in the grain- 
density” - 


2. Questions of Distortion and Spurious Scattering. 
The experiments were carried out with NIKFI 
type ‘‘R’’ emulsions, 200 microns thick. The de- 
velopment was done by the NIKF' staff using the 
temperature method. After drying, the surfaces of 

the emulsion were coated with shellac. The follow- 
ing steps were taken to reveal and to measure dis- 
tortions: 

a). The emulsions were exposed twice , first 
with and then without magnetic field. Between 
the two exposures the plates were rotated through 
180° about an axis perpendicular to their own 
plane. The tracks of electron-positron pairs pro- 
duced in the second exposure were used to detect 
and measure distortions. The scattering of 100 
tracks of average length 1.6 mm was measured. In 
each case the algebraic mean deflection <S§,> and 
the mean absolute deflection <|§.| > were deter- 
mined. It was found that the algebraic mean de- 
flections lay within the limits of their statistical 
uncertainty +(a/2)'2¢|Si]>/V n. A part 
of the results of these measurements is shown in 
the following table. 

b). From the theory of multiple scattering it is 
known that, in the absence of distortion, the proba- 
bility P(+) of a plus sign and the probability P(—) 


of a minus sign in the first (or second) differences 


are equal to 0.5. We define the quantity K, which 
we call the coefficient of distortion, by 


K =1—[P(+)/P(—)I. (2) 
In the absence of distortion, and for a track with 
a sufficiently large number of measurements, P(+) 
= P(—) = 0.5 and K = 0. If there is a C-shaped 
distortion, P(+) # P(—), and the probability for a 
plus or minus sign to appear takes the form 


fee), 


(9 — 6)? 
Dp | = 840.5; 
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N ee | SS Se | etme] S| SV gy 
4 41720 0.30 0.02 + 0.09 
2 1260 ORS OOS +£0.13 
3 2300 0.43 0.06 +0.11 
4 4150 0.48 0.01 + 0,19 
5 | 4380 0.77 0.04 “E0127 

97 1610 0.36 0.08 +0.12 

98 1960 O25 0.03 + 0,07 

99 1000 28) 0.05 + 0.45 

100 1000 0.95 0.10 + 0,37 

and the coefficient of distortion is o2. g2 


K = 1 — Ig/(1 — g)]<0. 


If track number i contains NV. measurements (boxes) 
then the probability that the number of observed 
positive deflections should be n, is, in the absence 
of distortion, 


Pin; (Ni—n)] =(+)" ers (3) 
and in the presence of Cielo: 
Pin, (Ni—n)] =g"(1—g)i-"CH 


ie 


In Fig. 4, the theoretical distribution curve of 
the number of plus signs per track is shown by the 
continuous line. The experimental points are 
shown as crosses. The theoretical curve is ob- 
tained by adding together curves of the form of 
Eq. (3), one corresponding to each of the 100 
tracks upon which measurements were made. The 
resultant curve is unsymmetrical because the dif- 
ferent tracks have different lengths and different 
values of N;- 

The theoretical expectation for the probability 
(or the number of cases) that the number of plus 
signs in a track should not exceed 5 is 0.54 
+ 0.05, i.e., 54 tracks in the observed sample. 

In this estimate the variance is calculated accord- 
ing to the formula [D (n;) = Np (1 — p), 

with NV = 100, p = 0.54. The experimental value 

is 53 tracks. 

c). “Spurious scattering”’ includes errors 0} 
arising from non-paralle] movement of the micro- 
scope stage, the so-called “‘stage-noise’’, errors 
0, arising from the scatter of grains in a particle 
track away from the true trajectory, and errors 
of measurement o,- Our measurements were made 
with a MBI-8 microscope. The variance due to 


‘‘spurious scattering”’ is the sum of the variances 


5 


2 2 
1’? “> %3- The mean square error produced by 


spurious scattering in our experiment did not exceed 0.07°. 


be Gar AIO NGRIGIG FG" 26. 
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Fic. 4. Theoretical distribution curve for the number 


of plus signs per track in the 100 tracks which were 
measured. The crosses are the experimental values. 


3. Charge-Analysis of Particles. 


If the direction of motion of a particle is known, 
the determination of the sign of the charge de- 
pends on measuring the deflection in the magnetic 
field. Figure 5 shows the probability that a posi- 
tively charged particle traversing ¢ microns of 
emulsion in a magnetic field of strength H should 
be identified as negative. It is assumed that 
positive and negative particles have the same 
a priori probability and the same momentum dis- 
tribution. 
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Fic.5. Curves showing the probability of an in- 
correct determination of the sign of the charge. 1, H 


=0.6 x 10° gauss; 2, H=1.2x 10°; 3, H=2.4x 10°. 


The determination of the sign of the charge from 
magnetic deflection in weaker fields (10-30 kilo- 
gauss) is made difficult by the presence of strong 
multiple scattering. However, if the momentum of 
the particle can be measured, either from the 
multiple scattering itself or otherwise, then the 
sign of the charge can be fixed with reasonable 
certainty - 


4. Methodological Deductions. 


Some 800 electron-positron pairs, in which the 
track-length of each particle was greater than 
540, were chosen for measurement. The total 
track-length measured was 230 cm. Figure 6 
shows microprojections of electron-positron pairs 
seen in the emulsion exposed in a magnetic field 
of 1.2 x 10° gauss. By measuring simultaneously 
the angle of magnetic deflection M and the angle 
of multiple scattering S, we can deduce the scat- 
tering constant for electrons and positrons of 


NIKFI type R emulsion. We used the formula 
Koop —— |S | Ene 
where E | is the particle energy determined from 


the magnetic deflection. The scattering constant 
derived from 2700 measurements was 


K joo = 23.4 + 0.7 degree MeV / (100 wp)". 
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In measuring the scattering constant we cut off 
the large -angle single scattering by requiring that 
each observed scattering angle should not ex- 
ceed four times the average angle. The mean 
energy per particle deduced from the magnetic 
deflection of the 1600 tracks was 43 +3 mev, and 


from the multiple scattering measurements 46 +2 


mev. 


2. BREMSSTRAHLUNG SPECTRUM AND POSITRON 
ANNIHILATION IN FLIGHT 


The continuous curve in Fig. 7 shows the 
result of a calculation of the energy-spectrum 
of bremsstrahlung produced by the synchrotron 
of the Physical Institute of the Academy of 
Sciences. The synchrotron target was a tungsten 


Las 
a ee 


Q 20 40 60 80 100 120 140 160 160 200 
£,,, MeV 


EVN), arbitrary units 


Fic. 7. Experimental values of photon intensity 
E Ny) plotted against photon energy Ey. 


wire of diameter 1 mm. The effective target thick- 
ness was 0.16 radiation lengths. The calculation 
was made from the Bethe-Heitler formula, in- 
cluding effects of absorption of y-rays in the 
target and of double radiation by electrons. At 
such thicknesses the spectrum of photons emitted 
in the forward direction is rather accurately the 
same as the complete spectrum from a single atom. 
To deduce the number of photons from the num- 
ber of observed electron-positron pairs, one needs 


to know the effective cross-section for pair creation 
by nuclei of the emulsion. We calculated the effec- 
tive cross-section from the Bethe-Heitler formulas . 

We used the correction factor* 


[1 +0.12(Z/82)p. 


* Translators note. This formula is incorrectly 


quoted and should read [1 — 0.12 (Z/82)?], 
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; -1 
which has been shown by various authors?-"° to 


be required in order to convert the Born approxi- 
mation Bethe-Heitler cross-sections to true cross- 
sections. For Ag(Z= 47) and Br(Z = 35), which are 
the worst emulsion nuclei for using the Born 
approximation, the correction does not exceed 4 
per cent. ; ; 

In making a histogram of the spectral distribution 
of electron-positron pairs, we accepted only those 
pairs in which each particle had a track-length 
in emulsion greater than 540u. This selection 
discriminated against low-energy pairs, because 
the components of low-energy pairs are more likely 
to leave the emulsion, and it was necessary to 
correct the observed spectrum accordingly. 

The probability that neither component of a 
positron-electron pair of energy FE, should leave 


the emulsion before travelling a distance t mi- 
crons is 


Q (Ea Eo = E,,t,d) 
aa P(E, 2 7,t,4)\l— P(E), Es —Eat.d)), 
Here P(E, Ej, ¢; d) is the probability that one 


component (electron or positron) with energy E 
should leave the emulsion of thickness d before 
travelling ¢ microns. To find the value of Q 
averaged over the energies of the components we 
must evaluate an expression of the form 


Ea—2mc* 


ME (BGs E,) Q (E4, Ea 


Ey—2mc?* 


etd) deaf \ Y (Eo, E,)dE1, 


0 


where W(E, E ») is the probability for a photon 
of energy EY to produce a pair with component 
energies E,,E, —E,. The integration was per- 
formed graphically. This correction was calcu- 
lated, including the effects of multiple scattering 
and of the deviation of the angles of emission of 
positron and electron from the direction of the 
photon?*. The results of the calculation* are 
shown in Fig. 8. 

The determination of the energy of a pair from 
the magnetic deflection is made with an average 
error of 2] per cent. This large experimental 
error causes a redistribution of points in the ob- 
served pair spectrum. The redistribution must be 
taken into account when the experimental results 
are compared with theory. Figure 9 shows a histo- 
gram of the experimental pair spectrum (full lines), 


and a histogram obtained from the theoretical 
spectrum by introducing random “‘errors of mea- 
surement’’ by a Monte Carlo technique (dotted 
lines). The two histograms coincide within the 
statistics. 
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Fic. 8. Calculated correction factor to determine the 


“‘true’’ number of pairs from the number observed in 
emulsion. 
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FIG. 9. Histograms of the pair energy spectrum. The 


full lines are the experimental values. The dotted 
lines are theoretical values with ‘‘errors of measure- 


ment’’ introduced by a Monte Carlo technique. 


Experimental values of the photon intensity 
as a function of photon energy are shown in Fig. 7. 
These are deduced from the pair spectrum. The 
experimental errors in the measurement of the 
pair energies prevent a detailed investigation of 


the form of the spectrum, especially at the high- 
energy end where a departure from the Bethe- 


Heitler theory might most reasonably be ex- 
pected. 
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In scanning the emulsions we observed four 
cases of particle annihilation in flight. A charge 
measurement showed that in each case the van- 
ishing particle was a positron. In the extreme 
relativistic limit, the probability for this process 
is 


OY 


® = arp ~— [lg (2E, / me?) — 1]. 


The annihilation probability for a particle of 
average energy (43 mev) passing through a length 
1400 p (the average track length) of emulsion is 
1.7 x 10-3. The experimental frequency of anni- 
hilation is 1.5 x 107°, obtained by dividing 
the total track-length of the annihilating particles 
(1795) by the total track-length of all positrons 
(118 x 104). 

In conclusion the authors express their deep 
gratitude to Professors V. I. Veksler and M. P. 


'Podgoretskii for their constant attention and help. 


* Note added in proof. More detailed calculations of 
the correction were completed after this manuscript 


went to press. The maximum deviation from the pre- 


liminary results was not greater than 15 per cent, and for 


ositron-electron pairs with energy above 100 mev the 
deviation was not greater than 4 per cent. 
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The 6th order moment of the resonance paramagnetic absorption curve in crystals at 
high frequency has been calculated. Comparison of the computed 4th and 6th order mo- 
ments with the experimental values confirms the theory of exchange narrowing. The ex- 
change interaction coefficients thus obtained are smallerthan those which are obtained 
by comparing the Van Vleck and Opechowski formulas for magnetic specific heat and 
Curie temperature with static susceptibility measurements. 


HE calculation of moments of the resonance 

absorption curve incrystals at high frequen- 
cies (spin relaxation) was first carried out by 
Van Vleck! . He determined the 2nd and 4th mo- 


ments considering dipole and exchange interactions 


of magnetic ions. It turned out that, with the ex- 
istence of solely a dipole interaction, the reson- 
ance absorption curve has approximately a Gaus- 
sian shape. The experimentally observed absorp- 
tion curves, however, are considerably narrower. 

Taking exchange forces into consideration does 
not change the 2nd moment and strongly raises 
the 4th order moment. This shows that the ex- 
change interaction of magnetic ions must lead to 
a narrower resonance absorption curve than is ob- 
tained in its absence. Consequently, through the 
effect of the exchange interaction, one can explain 
the shape of the experimental absorption curves. 
In the present work, thequestion of the adequacy of 
the narrowing effect of exchange forces is ex- 
amined. To thisend, the 6th moment of the reson- 
ance absorption curve is calculated for large 
static fields. 


1. 6th MOMENT 


Let us direct a static magnetic field H along the 
z axis and a high frequency field of frequency 
v along the x axis. 

For purposes of convenience one calculates the 
moments not of the curve y “ (v) (y ” is the ima- 
ginary part of the complex magnetic suscepti- 
bility), but of the curve 


i (vy) — 2kT y" (v) / xy, 


where 7’ is the absolute temperature. In the cal- 
culation of moments of the resonance absorp- 
tion curve in large static fields in a region far 
from a state of saturation, f (v) can be represented 
in the form (see Ref. 2): 


f(y) = 82S + 1)-% (1) 


x » LSicnes i g) (| Yam | ae i 


ml, m 


Here, n and m are indices of eigenvalues of the 
operator 


H' = gbH > Sip + , BjpSzjSzh 
J j>k 


te yy; (A je 1}, Bin) (S;Sx.), 


j>k 


s enmi® a matrix element of the projection of the 


spin of the system on the x axis, g is the Lande’ 
factor, B is the Bohr magneton, S is the spin 
guantum number of a magnetic particle, and 


A ,,andB ,, = — (3g%6? / 2r3,) [3 cos? (Ar.,) — 1] 


jk 


are the coefficients of the exchange and dipole 


interactions ofthe ions; and £, S; and S, their 


spins andr jk the distance between them. 


From Eq. (1) one obtains the expression 


Yan = Yon | Vo = (—1)"Sp Us. / h*" Sp Se @) 
ies — Ht ieee = ees (U, = Jee ee SyIl') 


for the normalized moment of order 2n of the 
resonance absorption curve . In this way the nor- 


malized 6th order moment is determined by the 
formula 


Ye = — Sp U2 (A Sp.S?. (3) 


In view of the unwieldiness we cannot com- 
pletely work out the expression Sp ve within the 


confines of the present appper. Briefly, the 6th 
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order moment can be written in the form 


ie 


6 


ae or ee Peak 
ve + 15vzAv, + 15v8Ay, + Ay,, 


where A Vos Vv, and A V6 are the normalized mo- 


ments of second, fourth and sixth orders relative 
to the Larmor frequency v , = eBH/h. The numer- 


ical value of the 6th order moment relative to the 
Larmor frequency was determined for a crystal in 
which the magnetic ions form a simple cubic lat- 
tice, with the direction of the magnetic field 7 along 
a principal crystal axis. 

The calculation for an arbitrary direction of the 
field H relative tothe crystal axis and also for 
other crystal lattice types becomes highly com- 


plicated. Forthisreason the value of A ,, aver- 
6 


aged over direction of the field H, applicable for 
absorption curves in powders, was not calculated. 

The exchange interaction, owing tothe rapid 
decrease of exchange forces with distance, was 
considered only for neighboring particles. After 
rather laborious calculations, the numerical value 
of the 6th order moment was obtained equal to 


Av, = h~® {2?A4 (520h* — 23047 — 14)) (4) 


A eeAe oi? 4 18h? — 2) 
+ 244? (10804? — 312A? + 4h) 
+ 6°A (5713 — 212 + 2h) 
+ 26 (665.3 — 1812 + 2d)], 


where ¢« = —3 i Bp pat? , d is the lattice con- 


stant, A is the exchange coefficient for neighbor- 


ing particles and A = S (S + 1). 


2. COMPARISON WITH EXPERIMENT AND 
DISCUSSION OF RESULTS 


For the demonstration of the adequacy of the ex- 
change narrowing let us determine the exchange 
coefficients from a comparison of the calculated 
Ath and 6th order moments with experimental val- 
ues. Insofar as the numerical value of the 4th mo- 
ment determined by Van Vleck is approximate, its 
value was calculated underthe same assumptions 
as used for the 6th order moment. The 4th and 
2nd moments come out equal to: 


Av, = AW4 (224? (24,22 12 — 3.6)) 5) 


+ 3h4 (Av.)? (0.74 — 0.021 A), 


Av, = 4,44)62h72. 


It is more convenient to compare the ratios 
X = By, / (Av) 
and 
yee: Ay, / (Ay,)?, 


rather than the moments. In our case, these ratios 
are equal to: 


X = (A /s)? (1.228 — 0,183471) . 
OO et 


Y = (A /s)*(5.94 — 2.6347! + 0.16472) 
+(A / 2)? (12.84 — 3.6547! + 0.05472) 


+ 7.60 — 2,077! + 0.02, 2 
if the odd powers of A/ ¢ with small coefficients 
are thrown away. 

Most often we have to deal with experimental ab- 
sorption curves in substances for which the spin of 


the particles S = 1/2, 3/2, 5/2. We give the ratios 
X and Y for these values of S: 


eet (7) 
Roe Aey 0 13: 


Y = 2.72(A /e)* + 7,67 (A /e)? + 4.88, 


X = 1,18(A /)? + 2,21; Y = 5.25(A /«)4 


+ 11,39 (A/s)? + 7.00, 
iS — Poe 


X = 1.21 (A /s)? + 2,21; Y =5.66(A /e)4 


+ 11.94(A /e)? + 7.36. 


It should be kept in mind that experiment gives 
the curves y *’ (H), measured with a contant 
frequency v of the high frequency field by means 
of the variation of the static intensity H. However, 
if one takes into account the smallness of the zero 
absorption at high frequencies, the weak thermal 
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dependence y *’ (7), and the invariance of the 
structure of the bands of the energy spectrum of the 
spin system in a large static field A under its 
variation, one can regard that y * (H) (especially 


eee eee 
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its side to the right of the peak) is a good approxi- 


mation of the course of the curve f (v). The ratios 


X and Y were determined from the experimental 
absorption curves for the various substances. 


TABLE 
Substance S (Aje)s (Ale)s AA, % 
Cu (NH3)4SO4-H,O. . . . Vy 1.490 1.481 0,6 
CMe SOncdsHO . 2 > se 6 oo « 1p, 2,486 Qeats 10,8 
Ci Ceo abOy.  ialausets weer Tone ae My 1.166 Al AOS 54 
CBr tree ee oe 1» 0.900 0.985 4h 
Cilio ae ee pm ON Src ek cnt eae eae li, 0.990 0.980 4 
CuGlso2(NEZC 2H sO ane ane 1/y 2.445 2.280 6.8 
Git(Grll Os) seeeeee ee eae ee Vo 1,300 1.265 PT} 
Cu (CHO, )o ‘4H, (Cee 5 li, 1.386 A304 6,4 
WOK GI xt soe rs, Siege eae aeiae et ir 1/y A224 il AS Byars 
VOs3 (C oHla)s Nes (CaM = so x We ae bs 1,506 AAD, 5.6 
VOSO, Sw ae ee ee ee 1/5 1.900 1.830 3.4 
Gi ates Rekha a tere a een ee 3/5 1.236 0.981 20.6 
Ci eo ae OR Ne BANA Seas! 3/5 1.603 1 2ue 20,4 
GC (SOvoABBOM ofa op o8 oo 3/5 4.488 1.349 9,4 
CrK (SO4’5:12H,O a 3/, 1.438 1.283 10.8 
Crhe(SOn) pote kls One erties ame 3/4 AL XR ate 16.7 
Cr (C,H;0g)-H2O . 3/o 0.914 Ono 19.8 
Cr (NH3 ‘ gCls- Hs AO) es 3/5 1.062 0, &90 ANG. 
CH, (NHs) \o: Cr [N (CS) (CO) S No] 3/5 0.503 0,336 Boa 
WiCON- eae. 515 4.030 0.816 14 
INNO 2 6 3 & es 4.290 ala 202 
MiSs @ner eae 6 ae Tp 1.64 1.36 dio) 
MnSO4-4H)Q) 5/5 1.648 1.434 13.2 
MnSO,:4HsO 5/5 1.739 1.468 om6 
MnSO,:4H,O Ji 1.009 0.813 19.6 
{FeF3).-9H.O oH 1.613 1.290 20 
Fe iC FGOsa wee er. Os (iG 0.910 19.2 


The exchange coefficients (A MeN and (A/e), 


were determined from the comparison oftheir cal- 
culated and experimental values. The results are 
given in the Table. The values of the ratio 


(A ,-A,) /A , are also given (in percent). The 


scatter of the values of A/e , determined from var- 


ious measurements for one and the same substance, 
on the average can be put within + 15%. 

It follows from the tabulated data that for substances 
whose atoms have spin S = 1/2, the percent deviation of the 


exchange coefficient A é from Ay does not ex- 


ceed experimental error, and in the majority of 
cases is considerably less. Thus, a rather satis- 
factory agreement of the magnitudes of the ex- 


change coefficients A , and A, is observed be- 


tween themselves. For other substances (S > 1/2), 
the difference between these quantities is more 
substantial and for the most part goes beyond the 


limits of experimenta] error. This was to be ex- 


pected as a consequence of neglecting the effect 
of the crystalline electric field on the shape of 
the curve., Thus, the facts show that, within the 
limits of admissible experimental accuracy, the 
exchange interaction of the magnetic ions of a 
crystal explains the observed narrowing of the 
curves of paramagnetic resonance absorption quite 
satisfactorily . 

Such results attract attention: For substances 
with a considerable density of magnetic ions, the 
exchange coefficients A /e are smaller than for 
substances with a small density of magnetic 
ions. This can imply that substances with small 
magnetic density have such crystal structure in 
which two or more closely spaced magnetic ions 
are contained per unit cell; however, the same re- 
sult could arise from another source. Actually 
in substances with a large magnetic density, the 
absorption curve is disposed to the edges to a 
greater extent than in substances with a small 
density of magnetic ions. Experiment does not 
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permit measurement of the limits of the curves to 
a sufficient degree, since the curve breaks off 
early. Therefore, a reduction of the magnitudes of 
the exchange coefficients can occur, but for the 


first substances it is strong, and for the second, weak. 


The obtained exchange coefficients for para- 
magnetic substances are not large. They are sig- 
nificantly less than the exchange coefficients 
determined by Wright > from a comparison of the 
experimental values of the magnetic specific heat 
and of the Curie temperature @ with VanVleck’s 
and Opechowski’s formulas for them. To what 
extent should one expect a reduction of the size 
of the exchange coefficient from a comparison of 
the moments?. One can point out at least three 
sources as a reserve for a possible increase of 
the exchange coefficient: 1) Consideration, in 
the calculation of the moments, of the correct 
crystal structure of the substance, 2) Averaging of 
the moments over the direction of the static 
magnetic field (for powders) and 3) Use of the exact 
form of the experimental absorption curve. 

Taking account of the actual crystal structure of 
a substance cannot lead to an essential change of 
the moments, since the sums which enter in them 
depend chiefly on the interaction of neighboring 
magnetic ions. 

The use of the averaged 2nd and 4th order mo- 
ments: 


= la —§ 
Ave ay= 9/5 *g*B*) Ur jn 


ye 41272 (1 10.12 70 — 4.32) /8) 


y 
4 av 


+ 3ht (Ay, av)? (0.835 — 0.019% 4)} 


for the determination of the exchange coefficient 
(4th order moment determined by the authors of the 
present paper) gives values of the exchange co- 
efficients smaller by 30—40% than those quoted 
above. 

To obtain Wright’s exchange coefficients 


through the consideration of the exact shape of the 
experimental absorption curve is also difficult. 
For this, (no longer speaking about the ratio Y ), 
the ratio X determined from the exact shape of the 
absorption curve must exceed the available ex- 


perimental values by hundreds of times, which is 
difficult to expect. 

Thus, the exchange coefficients are not large. 
With such values of the exchange coefficients, the 
formulas of Van Vleck? and Opechowski® for the 


magnetic specific heat and @ are unable to explain 
the experimental values of these quantities. 

In conclusion, I express my appreciation to 
S. A. Al’tshuler for his valuable suggestions. 
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3 A. Wright, Phys. Rev. 76, 1826 (1949). 


4 J. H. VanVleck, J. Chem. Phys. 5, 320 (1937). 
5 W. Opechowski, Physica 4, 181 (1937). 
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Proceeding from Freier’s hypothesis that the tapering of tracks is due to the increase 
of specific energy losses, it is suggested that an increase of the quantum yield of devel- 
oped grains with increasing energy absorbed by the photographic layer takes place in nu- 
clear as well as inx+ay emulsions. The energies at which this phenomenon begins are 
approximately the same. The dependence of the taper length on the particle charge has 
been computed. The calculations satisfactorily agree with the available experimental 


data. 


] N the past few years, a method has been devised 
which enables us to identify, by the length of 
the taper part of the track, the charge of the mul- 
tiply-charged particles of the heavy component of 
the primary cosmic radiation which stopped in the 
emulsion. 

Protons and «-particles are relatively easily 
identified by the grain density in the track, because 
the tracks of these particles are developed in the 
film in the form of a discrete chain of grains. The 
tracks of multiply-charged particles are in the form 
of a continuous colony of grains, the counting of 
which is practically impossible. One can, however, 
utilize another property of such particles: the 
track of these particles thins down appreciably 
towards its end. The utilization of the taper length 
for the determination of the charge has been first 
considered in the work of Freier who gave a quali- 
tative relationship. It was assumed there that the 
thinning down is due to the decrease of the specific 
lesses because of electron capture by the ionized 
nucleus while it is slowing down. The probability 
of capture or loss of an orbital electron is deter- 
mined by the velocity of the particle and depends 
also on the number of already captured electrons; 
the thinning down becomes noticeable after the 
capture of the first k-electron. 

The experimental taper lengths obtained later? 
do not agree with the theoretical calculations. In 
addition to some inaccuracy in the calculation 
pointed out by Perkins®, a more serious argume nt 
against the working hypothesis of the calculation 
is, according to Lonchamp*, the discrepancy be- 
tween the calculated and experimental energy of 
the residual paths of the particle. 

New data became recently available, on the 
basis of which one can carry out a more exact cal- 
culation of the taper length, depending on the par- 
ticle charge. One can also make some remarks 
about the mechanism of the thinning down. 

It is known that during transition through matter, 
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charged particles spend a substantial part of their 
energy on the ionization of the matter atoms. The 
energy losses are determined by the following re- 
lations”: 


— dE | dx 
= (4nZ%e4/ mv”) NaZa In (2mv? / Ta), 


(1) 


where m is the electronic mass, v — the velocity 
of the particle, /, — the mean ionization potential 
for the atoms of the matter, N , and = the num- 
ber of atoms per cm? and the atomic number of the 
atoms with mass number A, and Z the charge of 
the impinging particle. This formula is obtained 
in the Born approximation, by averaging over all 
the ionization potentials (when the velocity of 
the particle is greater than that of the orbital 
electrons and also for matter having a not too 
large atomic number). 

If the velocity of the particle is of the order of 
the velocity v, of the orbital electrons, then the 
dependence of the charge of the particle on its 
velocity starts to appear. Then one should write 
lin Eq. (1)] Z = Z ott): For the investigation of 


this dependence, let us use the Thomas-Fermi 
method®*?. In the calculations below, the Thomas- 
Fermi method is used only up to the K-shell. For 
the K-shell, we use formulas derived on a quantum- 
mechanical basis: 


mo? /2~ 13.5 Z'h (eV); 1<Zge<(Z—2), ga) 


mus [| 2 = 13.5 Ze (eV); (2b) 


(Zr 


As mentioned above, Eq. (1) is obtained after 
summing over all the electrons of the atoms in the 
matter. In the transition of charged particles 
through matter with high atomic number, not all 
the electrons contribute to the slowing down, but 
only a part proportional to Z;*v.h/e2, 


TAPER LENGTH OF EMULSION TRACKS 


where v, is the velocity of the orbital electrons 
of the matter. Taking this into account, Bq. (1) 
will take the form® 


dE anZ3et 


= —NaZs 
ax mv; 
; (3) 
sdrels 13 ( Ue \"— Peel 
YU% 2Z 461% 22.51% 


where v, = e*/R; v,=yv. We will call taper 


length L the length of the residual path, from the 
point where the velocity of the ion is of the order 
of the velocity of the orbital K-electron, to the 
end of the path: 


(4) 


where y is a coefficient expressing the relation- 
ship between the velocity of the orbital electrons 
and the velocity for which the electron capture 

is most probable; mv 2/2 is determined by Eq. (2a) 
and (2b); Z, is determined from the expression (3) 
when dE/dx ~ 0, taking (2a) into account; a is the 
mass number of the impinging particle; 


Mav? 
el a 
CI oi eae 


Substituting (3) and the expression of E | 
[(using (2a) and (2b)] into (4), we get the following 
relation for the taper length: 

Ona 
PZ fA) ee 


X {1 + 0.33 In(Z — 2)] 104 (cm), 


where p is the emulsion density; the subscript . | 
means averaging over all the emulsion atoms; / 
is a coefficient taking into account the approximate 
character of the relationship (3). 

For a photoemulsion, 9 (Z)'/ A)ay~ 0-17; 
substituting this value (and letting k= 1; a ~ WW fr 
y = 0.65°71°), we get 


muz 4 
ie 1836 a ease 


L=4.7 Z[{1 + 0.33 In (Z — 2)] (5) 


(in microns). This formula is good, generally 
speaking, for Z > 2, which is indicated by the 


f 
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presence of the logarithmic term which appears be- 
cause of electrons above the K-sheli (for Z = 2, 
the second term of (5) should be deleted). 

Taper lengths computed from Eq. (5) will be some- 
what underestimated for large Z’s because in this 
case a > 27, 


The results of the calculations from formula (5) 
are presented in the Table and can be compared 
with the calculations hy Freier (from the formula 
L = 0.72Z? for Z <9) and with the experimental 
data. The data for Z = 2 is taken from Ref. 11; it 
follows that the charge of the helium ion is unstable 
at an energy of 2.5 mev (corresponding to the 8.4 
path in the photoemulsion). For Z =3, the data are 
taken from Ref. 10 (measurements on tn ®) The 
calculation is however carried out for a = 2Z, and 
it is therefore necessary to recompute the taper 
length for a = 8, which gives 19.6u. For Z = 6, the 
data are taken from Ref. 12 — (artificial acceleration 
of carbon nuclei). The remaining data are taken 
from Ref. 2. 

The taper length computed from formula (5) is in 
better agreement with the experimental data than the 
result of Freier’s calculations. 

The above calculations are carried out with the 
assumption (the same as Freier’s) that the width of 
the track is determined by the magnitude of the 
specific energy losses. An experimental confir- 
mation of this point of view is given in Ref. 13, 
where it is shown that the width of the track of 
multiply-charged particles from the heavy component 
of a cosmic radiation is proportional to the specific 
energy losses up to relativistic energies, if these 
losses do not exceed 50-60 kev/p in the emulsion. 

In addition, if the dimensions of the developed 
grains do not depend on the specific energy losses 
after the mentioned limit, then the external in- 
crease of the grain density with the rise of the 
specific energy losses reminds the effect of change 
in quantum occurrence of developed grains with the 
rise of the energy of the quanta, in an x-rays emul- 
sion. (By quantum occurence, we mean the number 
of emulsion grains which have gotten the possi- 
bility to be developed, per absorbed quantum). It 
follows from Ref. 14, that the quantum occurence 
is ugity in the range of wavelengths from 1.5 to 
0.3 A, and is proportional to the energy of the 
quanta if the wavelength is decreased from 0.3 to 
FOL A. 

It follows from the comparison of specific losses 
with the energy of the radiation quantum that, in 
nuclear emulsions, the proportionality of the 
track’s width to the specific energy losses starts 
to appear starting from somewhat larger magnitudes 
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TAB IGE 


Dependence of the taper length on the particle charge 


Taper length (in microns) 


Z Ex peri- Accord- 
menta | ing to Using formula 5 
| data. Freier | 
Z 8.4 3 9.4 
3 19 6 14.7 (19.6 for a=8) 
B 50 18 41 
) 75 48—58 70 
10 90 48—66 80 
42 130. 64—88 100 
13 140 66—114} 110 
14 130 73130) |i 
16 160 100—160} 141 
20 190 145—240| 184 
Zo 240) 250—340 | 241 


The rise of the number 


of developed grains is , in the latter case, due to 


than in the x-ray emulsions. 


the secondary electrons. The same mechanism de- 
termines apparently the thickening of the multiple 
charge particle tracks. 

The discrepancy between the theoretical and the 
experimental taper lengths led Perkins’, and later 
Lonchamp* , to the assumption that the thickening 
of the particle track is due to 6-electrons. It is 
known that the number of 5-electrons increases 
with the decrease of the particle energy, and that 
the energy decreases — hence their path is short- 
ened. The capture of orbital electrons by a nucleus 
starts for particle velocities of the order of 10° 
cm/sec; therefore, the maximum electron energy, 
determined by the relation w, ., = 2mv* (where 
wand m are the energy and mass of the electron 
and v — the velocity of the particle), is equal to 
livev: 

The paths of electrons with such a small energy 
have been poorly investigated and although one can 
determine their number for a given interval of 
energy, a quantitative estimation of their influence 
on the track’s width is difficult. 

In order to check the assumption that the taper 
length is determined by the increase in the specific 
energy losses by capture of orbital electrons, one 
has to measure the change in the specific energy 
losses for multiply-charged particles. Kuznetsov, 
Perfilov and Lukirskii/® have measured the specific 
energy losses of Lithium ions from explosive nu- 
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clear fission, on the basis of the linear dependence 
of the specific energy losses on the darkening. 
They show that the specific energy losses almost 


do not change when the charge of the particle 
is decreased. This result is confirmed by the ex- 
periment with artificially accelerated nitrogen 


ions!5. Let us note that the nitr ogen ion energy 
was not sufficient for a total ionization, i.e., the 
measurement was carried out only in a taper region 
where the ionic charge was known to be less than 
seven. Therefore, on this basis one cannot reach 
the conclusion of independence of the specific 
energy losses on the energy for nitrogen nuclei, 
i.e., for nitrogen atoms with charge seven. 

After what was said, it is obvious that the diffi- 
culty of the taper length measurement for particles 
with Z < 6 does not come from the fact that the 
length is small, but from the fact that specific 
energy losses vary negligibly with the electron 
capture by the slowing down particle, and that the 
width of the track is practically constant, i.e., 
there is no visible taper. Further experiments with 
artificially accelerated multiple charge ions of suf- 
ficient energy losses on the width of the particle 
track. 
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The occurrence of resona 
p and the amplitude beats 
strated. Resonances occ 


nces between the synchrotron oscillations of the momentum 
near resonance on magnetic field perturbations is demon- 
ur if the ratio between the beat frequency (for Ap/p = 0) and 


the frequency of synchrotron oscillations is an integer. Transitions through these res- 
onances are examined in the linear and non-linear approximations. 


- EQUATIONS OF MOTION AND RESONANCES 


1 

ET us examine the simultaneous effect of the 
L perturbation of the magnetic field and of the 
betatron frequency, due to the synchrotron oscilla- 
tions of the momentum. The simultaneous effect 
of a parametric resonance is not important here. 
Let us consider, for example, the radial oscilla 
tions. The initial equations have the form 


ar —( l ) anor 


avy2 Qn 1X 
be olor Ap , = 
\2n Po p 


(1) 


L \2AH 
an | wER 4 


( 


where 1/p 9 = €/cP, = 1/ Pos Po is the radius of 


the unperturbed closed orbit; J is the length of 
the periodic sector; @ =(27/1)s; s is the coordi- 
nate along the unperturbed closed orbit. The small 
synchrotron oscillations of the momentum are de- 
scribed by the term Ap/p. The gradient of the mag- 
netic field dH )/0r has a period of 27. 

The general solution of the unperturbed equation 


(Ap/p = AH = 0) has the form 


r=ap’+a‘o, (4) =f (9) exp (iv), 
f (0) = £6 + 2n) 


(2) 


(pis the Floquet function and v the known beta- 
tron quasi-frequency). As usually, we seek a solu- 
tion of Eq. (1) in the form 


r= nore ye + Hepes 


dod steorala 6) 

r= xo" "e—9 4 x*o'er®. 
For x we have the equation 
dx, . Taek OH/Or, ce , +c, Ap 
tie =—i(a-) GOB OP + NS 

aff U Xo 4 AH 

ils) SIO (4) 
w= i (ep — 9°97’). 
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In the linear approximation, 


Ap/p = (Ap/p) max sin O86, (5) 


where © is the synchrotron frequency in appro- 
priate units. 

Equation (4) can be solved in the usual way, by 
finding the general solution for AH = 0 and then 
the solution of the complete equation (4). If 
€, << 20, then 


Na 22 ep =5-() 
Oi 2 RS Dae PU) max (6) 
/1\2(,_ ). oH/or : 
x (ae) Vie pra, 
0 


and the solution for AH = 0 has the form 
; isnt \ 

Kym Ae (1 +2 2 a cos k 06} « (2) 
This solution can be obtained by expanding all 
the terms of the right hand side of (4) in Fourier 
series. In the expansion (7), we are interested 
in k ~ 3-5. For such k’s the following strong 
equality is true. 


Se SSS As (8) 


Hence the only term which contributes appreciably 
to the right hand side of (4) is 

Ap 
P 


x 


(9) 


ts, (sin Q6) x. 


The remaining linear terms are small corrections 
for x aad have, furthermore, such frequencies 
which are of no interest. 
For €,/20 > 1 the expansion (7) is not adequate. 
fa) 
Let us note, however, that © being small, we can 
speak of an “‘instantaneous’’ frequency 


vg =v -+ €, SiN Q6. (10) 


Formula (10) is obtained in correspondence with 


(4) and (9). Instead of (7) we get 
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Xa A exp \— i\ vat (11) 
0 


= A exp {— in + 1 (cos Q0 — 1)}. 


It is easy to see that (7) is a Fourier expansion 
of the function 


exp [— ivé + i (¢,/Q) (cos Q6 — 1)] 
for €,/2Q << 1. Hence (11) is the general solution 
of (4) for AH = 0. 
Let us note that, according to (7) and (11), we 


can speak of an approximate Floquet function for 
Eq. (4), namely: 


@ (6) = F (9) exp (cv), 
F (6) = F (9+ 7) 


(12) 


= f (9) exp {i(e,/Q) (cos 26 — 1)}, 


® (6) = ¢ (6) exp {(2,/Q) (cos Q0 — 1)}, (18) 
where Tis the period of the synchrotron oscilla- 
tions. 

We seek the solution of the complete equation 


(4) in the form 


4 = ad" a" (14) 
For a we have 
0 
(i elaN Za, AH 
a= const + (5) | f (0) FP (15) 
0 
xexp|id +! sees @ (cos OF 1)| a6. 
The frequency v is always chosen within the 
limits 
k/M — 1/2M <yv<k/M, (16) 


where & is an integer and M is the number of 
periodic sectors. For v =k/M we have two reso- 
nances: the so-called outside resonance (usual 
resonance on magnetic field perturbations) and 
the parametric one; for v=k/M — 1/2M we have 
only the parametric resonance (resonance on the 
gradient perturbation). 

Let us consider only a single resonant harmonic 
in the integral of Eq. (15): 


he— i(k0|M+y) — Es CAN ee (17) 
Woy\2n ] 2M 


ORLOV 
en M i 
x \ f (0) 2" exp (ik0/M) d0| e—ikolM 
0 

then 

const 

t (18) 

Salers \ E ) + — cos 29] d4 
0 
Y. = y+ 2,/Q; 
S59 = 9 — k/M. (19) 

where ¢€. is the distance to the outside resonance 


for Ap/p = 0. The integral in (18) describes, for 
E, =O the amplitude beat of an equilibrium orbit 
with a frequency €,*. For e, £0, 2 +0, €,/Q #n. 
(n is an integer), Eg. (18) deserined the penne 
of the equilibrium orbit for an adiabatic change 
of € 


e == & + ¢, sin 06, 


(20) 
a = const + (h/s) exp (ie + iy). 
Resonances occur when the equalities € = nQ 
are satisfied!, According to (18), 
a=const + as exp ((80 ++ i72) 
(21) 


+ Uhdn(en™, 


2. TRANSITION THROUGH RESONANCES 
IN THE LINEAR APPROXIMATION 


As it is known, 0 changes in time. In a slow 
transition through a resonance, the main contri- 


bution to the integral 


t= 20 
exp (i 2 


\ 4 

Q 

0 

comes from the variation of the coefficient ¢ 9/2 
in the exponential. 


were cos t) dt (29) 


The resonance being ery 
sharp, the variation of Q does not practically 
affect the factor (1/Mexp i€ ,/) cos th; the 
variation of €/Q i is, Piwecer: quite appreciable 
because the resonance occurs only if Ce /Q is an 
integer. 

Writing €,/Q in the form 
(23) 


ia)s ty~t 


* The sign of a= k/M is irrelevant for the 
effect under consideration. We put €) > 0. 


EXCITATION OF BETATRON OSCILLATIONS 


we must make the usual substitution 


Oy -\ 2 | = ( eae = 
Q as Arce tot 


0 


nm aQ 


2Q dt i* (24) 


in the exponent of the integral (22). During a 


single period of synchrotron oscillations, Q changes 


only slightly; therefore, 
t 


\ arexp a este 5 t\dt 
Q Q q Cost} (25) 
0 
6 
ahhe fe: do... 
= In (Gy) \ exp i20 — 5 oe O° )d8, p= nity. 


the quantity J (e,/Q) falls off rapidly as n = €,/Q 
increases. Hence only the transitions through the 
first resonances n = 2, 3, 4, 5 are appreciable. 

In the initial period, the acceleration changes 
according to the law 0 = QP o/p; hence 


(26) 


fis 
2m’ 


ndQ = 
vale 


Ey dT/dN 
a2nM — 2T . 


where d7/dN is the kinetic increase per revolution. 


Substituting this into (25) we get 


a ~ const + (h/e) exp (ie) + iy) 


(27) 
+ Qh n (s1/Q) e% (C (u) — iS (u)) 
xX V MT /(c,dT /dN); 
peu, 6 | 220 (28) 


e, dT/dN 
tos” 1 AneMT’ 
where C(u) and S(u) are the Fresnel integrals. 
According to (14) and (17), the maximum increase 


of r after the transition through a resonance is 
equal to 
= 
CAP) max = 4x | 9 | mast 4 (5) 
(29) 


2 2\312 JUDE ONG 
x (C te ins an 


3 MT Nile 
pil 
amAn | Q imax/td n ( Ep n) iE Tari 


Assuming a static independence of the perturba- 
tions in the various magnets, we have for VG: 


according to (17) 


AT 


(30) 


a 


The following approximate equality is usually 
satisfied: 


OH (6)/Or ~ — OH (6 + =)/dr. 


Tv 


VE) (heat + [feat 


0 wT 


(31) 
Hence 
spies (Selle G2) 
: $3 
2 4 
Ne dt | |e Pat], 
(33) 


b = H](GH(dr). 


The order of magnitude of € is 1/8 M -1/4 M. 
Equation (29) can be written in another form. ‘Jet 
us denote by r, the amplitude of the equilibrium 


orbit for Ap/p = 0: 


ro ae Z | 9 max//€q. (34) 
Then 
(AT) 5 ax ey MT Yo (35) 
oer al EZ, 2s, (n 3) (= Ta, 2 


And we have an analogous formula for the vertical 
oscillations. 


3. EFFECT OF NONLINEARITY IN THE 
TRANSITION THROUGH RESONANCES 


The effect of nonlinearity can be taken into 
account by making the substitution 


e—>et aa?, 


(36) 


C= 


user en 4 OH 
= OW) Topo 2c | ? | 
0 


[ a from Eq. (18)]; if the plus sign is taken for r, 
z -oscillations, then the minus sign is taken for 
the z, r-oscillations. This is related to the fact 


that, usually, 
O°H (0) /Or? ~ — 08H (6 + a)/or’. 
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During the transition through resonance, a” con- 
tains a constant term, an oscillating term and a 
slowly increasing term. The constant term changes 
only the magnitude ¢,, and the oscillating term has 
no effect. As far as the slowly increasing term 
is concerned, when the inequality «(v—k/M) <0 
is satisfied, the increase of a2 lead to the situation 
where the ratio (v — k/M + aa”)/Q remains constant 
as Q decreases. This will lead to particle loss. 


For this not to happen, it is obviously sufficient 
that the following inequality be satisfied. 
ndQ/d6 Sc (da?/d6) max, 
where (da?/d9),.. ax has to be taken in a region of 


monotonic increase of a, according to (27). In 
this region, 


dC dS _ dS du 6 7 (eS) 
ai de wd d0. 18. dre MT . 
Therefore 
da? 9 4272 ey ( MT Ne 
a(S) __ © abaah (n =| somn) 
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And we finally get the safety factor condition 


or 
a (Ar)? xX MT 19 ( 
ma ZZ 38) 
le ee = Fm <1 


This condition is not difficult to satisfy. It is 
automatically satisfied for the usual specifications 


on 0°H/dr® and CAT) Bae 


1 Hammer, Pidd and Terwilliger, Rev. Sci. Instr. 26, 
555 (1955). 
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N. N. Bogoliubov’s method for constructing the scattering matrix is generalized to 
the case of a theory with non—local interaction. For such a theory, a scattering matrix 
is constructed which satisfies the physically necessary requirements. 


1. INTRODUCTION 


A TTEMPTS , having their origin in the ‘‘struggle 
with divergences’’, to avoid the use of point 
interactions in the quantum theory of fields and to 
replace it by an extended interaction, are as old 

as quantum electrodynamics itself.1-? However, 
elaborate investigations of such theories,4~> un- 
dertaken within the framework of the description of 
a many—electron system by means of the many— 
time formalism or the Tomonoga—Schwinger equation 
in the interaction representation, have shown that 
the introduction of a form factor violates the con- 
ditions for solvability of the equations of motion, 
since the Hamiltonians at points with space—like 
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Separation no longer commute. Consequently, the 
non—local theory is incompatible with the Hamil- 
tonian method. The physical reason for this is that 
the introduction of a form factor actually results 
in propagation of signals (at least, in the small) 
with super—light velocity. Thus the requirement 
that there exist a wave function describing the 
state of the system at a definite time loses its 
meaning, 

In the hope of avoiding the difficulties of the 
Hamiltonian method, attempts have been made to 
go directly to the Kuler—Lagrange integro—differ- 
ential equations which follow from the variational 
principle with non—local interaction.© [pn quan- 
tum theory this procedure leads to the considera- 


CONSTRUCTION OF THESCATTERING MATRIX 


tion of the equation of motion of the field opera- 
tors in the Heisenberg representation. More re- 
cently, there has been undertaken a further devel- 
opment of one of the variants of such a theory’—8 
which is characterized by the action function for 
the interaction: 


Sint = \ dx’ dx” dx!” A ‘ean cane a) (1) 
with the ‘‘Lagrangian’’ 
De yeas (x0 14" S x") (2) 


= oF (x3 x”, KNb (x) 7 (x”) oy (a7), 


where wy , w and u are the Heisenberg operators of 
Dirac and scalar fields, F (x’, x “’, x ’’’) is the 
form factor, and & denotes the triplet of points x’. 
x“ and x “’’ (in the sequel dé will denote the pro- 
duct dx ’dx *’dx’’’). 

However, more detailed investigation?— ++ has 
shown that Bloch’s proof of the unitary of the 
S—matrix is incorrect, and that with this method 
for constructing a non—local theory one obtains 
(except, possibly, for a very restricted class of 
special Lagrangians) a non—unitary S—matrix, 
which is physically inadmissible. One may sur- 
mise that the difficulties with unitarity which oc- 
cur in the Heisenberg representation are a direct 
consequence of the failure to satisfy the conditions 
for solvability of the Tomonaga- Schwinger equa- 
tion in the interaction representation. 

This idea prompts one to introduce the non—local 
interaction not into the theory of the equation of 
motion, but rather into the theory of the S—matrix, 
whose framework is much broader, and in which 
the formulation of the problem is more natural 
for a non—local theory. The present paper is de- 
voted to the generalization to a non—local theory 
of Bogoliubov’s method. 12°13 * where it will be 
convenient to use the form of the theory pre- 
sented in Ref. 14.** The starting point for the 
construction will be the physically obvious require- 
ments I, A-D which are imposed on the S—matrix. 

As in the local case, in order to give an ex- 
plicit description of the operation of switching on 
and switching off the interaction, we replace (cf. 


B.S. and J) the actual Lagrangian (2)*** by 


*Cited as B.S. in the sequel.. We shall use the nota- 
tion of this and the next paper. 

**The starting point for the construction will be the 
physically obvious. 

***F or purposes of concreteness, we shall consider 
the non—local theory with Lagrangian (2). However, all 
the results will, of course, be valid in a theory with 
any Lagrangian of similar type. 
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& (€) A (&) where g (€) here is a function of the 
three space—time points x ’, x’ and x’. The 

full switching on of the interaction over all space 
will, of course, correspond to g(€),= 1... The ex- 


pansion of S (g) in series can be written in the 
form: 


fos} 4e { 
ay Taner +25 rn) (&)... (En) de. . 


n=1 


Rane 


It is clear that the conditions of correspondence 
to classical theory and relativistic invariance 
(B. S. 3.17 and 4,4) are taken over into the non— 
local theory with practically no change: 


Si (6) = iA (6), (4) 


US, (ipo) Up S]Si tae See 
(In thelast formula, L€ in an obvious way denotes 
the aggregate of the three points Lx’, Lx ”’ and 
Lx ’’’.) No new points come up in the formulation 


of the condition of unitarity; one can immediately 


write: 
Sn (Gist sha) eS, ee ee) (6) 
n—1 
oa i \ P (1, ae / ht CO Dhan) En) 
kR=1 
x Sk (&, ’ Ex) Si (cae safety Ga) = 0. 


The situation is different for the causality con— 
dition. Formally it is impossible in a non—local 
theory to satisfy the causality condition in its 
classical sense, because of the very basic physi- 
cal ideas——the presence of a form factor will al— 
ways lead to propagation of the interaction, at least 
in the small, with a velocity greater than the ve- 
locity of light. Physically, this is not inadmissi- 
ble since,+> so long as such violations are limited 
to regions of the order of ‘‘elementary lengths’, 
they will be unobservable in a reasonable theory, 
and will mean only that the ‘“‘mathematical’’ points 
x’... which serve as variables of integration 
do not signify physical points. 

In fact, the introduction of a form factor in the 
interaction Lagrangian (2) means physically that 
we drop the usual picture of point elementary par- 
ticles, and go over to a picture of extended ele- 
mentary particles which are, so to speak, smeared 
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out in space and time. But as soon as we drop the 
notion of point elementary particles, we are left 
without any way of assigning a physical meaning 
to the assertion: ‘‘something happens at a definite 
space—time point ”’ , and all physical quantities 
and concepts must now refer, not to points, but 

to (small) space—time regions. The use of ‘‘points’’ 
x”... is only as a mathematical tool, and it 
would be altogether unnatural to require the ful— 
fillment of any physical conditions with regard to 
them, such as, for example, that there be no propa- 
gation of the interaction fromthe point x to point 

y if y does not occur later than x. 

It is obvious that, in place of such requirements 
of formal causality, in a non—local theory we 
should impose requirements which result in satis- 
fying the principle of causality for macroscopic 
distances (compared to the ‘‘elementary length’’ 
when it has areal physical meaning. The condi— 
tions which must be imposed on form factors, in 
order to restrict to macroscopic distances the 
breakdown of strict causality in expressions where 
F (€) appears once, have been analyzed in detail 
recently; !© as a result of this analysis, a set of 
sufficient conditions were found, which we shall 
assume to be satisfied. 


£,(€)=40, only it simultaneously 
22(€)=40, only if simultaneously 


With such a definition, the principle of causality 
will require that, despite the presence of the form 


factor F (€), the interaction g 2 (€) A (€) shall 


act on the system as if the interaction g , (€) A(é) 


were not present, while the effect of the interaction 


&, (€) A (€) shall not depend on the specific 
nature of the interaction ee (€) A (€) , but only 


on the state of the system which develops as a re- 
sult of the latter’s action. In fact, what we want 
is that formally ‘‘acausal’’ interactions be assoc- 
iated only with triples of points x *, x “’, x *” 
appearing in the argument of a single form factor, 
i.e., referring to the same ‘‘point’? €, while the 
possibility of meeting pairs of such points in the 
arguments of different functions g , (€) and g ad 


is precisly what is excluded by the conditions (7) 
and G ‘ts G, : 
Considerations which are completely analogous 


to those used in the derivation of condition (6) of 
Reference | give, as the mathematical expression 
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However, in the expressions for the operator 
functions S , in the scattering matrix, the form 


factor F (€) will occur repeatedly. Therefore the 
criteria found in Ref. 16 are not enough, and we 
must now, dropping the strict causality condition 
J~2, formulate a weakened condition which should 
eliminate the possibility of adding to the break- 
down of formal causality, due to the presence of 
the form factor, new violations caused by unsatis- 
factory construction of the S—matrix. Such a con- 
dition is found in a natural way if we try to gener- 
alize theintegral causality condition formulated 

in I to the case of the non—local interaction (1). 


2. THE CONDITION OF ALMOST—CAUSALIT Y 


Again, as in I, let us consider two regions, G i 


and G , , situated so that G 1 2 Gy and generalize 


the definition of classes of functions g 1 &) and 


& . (x), introduced in J—3, to the case where each 


of the functions depends, not on one, but on three 
points x 4, x *’, x °’°. We shall define these class- 
es in the strictest sense, namely we shall require 
that: 


x,'€G,,  CGiand*, €G,; 7) 
te -EGs; War Ce Onandne  CClrs 
of this requirement, the condition 
S (21 + 82) = § (81) S (Ya), if Gi F Go, (8) 


which we shall name the condition of almost— 
causality, in order to distinguish it from the strict 
causality conditions which occur in the local the- 
ory. It satisfies the principle of correspondence 
to local theory in an obvious fashion — when we 
make the limiting transition 


F (x, x! x1") > 8 (x — 2") xB (x x”) 


it becomes the integral causality condition I-6 of 
the local theory. 

The faet that the condition of almost—causality 
is weaker than the integral causality condition 
I—6 manifests itself graphically in the fact that 
it is impossible to go over from it to a differential 
formulation analogous to [-2. Actually, there is 
no difficulty in deriving , from equation(8), a con- 
dition analogous to condition I_9 for a class of 
functions analogous to the special class I-8. How- 
ever, in the non—local theory it turns out that it 
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is not possible to approximate an arbitrary function 
g (€) by functions of this special class, since for 
this purpose we would require the regions G 1 


and Gs; to not merely touch, but rather to inter- 


penetrate. 

In order now to translate condition(8) into the 
lan e of t i 

guage of the operator functions 2 (€ si a spond 


we must, as in the derivation of |—7 


S (g 1)? S(g,) 


(3). After exactly the same algebraic transfor- 
mations, we arrive at the condition: * 


use for 
and § ig. +g r ) the expansions 


Sn (61, aS 


ait En) 


(9a) 
— S] (&, oan) £7) SH2i (E1415 ip CR &)5 
if {a1, ? Ey} F {S14 sey Ent (9b) 


Thus the condition of almost—causality (8) leads, 
in the same way as the integral causality condition 
I-6 , to a multiplicative representation for the 


operator functions S : of separable (cf. I) agere- 


gates of arguments (& tne 2 & ).* We now pro— 
ceed to investigate the compatibility of this con- 
dition with the other conditions, [A—C, which are 


imposed on the S—matrix. 


3. COMPATIBILITY OF CONDITIONS IMPOSED 
ON THE SCATTERING MATRIX 


We note first that if the set of variables te, oi a 
ée } splits into a sum of two space—like aggregates 
aaa } and coven x é}, then, as in the 


*The notation (6, --- » Sa} 


? EDA {Ey4y> le 


mt 


means that {x 
for 


1 " , " uw 
Pie Ne AES Bat 3 tie oh 

: , "rT 

F {Kypyr es Mahe 
One should also keep in mind the remark ( cf. I, footnote 


3) concerning the order of enumeration of thevariables. 


*We note that for separability of the aggregate 


{f,..., 8} 
it is not sufficient to have the aggregate 
, " Thr , " wt 
{X19 Xyr Hyr- -  X pr Aq x5 


be separable, i.e., to have at least one cut through it; 
it is neccesary , in addition, that this cut not, go, 
through any one of the sets of points {x,, Xj, *i5> 


referring to the same composite anoint’? €; « 
U oF | 
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local case, we obtain from (9) the requirement of 
commutability of the operator functions of the space— 
like séts of arguments: 


S1 (iste e789 Gt) Onan (E144, Sera Gn) (10) 
a Sn (E1445 esse En) S} (Sy ) ei), 
ee LE kg ty 201 a oe Gane 


Like the corresponding condition J—10 of the local 
theory, (10) will be fulfilled automatically if the 
elementary commutators (anticommutators) of the 
free field operators vanish for space —like inter- 
vals. The fact that (10) cannot be satisfied, ifthe 
elementary commutators differ from zero, even if 
only for extremely small space—like intervals, is 
apparent from the fact that (10) must , in particular, 
be valid when all the arguments in each set 


es ae é, } and ere, t an, eo. } coincide. 


The situation which we have just described can be 
regarded as the mathematical formulation of the 
fact that we are dealing with a field theory with 
non—local interaction: the commutators of free 
fields must vanish outside the light cone; in this 
sense we may say that we are dealing with a theory 
in which the free fields have local character. 
Therefore condition (10) also has the significance 
of a condition on the local nature of the theory of 
the free fields (here we have in mind the fact that 


the fields must appear in the Lagrangian as a 
whole, without being split into positive and negative 
frequency parts). 

In I the theorem was proved that, if in a local 
theory the set of arguments of the operator function 
S,, separates in several ways, the representations 


of S| which, by virtue of [-7, result from these 


splittings will differfrom one another only by a 
transposition of functions S,, , S,,” of space- like 


sets of arguments. It is easy to see that the proof 
of thistheorem carries over verbatim to the non— 
local theory, so that it remains valid there. Since, 
by virtue of (10), operator functions of space —like 
sets of arguments also commute in the non—local 
theory, the compatibility of the requirements im- 
posed on each S,, by the condition of almost—caus- 


ality is proven if this condition can be applied re- 
peatedly. 

The situation is similar for the theorems con- 
cerning unitarity which were demonstrated inf. 
In fact, their proofs were based entirely on certain 
algebraic relations for which the nature of the syn- 


bolsxy--+-+5%, OF oy a eee completely 
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irrelevant; it was required only that the separation 

I—7a follow from the relation J—7b, and this remains 

true when we replace all the x; by & , because of 
u 


(9). 
Thus if the setof argunents { Cree, Ss } 


of the operator function S_ is separable (only in 


this case is the condition of almost—causality ap- 
plicable to S, ), and if the unitarity-condition is 


satisfied for S, --- Ss. for arbitrary values of 
the arguments, then the representation (9) for S, 


which results from the condition of almost—causality 
will automatically satisfy the unitarity condition. 
So the compatibility of conditions D and C for the 
S—matrix is demonstrated. 

Since the mutual compatiblity of the remaining 
conditions imposed on S, is obvious from the sanie 


considerations as in the local theory, all four cond- 
itions A~D imposed by us onthe S—matrix are 
consistent with one another. 

From this it follows immediately that we can al- 
ways find a sequence of operator functions S,. . .S, 


all of whose terms will satisfy conditions A—D. 
Infact, let us assume that the operator functions 
See S have been constructed. We shall show 
nr 
that we can always construct an S_,, which, to- 
gether with the already constructed S$, .--S, will 


satisfy all the conditions 4-D. The manifold of all 
possible values of the arguments €, oe 


of the operator functions S| ,, Separates into two 


classes: arguments forming an inseparable set, and 
arguments forming a separable set. 

If a certain set of arguments belongs to the se- 
cond class, then from the condition of almost— 
causality the corresponding value of S, 4, will be 
represented as a product of already known opera- 
tor functions of lower index, so that according to our 
earlier remarks all the conditions A—D will be 
satisfied. 

If a certain set of arguments belongs to the first 
class, then the condition of almost—causality in 
general imposes no limitations on the correspond- 
ing value of the operator function. As we see from 
(6), the unitarity condition uniquely determines 
the Hermitean part of S| +, im terms of the already 


known S, 2 Bd oe 
S 


The anti—Hermitean part of 


n+) remains arbitrary. 


So if we are given operator functions S, Farin ity 
n 


satisfying A—D, we can always construct an 
operator function S,4,; which together with them 
satisfies the same conditions. On the basis of the 
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principle of complete induction, we then arrive 
at the possibility of constructing a sequence of 
operator functions S, ...-S, ... satisfying all the 


requirements A—D, i.e., we get the theorem of the 
existence of the scattering matrix (cf. Ref. 6 inI). 


4. THE CONSTRUCTION OF THE OPERATOR 
FUNCTIONS OF THE S—MATRIX 


In order to formulate the method of successive 
construction of theoperator functions of the S—matrix 
and to get compact and symmetrical expressions 
which appear in it, we shall investigate the struct- 
ure of the operator functions S, (€, .. -, & Jan 


more detail . From the theorem of the complete 
separability of separable aggregates, which was 
proven in J, it follows that, for any combination 
of arguments of the function S, the points € . . 


fae 


can always be divided into m (1 < m <_ n)groups 


SR oOo ey ee G0 Oey 
t Vy UALO oO 


ai 
€,_ }, which are separated from one another, while 
m 


the group of points in each set are inseparable. In 
the local theory, this separation led to a division 
into m groups of points, such that the points within 
each group cuincided, while the points in different 
groups were distinct. Since we here want to main- 
tain the analogy with this formulation, we shall 
say that the v points ON acer n a of one inse- 
Vv 


parable group “‘coalesce’’ and form a composite 
point® ” , consisting not of three, but of 3p ordi- 


PPP 


eee we 


ary points x y_ 
t 


Here we introduce the concept of an almost—local 
operator. We shall say that the operator expres- 
sion NV, (Q\.-- +> oa.) depending on the field op- 

u 


‘ 


erators at the ‘‘points’’ ox --,é) » 18 an 
v 


almost—local operator if 


Ny (is ---,&) =0 (11) 


for an arbitrary separable set of arguments, and if 
the conditions of relativistic invariance, (5) and 
(10), are satisfied for Ne . It is clearthat the almost- 


local operator isa direct generalization of the con- 
cept of quasi—local operator, introduced inB. S.; in 


fact, in a local theory the set of arguments %1 ++ hy, 


can, as already mentioned, be inseparable if and 
only if all the points %)+++,%), coincide. 


Comparing the definition of almost—local opera- 
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tor with the definition of a composite point, we 

see that the set of arguments of an almost—local 
operator always forms a composite point EY ; we 
may threfore say that each almost—local operator 
will depend, not on several composite points (of 

third order) €, but on one composite point EY . 


=a Qn, nats aN, of order 3v. Since the composite 


points €, consisting of triplets of ordinary points 
(so that they are composite points of third order) 
are in no way physically distinguished from com- 
posite points of n’th order, theLagrangian A (é), 
‘‘depending only ona single point’ €, loses its 
special position among almost—local operators. 
Using the concept of a composite point, we may 
{ 
say that the n arguments ‘of S_ always break up 
(uniquely) into m (1 < m < n) mutually separated 
composite points E41... , E’m (v, +... = n). 
i m 
From the theorem demonstrated in I, concerning the 
possibility of representing a sum of inseparable 
sets as an ordered sequence, it will now follow 


Vv 
_ 
7a ™ 


m 


that the “‘points’’ = wee can always 


(not in general, uniquely) be ordered in time, main- 
taining the relation (cf. Ref. 6 in 1): 


(12) 


as iy Yao 
1 


A 
Be SS m . 


Am 

Now applying the condition (9) of almost—caus- 
ality to each of the sections occurring in(12), we 
get for oi the representation 


: 13 
Stee es (13) 


— ro YA as A 
== Sy (a ) apie Sy, By m 
m 
similar to the representation J—25 of the local 
theory. If the ‘‘points’” B’i...,&%m can also 
1 m 


be ordered insome other way, we obtain for s. 


a representation differing in form from (13). How- 
ever, because of the uniqueness of the resolution 
of a separable aggregate into a sumof inseparable 
aggregates, and the self—consistency of the condi- 
tion of almost—causality, it can differ from (13) 
only by transpositions of commuting S,,” S$ © 


space—like separated pairs of ‘‘points’’ — 
consequently all such representations will be equi- 
valent; they can threfore be combined into the sym- 
metric expression: 


See (14a) 


? eM 


SNS; Dane fl 


Here it is implied that the T-ordering applies only 


between ‘‘points”’ E21 while the operator func- 
L 


tions of individual ‘‘points ’’ enter as a whole in 
(14). Asa consequence of the theorems concern- 
ing separation and ordering of aggregates, which 
we have just quoted, the meaning of the 7'-products 
which occur in(14a) is completely obvious and 
unique: the expression (14) simply denotes the 
representation (13) for all possible orderings (12) 
with the separation (14b); in addition, it shows 
explicitly the symmetry of s, with respect to all 
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its arguments. 
Formula (14) reduces the problem of determining 
S, for arbitrary sets of arguments to the determina- 


tion of the operator functions S), for theindividual 


arguments =” which are composite ‘‘points’’, i.e., 


for the inseparable sets Lo pore. ef i 


We have already noted that the condition of 
almost—causality in general imposes no limitations 
on the value of S|, for such arguments, that the uni- 


tarity condition uniquely determines the Hermitean 
part of such S,, interms of the operator functions 
Sey of lower index, while the anti—Her- 
mitean part of such S$, remains arbitrary [ of course, 
within the limitations of the requirements arising 
from the conditions of relativistic invariance (5) and 


(10)]. Since these quantities can be regarded as 
almost—local operators, 


ae ; oT gem (15) 
INE (&, aie Gy) == IN) ioe) 


are Hermitean), we may say that 


(Uy and [" Rs 
(14) completely (and uniquely) determines all the 
operator functions S, ESS arose, c ety FS ) in 


terns of the sequenceof Hermitean almost—local 
operators 


(16) 


nie) ae hy eee 


which are assigned completely arbitrarily, and to- 


54 


gether determine the physical system whose theory 
is being constructed. Thusthe problem of con- 
struction of the $-matrix in the non—local theory is 
solved in principle. 

The representation (14) for Bye has, however, an 
essential defect from the practical point of view: it 
does not give a single expression for the operator 
function S_, (Ste) ee ) for all values of its 
-, & , in which 


the points & are coupled differently, (14) gives for 
S_, different expressions, which do not automatically 


arguments——for combinations €, - - 


go over into one another. Thus, for example, accord- 
ing to (14), we must use for S, the expression 


T S, (& )S, (&, )J, if €&, and €, are unconnected, 
and the expression N, (€,,¢, ) if they are connected. 


In order to eliminate this defect, we must, ob- 
viously, represent the value of S. for a coupled set 


of arguments as a sum of expressions which con- 
tinuously extend its meaning for uncoupled arguients 
plus some additional term which automatically van- 
ishes if the arguments are uncoupled. To do this 
we must first extend continuously the definition 

of the T—product, which so far exists only for 
T—products of functions of uncoupled points E, , 


. E, , to the case where the points are coupled, 
when the 7'—product in its usual intuitive sense does 
not exist, and we must take refuge in additional 
arbitrary conventional definitions. 

One possible convention is the definition of the 
T—product according to Wick’s theorem as the sum 
of all possible normal products with all possible 
chronological contractions. It iseasy to see that 
this definitionis equivalent to the independent 
time ordering of the individual free field operators 
appearing in the operator function. In the local 
theory (cf. I) this definition was a completely 
natural one, since it led (for suitable choice of the 
regularization ) to the automatic fulfillment of the 
unitarity condition whenthe points were coupled. 
It is easy to see by direct computation that this 
way of extending the definition of the 7—product in 
the non—local theory leads to violation of unitari- 
ty. 

Another possibility would be a definition of the 
T—product which would not lead to a violation of 
unitarity for coupled points. Such a definition 
would be preferable from thepoint of view of the 
general theory, but it would be much less conven- 
ient for calculation, since there would clearly be 
no analog of Wick’s theorem. 

We shall therefore assume that we have a de-. 
finition of the 7—product for coupled points whieh 
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does not necessarily achieve unitarity, and split 
up the value of S, for completely uncoupled argu- 


Ress 
n 


ments €) .. into a sum 


Sa Get ye) SS poem ee EE ee le 


: Src Te aie te 
of quantities S , consisting of a sum of T—pro- 
n 


ducts of operator functions with a smaller number 
of arguments, extended inaccordance with some 
chosen convention, and the almost—local operator 


Np (S") = Mn (E") + 4, (EP) 


(M and [ are Hermitean). The operator M, will 


again be uniquely determined via the unitarity cond- 
ition interms of the operator functions S , of 

lower index, while its form will of course depend on 
the way the 7—product definition is extended (in 
particular, if the second method suggested above is 
used, it will be zero). 


Substituting the resolution (17) in (14) and making 
some combinational transformations, we get an ex- 


pression forS, (€,..., €- ) as a sum 


Ss (or may bras 


(18) 
= >) TINGS Nee 
Seas”) 


in which it is assumed that the summation is ex- 
tended over all possible separation of the set 
99 =v 
ooreee 1 
1 


.,€, } into a sum of “points” E i: 
= 


¥m , where the points &, consisting of dif- 


Rt) 


m 
ferent points €, are assumed to be different, while 


the order of the points = in the entriesN,, ...N,, 
m™m 


is irrelevant.* 

The summation in(18) is carried out first over 
the number m of points &, ; second, over all pos- 
sible distributions of the v, variables € in each 
point 2’i , and third, over all possible assignments 

U 
of the variables €,..-¢, among the m groups with 


v,...v,, ineach group. We can therefore write 


the expression in more detail in the form 


*We emphasize once mo 
re that the almost—loc - 
tors Ny are assumed to enterinto the Peneodueta see 
whole; the T—ordering is done only between different 
4; » and not inside them. 
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Y5) 
(19) 
5 : Sa (1, ste y i) = IF (NV, (1) m bahie N, (¢n)) 
8 siete (> eeteraesa awe - é 
2m<n— 1 ml ( i ae | Mage La StS Sut ve | tee [Sv tess t¥m_ yp t19 en) Sn) 
( Uvj=n 
x We ealisy (E, esi fer ty fy ) “gad (eaters a) yao) Se. is ios Le aces on) ana I 5 ge bar ta; 7, capes) 


ty Ma A") i), (e"). 


The factor 1/m! appears here because each speci- 

fic subdivision occurs m! times in the sum (19), 

differing only in an irrelevant order of arrangment 

of the factorsunder the sign of the 7—product. 
Formulas (18) or (19) give us the desired repre- 

sentation of the operator functions Si ath e) 


valid for any values of the arguments. They ex- 
press S_ in terms of the sequence of almost-local 


operators 


N, (&) = iA (8), (20) 


NotEy, Sale Sy MO.) Na (Ey, Ot aS Pals a) 


in each of which the Hermitean part M, is uniquely 
determined by the functions S;,, (i.e., in the last 
analysis, by the operators N; )of lower index, 


while the anti—Hermitean parti [ e remains arbi- 


trary and must be given in the formulation of the 
theory. Formula (19) is completely analogous in 
structure to the expression I—30 of the local theory. 
Combinatorial transformations, which are the 
same asthose used in the local theory (cf. B.S. 
4.30— 4.34) ebable us to convert the expansion 
(3) with the operators functions (19) to the concise 
formula: 


S(g)= T (exp \\ N (33 g) g (©) d:\ ) (21) 


=T (exp f{\AGHeOde+|MEHEO a:}), 


if we define the almost—local Hermitean function- 


als M (&; g) and M (€; g) by the expansions: 


co 


(22) 
ei) g (cy) 


(va) din -- - diva 


M(é; g) ne > a \M (41,61, 5 OG rey—1) £ (1) (23) 


y=2 


The functional A (€; 1) can now be regarded as 
the total Lagrangian of the system. Its individual 
terms, which are determined by the almost—local 
operators 


Sieteicesrens 


differ from one another only in the manner of — turn- 
ing on the interaction’’ (cf. the discussion inB. S. 
at the end of Section 4), which we are free to 
choose, and differ also in the number of simple 
points x . which are contained in a single com- 
posite point —&. Therefore there is no basic physi- 
cal distinction between them, so that combining 
them in thetotal Lagrangian A (5; 1), which must 
be given in order to characterize the physical sys- 
tem, is entirely natural. 

The functional M (&; g), onthe other hand, has no 
direct physica! relation tothe system under consi- 
deration. Its appearance is due to the arbitrari- 
ness discussed above in the definition of the con- 
tinuation of 7—products into the domain of coupled 
arguments: if we use a definition which does not 
maintain unitarity, for coupled arguments then we 
must correct things by adding to the Lagrangian the 
“‘anti—Hermitean added term’’— i M (6; g). 

It should be emphasized that in order to construct 
the S—matrix according to formula (21), we must 
first of all give some definite method for extending 
the definition of the T—product into the domain of 
coupled arguments. As soon as such a definition 
is made, we canassign a definite total Lagrangian 
A (€; 1). The functional M(&; 1) is then uniquely 
determined from the condition of unitarity,* so 
that (21) gives us the value of the S-matrix. If 
we now shift from this definition of the 7—product 
to some other, then to get the same S-matrix we 
must change the form not only of the functional 
M(E; 1) but also of the functional A (€; 1). Thus 
the total Lagrangian A (&; 1) determines the S— 
matrix uniquely only with respect to a fixed method 
of defining the T—product in the region of coupled 
arguments. 


*In practise, the functional M (a 1) can only be deter- 
mined by successive use of the unitarity requirement 


in order to find the almost—local operators Mz ...M, 


> 
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Such a situation is completely analogous to that 
which occurs in the local theory; there, too, the 
form of thetotal Lagrangian L (x; 1) determines the 
S—matrix only with respect to some given fixed *¢ 
method of regularization; in order to get the same 
S—matrix with different methods of regularization 
requires the use of different total Lagrangians 


IL, (632, Ws 
5. DISCUSSION 


The fundamental result obtained above is theproof 
that, by generalizing the method of Bogoliubov and 
Stueckelberg to the non—local theory, one can con- 
struct for any Lagrangian an S—matrix satisfying 
the physically obvious conditions A~D. We have 
succeeded in overcoming the difficulty with the 
unitarity of the S—matrix which arises in construct- 
ing the theory in the Heisenberg representation. 

Physically, this progress proved possible, 
apparently, because of the more consistent appli- 
cation of the non—local point of view. In fact, 
the introduction of a form factor means in descriptive 
terms the assignment to the elementary particles of a 
certain internal structure. Since we avoid defining 
it, and regard the form factor as something put 


into the theory from outside, this means that we 
avoid. —-at least at this stage of the theory, the 
study of the laws which govern the internal struct- 
ure of elementary particles, and regard it as given; 
all our equations refer essentially only to pro- 
cesses in which the internal structure of the parti- 
cles does not change. 

But from this point of view it appears unnatural 


to require of the equations of the theory that they 
answer the question: what happens if, roughly 
speaking, the particles “‘penetrate on another’’; to 
this there corresponds mathematically not only the 
attachment of several points X eure. /LO.one point 

&, but also the case of coupling of arguments. This 
information must be put into the theory from outside, 
just as is done for the form factor and the “‘funda- 
mental Lagrangian A(€), in such a way, of course, 


**Wenote that the entire procedure developed for 
constructing the non—local S—matrix suggests the idea 
that the coupling of arguments in the non—local theory 
can be regarded as an unusual method for evaluating 
the indeterminate forms which occur for coupled (coin - 
cident )arguments in the local theory, which is usually 
accomplished by means of regularization. Obviously, 
therefore, one could arrive at the non—local theory 
from a “‘formalistic’’ point of view, not attributing any 
physical meaning to the non—local character, but re- 
garding it merely as a method of regularization before 
making the limiting transition to the local theory. It is 
not out of the question that such a method of regulari- 
zation might be of some interest, in view of its close 
connection with the space—time description. 
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that it does not come into conflict with the latter. 

The method of solution of the equation in Heisen- 
berg representation’’® taking the form factor and 
the quantity A (€) as given, assigned a completely 
definite meaning tothe operator functions of the 
S—matrix for coupled arguments, while starting 
coupled ‘‘points’’ & Thus, from our point of view, 
this method gave a moredetailed description than 
is admissible for a non—local system, and it was 
just this which gave rise to the difficulty with uni- 
tarity. 

In our method for constructing the S—matrix, this 
defect doesnot occur: to define the theory com- 
pletely we require the assignment of the values of 
all the operator functions of the S—matrix (15) for 
completely coupled sets of arguments; then the re- 
quirement of mutual compatibility of these values 
(the unitarity condition) determines their Hermitean 
parts , while their anti—Hermitean parts (16) must 
be assigned in formulating the theory, and together 
determine the assumed internal structure of the par- 
ticles. Such a procedure for constructing the the- 
ory, in which in a certain sense we separate the 
‘domains of essential non—locality’’ and the do- 
mains of the more or less customary space—time 
description (cf. Reference 17), naturally follows 
from our condition of almost- causlity. 


The ‘‘total Lagrangian’’ (22) is the operator which 
in our case defines the theory. This may serve as an 
argument in support of the position that, in a con- 
sistent non—local theory, we must not limit our- 
selves tothe consideration, of non—local interactions 
of just one specific kind, such as (1), (2), but must 
consider general non—local interactions, expressed 
in terms of Lagrangians which are general function- 


als of the field operators, like the Lagrangian (22). 
Since, in addition, one may hope that the introduc- 
tion of a form factor will make it possible to avoid 
divergences, in such a non—local theory the de— 
marcation between renormalizable and unrenormal- 
izable theories is erased. 

In conclusion, we should like to point out that 
the theory we have constructed should not neces- 
sarily be regarded as complete. Here we have in 
mind that the possibility is not excluded of estab- 
lishing some additional limitations on the choice of 
the set of almost—local operators [° (Er), start- 
ing from some additional physical requirements. 
Here we are thinking of gauge invariance condi- 
tions, which in the light of recently obtained re- 
sults!® requires further serious investigation, and 
also of conditions of the type of the “‘reality con- 
dition.’? 19 We shall not enter into a discussion of 
these questions here. 

The author takes this opportunity to express his 
deep gratitude to N.N. Bogoliubov for continual 
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and valuable advice, and also to D. V. Shirkov and 
V. L. Bonch—Bruevich for fruitful discussion. 
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The stability of an inhomogeneous plasma with respect to small perturbations 
in a strong magnetic field isinvestigated. The plasma density and temperature and also 
the magnetic field strength are considered as given functions of space coordinates and as 
parameters on which the plasma stability is dependent. 
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T HE study of plasma stability is of interest 
to physicists and astrophysicists in connec- 
tion with gaseous discharges. In the past few 
years, various types of plasma instability have been 
considered in a number of articles. Kruskal and 
Schwarzchild! have examined theinstability of a 
plasma contained by a magnetic field in a gravi- 
tational field; they have also considered the insta- 
bility of a plasmatic fiber resulting from small 
kinks. These authors describe the behavior of the 
plasma through hydrodynamical equations. This 
is only justified, however, when the collision fre- 
quency is large with respect to the frequency which 
characterizes thetimerate of change of the dis- 
turbance. Brueckner and Watson” have considered 
some forms of instability arising when the plasma- 
tic density is small and collisions may be neg- 
lected; the’ perturbed functions which describe the 
distribution of the plasma components were then 
assumed to satisfy a linearized Boltzmann equa- 
tion with no collisions. Such equations are also 
used in the present article, as it is assumed that 
the processes which generate instability take 
place in a time considerably smaller than that re- 
quired for a particle to travel through a mean free 
path. 

It is further assumed that the initial disturbance 
arises in a volume which is small with respect to 
the dimensions of the system, and sufficiently far 
from the boundaries of the plasma. This allows us 
to neglect boundary conditions. Thus we limit 
ourselves to the consideration of a local instability 
which may be due to velocities andto inhomogene- 
ities in density, temperature andmagnetic fields. 


1, THE DISTRIBUTION FUNCTION FOR THE 
STATIONARY STATE 


The state of the plasma whose stability is to be 


examined is described through the distribution 
function of its components f ; (v, x), and by the 
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electric and magnetic fields EF and H. The index 7 
denoting the plasma component (we assume the plas- 
ma consists of ions and electrons) will be left out 
whenever possible in order to simplify the nota- 


tion. Assuming that £ and H are constant in 
time, f; is found to satisfy the equation 


vof ; / Ox 
(1) 
+ (eiE / mi -+ [vonil) Of: / OV = Ocf i / OF, 
where m , isthe mass of the particles, e ; is their 


charge, and 7; =e; H/m. c is the Larnor frequency. 


Equation (1) is coupled with Maxwell’s equations 
by the well known expressions for the current and 
charge density 


i= emia, Cars Dieini, 
i i 


e 


nu; = J vfidv, ni 


(2) 


\ fidv. 


We shall consider later the case of a strong magne- 
tic field, when the principal term in equation (1) 


becomes the term containing w Piss This means 


that the Larmor radius A, =v T/m me/\elH is 


much smaller than the dimensions of the system, the 
mean free path and the distance in which a particle 
receives an increment of velocity v = VT/m from 


the action of the electric field E. 


Assume that the solution of Eg. (1) can be ob- 


tained’in the form of an expansion in inverse 
power, of 33 


f=fotonh tor f.+--- (3) 


The first two terms of the series are then found to 
obey the following equations 
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a 
[vl] 52 = 0, 

of. e of of OF 4 
we ea oiege wradee es aaa oy 


where ] = H/H is in the direction of thetangent to 


the magnetic lines of force. Let v and Goes 
1 
2 


the components of the velocity along the coordinates 
perpendicular to ], and let @ = arc tan (v oes): 
1 


the first of equations (4) may then be written 


as Of, /00=0 . This implies 


fos fy (Xs PnP»), 
(5) 


v=vil, 0, =Vvsto. 


We can integrate the second of equations (4) over 


6 from 0 to 27, Makinguse of the facts that iS is 
periodic in 6, while F , and d F ,/ ot are indepen- 
€ 


dent of 0, we obtain the equation 
U1 (IOFy / Ox) + E,0F, / v1 = 02F, / dt, 
(6) 


where E, is the component of the electric field E 


along the direction 1]. One must keep in mind that 
in general v) and vy, are themselves functions of 


x. In viewof Eq. (6), i may easily be obtained 


from Eq. (4). The function f , will contain the 
unknown functions fs which may be determined 


like from periodicity conditions in the next ap- 


proximation. 

In order not to complicate any further formulas 
which are already complex enough, we shall limit 
ourselves to investigating the stability of cylin- 
drically symmetrical plasma. We introduce cylin- 
drical coordinates r, ~, z, assuming that the func- 
tion f depends only uponr. We assume further that 
the current flows along the z-axis, giving rise to 
a magnetic field H in the pdirection, and that Eo 
= (0. Equation (6) then yields 


Fy =n(m/2QnTy re, (7) 


where n and T are thedensity andtemperature, which 
are thesame for the two plasma components (the 
temperature is given im energy units). The function 


f , has the form 


ie ope aR op (8) 


hme o\ i ort : 
( aa =) Ti or fae Fo ait ae 
Oe Vo +2, 0=aretg (v,/;). 


where a8 is an undetermined function which we 
shall not need later. We also set E =0 inthe 
2 


first approximation (7), since in the static case, 
the electromagnetic drift in ther-direction is com- 
pensated by diffusion which is only considered in 
the next approximation. Substituting (8) into (2) 
and applying Maxwell’s equations, we find the foil- 
lowing relation between the magnetic field H and 
the pressure p = 2nT: 


eugge 4x Op (9) 


Tae «OF lO fae 


Equations (7) to (9) will be required to investigate 
the stability of the system. The quantities H, n 

and T will be considered as given functions of r 
and will betreated as parameters on which the plas- 
ma stability depends. 


2. THE FORM OF THE EQUATION FOR SMALL 
DISTURBANCES 


We shall describe small disturbances Of, , § K, 
and 5H in the stationary quantities fe , E and H by 


a system of equations consisting of Maxwell’s 
equations and the linearized Boltzmann equation 


Of ; Of; ej I \ ods f 
of vx : m; (E+ Fg WE ee (10) 
Ci hes Ap OF; 
aren (3E + + [voH}) a? 


where collision terms are neglected. 
Equation (10), which contains on its right-hand 
side the function f , determined in the previous 


Section, is a homogeneous equation in the per- 
turbations, with coefficients depending on r. As 
stated above, the initial disturbance , produced at 
a time t = 0, occupies a small volume with res- 
pect to the dimensions of the system. The ex- 


pansion of small scale disturbances da into Four- 
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ier series of a complete set of normalized functions, 
5a=DXa W (x), must include terms of large m. 
mm 


But then for large m, the functions am can be 


written as 


1 iat iS 
(x) = b(xpe™, (1) 


where W and k (x) = dS/dx change only slightly over 
a distance \ = 27/k. Accordingly we shall assume 
that the initial disturbance is of the form (11), and 
we shall seek solutions of the form 


Of i = gi (xv) eff +S), (12) 


GE e(xjeo? t= OH (xleor). 
For simplicity, we assume harmonic time depen- 
dence e'®t , Itis, however, well known that such 
solutions of the kinetic equation with no collision 
integral lead to the appearance of divergent in- 
tegrals. We shall therefore assume that the ima- 
ginary part of w has a sign which insures the 
growth of the disturbance (/mw < 0). This speci- 
fication corresponds to a Laplace transform. The 
resulting dispersion equation may be extended if 
needed in the upper half-plane, and determines the 


poles @, of the Laplace transforms of the func- 


tions 6f, SE and 6H. For large values of i, the 
solution of Eq. (10) and Maxwell’s equation has the 
form 


A(t) >) Ane?” (13) 


where A (t) is one of the functions representing the 
disturbance; therefore the existence of roots of 

the dispersion equation in the lower half-plane im- 
plies instability. Substituting (12) into 10) we 
obtain the following equation 


i(o +kv)g+vSe+ 2 (E + <[vH})% 
=~ (e+ Stvhy) 2. (a) 


Since the size of the initial disturbance is much 
smaller than the dimensions of the system, the 


quantities g, h, e, n and T change only slightly over 


a distance ~ ) . The assumption of large magnetic 
field H implies that these quantities also change 
slightly over a distance equal to the Larmor radius 
A. Terms containing dg/dx and the field E in Eq. 
(14) may therefore be assumed to be small, and Eq. 
(14) may be solved by the method of successive 
approximations. 

In the zero approximation we have, instead of 


Eq. (14), 
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i(o+kv) g [von] & ” 


Se 


where F’, is the Maxwell function (9). The second 


term of expansion (3) is included in the next ap- 
proximation. If the quantity » is smaller than 

the Larmor radius, which may happen for suffi- 
ciently weak magnetic field, then the magnitude of 
the velocity u will enter as a parameter in Eq. 


(15). N.N. Bogoliubov and S. L. Sobolev have 


shown that the plasma is then stable if u does not ex- 
ceed a critical value u,,;,- The condition u<wu,_;, may 
also be fulfilled in a strong magnetic field. But in this 
case it does not necessarily follow that the plasma is 
stable as the Laplace transforms of the solutions’ of 


the basic equations have poles in the w-plane — which 
are proportional to the first power of the gradients of 
the stationary quantities. In order to find these poles 


one must neglect the frequency w in Equation (15) 
and take it into account in the next approximation . 

Considering the above analysis, and assuming 
the geometry of the stationary state, we obtain 
from equation (15) 


4rep OF) 
PO mo) 00, (16) 
: ; vk P 
+ G(r, vg0,) exp f sin (6 — «)}, 
we 


where p =e, ee nee 


It is assumed here that the wave vector k is per- 
pendicular to the magnetic field, i.e., the initial 
disturbance does not depend on the angle y;k is 
then given by 


h=V BLE, a=are tg (Re / hr). 


In that case 


r 


So) \ er (r) dr + k,2, 


where k, is independent of the coordinates. 


The function G is determined in the next apr 
proximation from the condition of periodicity with 
respect to @ and is found to be 
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1 On mu* oy al uP QO al ale ets 
eee Cal Gea eee i} {colo(w) — =e 11icw)h 
won Q oe nl ve fans 
k, eo oF \we PO}, 
(ol 


J (@) and J (@) are the zero order Bessel func- 
tion and its derivative; @=v, k/ow 


Substituting (16) into (12) andeliminating the un- 
known quantities j and p, we obtain the dispersion 
equation . [fit is assumed that the wave length 
A is largerthan the Debye and Larmor radii 


(2 — kT /4ren< 
and 
perme ¢er* =< 1); 


the dispersion equation becomes 


[2— Yam) (++ Sor) an 


+ (d.2:0?)+ (B+ SHO”) (40+ DOP) 


i L 


where 


1 = H2/8xp, p= 257, spes ed 


for ions and electrons respectively, and 


Cc co 
Qi = Veet |e (18) 
Vix 
0 —oo 
Ofte, = dinnT ? (att?) _ 
k oT or r d 
Raat ta 
Q ef 0 ingle, 64 
ae g <2 
je. Ci a Or r 


& 


Formula (18) determines Q i”) in the lower half 


of the complex w-plane. If Imw2> 0, the contour 


of integration must be suitably deformed. 


3. THE DISPERSION EQUATION 


A. Small Curvature of the Magnetic Field 


Let 0H/dr >> H/r. The last term in the denomi- 
nator of (18) can then be neglected. Equation (17) 
then splits up into two equations. One of these 
is a second degree algebraic equation which 
admits the solution 


Pee el Oe, pee 
~ 2mp kz Uy, Ne Seep (19) 
ea H? \2 OinT 
+V ($+ Saal oar 
lee 
dr en, or? 
where v ,_ is the drift velocity of the electrons 


with respect to theions. The second equation 
has the following form:5 


F (z) =—2+4+ (2+ 7) & (2) 


st Araneta) Oise 


(20) 


_ ~. Olan. olny 
TS TeaO ine yo ine ~ 


(21) 


where y is a parameter on which depends the plas- 
ma stability. 

One of the stability conditions turns out to be 
that the radicand in equation (19) be positive. Since 
the function F (z) has no singularities below the 
real axis, the number of roots NV of equation(20) in 
the lower half-plane is equal! to 


(22) 


The contour of integration, C, is shown in Fig. l. 
For large z, the function F(z) takes the form 
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a. Ai A 1 
es Y) 4 (A= ¥) + O(=-). @) 


2 4 
Z? z 


The value of the integral (22) over the infinite 
semi-circular path is then —27i. Since F(z) is an 
even function of z, the integral alongthe realaxis 
equals 2i times the increment in the argument of 


F(z) as z goes from infinity to zero. Therefore 
N = — | —[arg F (oo) — arg F (0)] /a. 
(24) 


For real values of z, the imaginary part of 


F(z) differs from 0, 


Im F (z) = ixe—!?! (|z|— yy) signz,- (25) 


since the contour of integration for (21) must be 
deformed when thereal axis is approached from the 
lower half-plane. If y-is positive, Im F(z) van- 
ishes for z = ty and Re F (ty) <0. Therefore 
equation (20) has no real roots. For small values 
of z, F(z) may betaken as 


F(z) = — 27 Inz—2(1+Cy)—iny, (26) 


where C ~ 0.577 isEuler’s constant. 
The increase in the argument of F(z) as z moves 
along the real axis can easily be obtained from 


Eqs. (23), (25), and (26). Thus when 


(27) 


the function F(z) transforms thereal axis into the 
contour shown in Fig. 2, in accordance withthe 
formula obtained for it. It follows from Fig. 2 


that the increase in the argument of F(z) equals 
—2n and the number of roots N is then equal 

to 1. Therefore when condition (27) is satisfied, the 
plasma is unstable. 


Fics? 


One may verify in a similar fashion that for 
other values of y, the number of roots Vis zero, i.e., the 
plasma is stable. If instead of y we introduce the 
parameter 0 In 7/0 In H, then in view of equation 
(19) we obtain the following condition for the 
plasma stability in a magnetic field of small cur- 
vature: 


HH? OinT 4 H2 \2 
aS: sna < (a+ a) 


(28) 


Condition (28) resembles the condition for con- 
vectional stability of an inhomogeneously heated 
gas in a gravitational field.© Note that the com- 


ponent k , (r) of the wave vector does not enter in 
Eqs. (19) and (20). This shows that when the 
wave length exceeds the Larmor and Debye radii, 
the solution is independent of the form of the initial 
disturbance along the radius r. When y is close 

to 2 or 0, the expressions (23) and (26) approach 
zero, andthe roots of Eq. (20) can be obtained in 
the explicit form 

rey 
2—y’ 


(29) 


z=—i|l 


Dy 


2 = — ie~Win—C, y= 0. 
As expected, thereal part of z is small in the first 


case and large in the second. 


b. Intermediate Curvature of the Magnetic 


Field 


Let us now assume that the current density and 
plasma temperature are constant over a cylindrical 
cross section. Then (see Ref. 7) 

H a= Hogs 

G0) 
n= (Ho/8xT)(1—q?) fa g=r/a<l, 
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where a is the radius of the cylinder which contains 
the plasma, H, = 21/ca and J is the total current. 


The dispersion equation then takes the form 


(31) 
F (2) = {2 + (y — 2) © (z) + (y¥ +. z) OM (— 2} 
X {1 — (y¥ — 2) B® (z) — (y + z) © (— 2)} 
+ {(y — 2) B® (z) — (j +. 2) OM (— 2} =0, 


Oo (+2) = 


Moe. - ) 4248-272’ 


1 = 2q?/(1— 4’), 


2=(Qje|2//kT)g?, g=r/a. 
For large values of z, 
(y —2)(¥ + °/2) 
F 40 
a z (32) 
1372 — 25y / 2 — 198 eS 
$4 +0 (=) 


As in the previous case, the imaginary part of 
F(z) differs from zero along the real axis. For 
large real values of z 


a e—Izlk [a+ 4) V {z] 8) 


++ y? + sy /2— 4/3 


inves) 


ya OCT ) | sign z. 


For small values of z, the function F (z) takes the 
form 


F (z) = — 1.61 (1 + 0.767) 


, 64) 
Af + 161V RL +)7(S) 
+ a (6 + 11.08 5.084%) + 0 (2). 


When y is close to 2, the roots of Eq. (31) may be 
obtained in explicit form by making use of ex- 
pansion (32). Setting (32) egual to zero, we find 


z=—iV 38/(2—7%) y=2. (35) 
It follows from Eq. (35) that the plasma is unstable 
for values of y to the left of the point y = 2, while 
it is stable for values of v to the right of that 


point. We shall show that the plasma is unstable 


over the whole interval y = 0 to y = 2, or, what 
amounts to the same thing, for all values of g=r/a 
which fulfill the condition 


Ossoretazed2: (36) 


Indeed when y is close to 2, the number of roots 
N may be found from equation (35). When y < 0, 
equation (24) and equations (32) to (35) may be 
used to find the number of roots N, and it may be 
easily verified that the real axis is transformedby 
the function F (z) into the contour shown in Fig. 
3. Fig. 4 showsthis contour for y > 2, when the 
number of roots N in the lower half-plane is zero. 
We now vary continuously the value of y from 2 to 
0 and from 2to ©. If the contour intersects the 
origin during this variation, the number of turns 
changes by + 27 m (where m is an integer) and the 
number of roots changes by +2m. But in region 
(36) the number of roots can only increase, for 
otherwise the number N would be negative. There- 
fore the plasma is unstable over the whole inter- 


val (36). 


Imf 


ie, 3 


Fic. 4 


If the system of equations, 
fim F(2¢) 3.0, Re F:(2g)'= 0 ina) 
(37) 


which determines the real roots of Eq. (31) admits 
of solutions for values of the parameter q lying 
outside of the interval (36), then there may appear 
regions of instability in theinterval 1/2 < q < 1. 
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Ifr < a /V/2, then instability may generally cause 
a redistribution of currents over the cross-section 
of the cylinder. 

The dependence of n, J and H uponr may si- 
milarly be obtained inother cases. 

In conclusion the author wishesto express his 
profound gratitude to N. N. Bogoliubov for his as- 
sistance in this analysis. 
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The operator form of the Hartree—Fock equation is considered. The Thomas—Fermi 
and the Thomas—Fermi—Dirac equations are obtained in the zeroth approximation in terms 
of F. Quantum corrections were found by the operator method for the Thomas—Fermi equa- 
tions of 2nd and 4th order in #. The correction of 2nd order is compared with the 
Weizsacker correction and it is shown that the latter is 9 times larger than the quantum 


theory value. The resultant equations are applied to the computation of the total energy 


of the atom. 


1, INTRODUCTION 


HE Thomas—Fermi method! is one of the meth- 

ods of the statistical description of systems con- 
sisting of a large number of identical particles, 
and finds wide application in different areas of 
physics. On thebasisof this method, the idea is 
presented of electrons (if a. atom is under discus- 
sion) moving classically but with the additional 
condition that in each cell of phase space there be 
located no more than two particles. Interaction of 
particles is considered here by the introduction of 
the self—consistent field (with or without ex— 
change). 

The method under consideration is approximate, 
for which reason attempts have repeatedly been 
made at making it more precise in various ways 
by the introduction of corresponding corrections. 
In their number we include the quantum correction 
(or, what amounts to the same thing, the cor- 
rection for heterogeneity) which reflects thefact 
of the smearing out. of thetrajectory of the particle. 


1 


This correction was first found by Weizsacker2 
by a variational method; however, in its quanti- 
tative behavior, it has been subjected to criti- 
cism, both in principle and in a comparison of its 
value with experiment.°—7 . It was established that 
the Weizsacker correction was too large a quanti- 
ty, in which connection, it was improved in a 
series of researches?® by the introduction of a 
constant coefficient less than unity. In the pre- 
sent work, a stepwise quantum—mechanical deriva- 
tion of the quantum corrections of second and fourth 
order in & is deduced from the Hartree—Fock 
equation, In this case itis appropriate to use the 
operator formulation of theproblem. A study of the 
non—relativistic equation of Hartree—Fock in oper- 
ator form is given in Sec. 2. This form is espec- 
ially convenient in the relativistic case, and also 
for interactions which depend on the spin or on 
the isotopic spin. In theneglect of the non—commu- 
tability of the operators for the potential and kine- 
tic energies, we obtain the Thomas—Fermi and the 
Thomas—Fermi —Dirac equations. 

The quantum corrections correspond to a consi- 
deration of the commutators of these operators, 
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in which the corrections of higher order areconnected 
with the more complicated commutators. This 


problem is considered in Sec. 3 and in the Appendix. 


In Sec. 4, the resultant correction is used for 
evaluation of the total energy of the atoms of the 
noble gases. In this case, the disagreement with 
experiment isreduced from 25—35% (without account 
of quantum corrections) and 20—35% (with account 
of the Weizsacker correction) down to 5—7%. 


2. OPERATOR FORMULATION OF THE HAR— 
TREE—FOCK EQUATION 


The quantum—mechanical equations of particles 
interacting according to the potential V (|q—q’’|) 
have, in the Hartree—Fock approximation, the 
form:® 


jg” (q’'|U+B—Ala")@"\e19") aay 


— (9 \e19") q" |U+B—A|q")} = 9. 
Here p is the density matrix 


(q’|014") = dyenbalg’) dn (9")» (2) 


where p _, is the average occupation number; U is 
the total kinetic and potential energy in the external 
field; B is the potential energy of the direct in- 
teraction of the particles: 


(q7’{ Big") =\Vilg—a") (3a) 


-(q” |p, 9") 4q” -8 (7 — 9"); 
A is the exchange energy! : 


(q'|Alq") =42V (19 — 4") G19 19"). (3b) 
Equation (1) corresponds to the stationary case. 

It is appropriate to formulate the problem in 
operator form, starting out from the matrix elements 
for the corresponding operators. The advantage of 
such an approach is connected with the independ- 
ence of the resultant equation of the type of repre- 
sentation, and also with a significant pug ee 

i f the computations. The transition to the 
Pers is eon about with the help of the fol- 
lowing equivalent relations: 


OF(7’) =\ 4 1Q 14") £9") aq", 


(,b — ,b) 9(d ‘,b) Q = (bLOL.A) 


(4a) 


(4b) 


The operator Dp’ which is contained in the latter 
equation, acts both on the 6—function and on the 
coordinate q “that enters into Q. Therefore, it 
can be written in the form P = iho / Og’ + ps, 
where the subscript 6 indicates theobject of opera- 
tion of p. Making use of the integral representa- 
tion of the 6—function, we obtain the relations 


4 c 
(9'1Q19") = gape oo) 


Ne Ae) . 0 i t " 
x \ O(a. Pci aanlexp [2 ad )| dp, 
which, if we neglect the differential operator in 0 

[and also carry out the substitution q’°> (q°+q°9/2), 


goes over into the well known equation of com- 
pound representation. 


To find the operator which corresponds to the 
density matrix, we introduce the filling—factor 
operator, whose spectrum is the mean value of the 
filling factor: 


29> P) ¥n (9) = Prin (q)- (5) 
Then (2) has the form: 
Gilelay=¢e@. pb) (6) 


x Don (7) On (a) = (0, P')B(q' — 9"). 

The latter equation follows from the completeness 
theorem. It follows from Eq. (6), along with (4b), 
that the filling—factor operator P is precisely the 
operator whose matrix elements coincide with the 
density matrix. 

As far as the operators which correspond to the 
different parts of the Hamiltonian are concerned, 
the operator which yields (q “| U | q ’’) is simply 

U = p?/2M + V. (q), (7) 
where ). is the potential for the external field. For 


(¢’| Bq’), weget from Eqs. (4b) , (4c) and (6): 
+ , m m m ” 8 
Big) =\Vilq’'—a" DG" lela") dq ® 
4 1 , uw" uw Ns m" : 0 
= cea \V dg —9 |) dq \e (q", p—in = ) ap. 
Finally, we get for A, by means of several trans- 


Cua 
formations, 


(9) 


a 


; pai) et 
Aq’, py=z\ea p—ihzr) Vim p 
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where ), is the Fourier component of the function 
V(lq°—9""|). 

Equation (1) takes the following form in operator, 
notation: 

[H,o]=0, H=U+B—A (10) 
and represents the condition for stationarity of the 
distribution. It then follows that p ought to be a 
function of operators which commute with the Hamil- 
tonian, i.e., of integrals of the motion. 

For a system in which all the degenerate states 
which correspond to a given energy value have 
their indentical filling factors (for example, for 
an atom with all shells filled), we can consider 
that 


a 


66m), un) 


Concrete form of this function should be given addi- 
tionally. Thus, if we are interested in a non—de- 
generate Fermi gas, then 


In the case of a degenerate gas, which will be con- 


7 a iil 


Here E, is the upper limit of filling, which is deter- 


sidered below, 


eds ( 
p= 2 [exp ( (12) 


mined by the total charge of the system; moreover, 
the possibility is considered of two spin orienta- 
tions. 

Going on to the case of electrostatic interaction 
of the particles V (|q“ —q*’|) = e2 /|q’—q ” 
V 


? 


e = —C8es we get operator equations equiva- 
lent to (1): 
Ane Rs 
A (t) = —4npe(t) + aes \ olde, 3) 
(2ph) 
eb aaa ee y 2p etl 
Ac, p) = | eI. 
Aas: p? = = 
H= 2M e® (r) val a P); 


= [H (r, p—ihv)]. 


Here ® is the self-consistent field: ® = .— B/e, 


p, is the external charge. 

The system (13) is an explicit solution of Eq. 
(1); the ease of obtaining it is compensated by the 
fact that the argument pis itselfthe sum of non— 
‘commuting quantities. The center of difficulty of 
the calculation is thus transferred to the realiza- 
tion of the function from the sum of non—commuting 
arguments. In cases in which we can neglect this 
lack of commutation, i.e., in the quasi— classical 
case, the Thomas—Fermi and the Thomas—Fermi-— 
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Dirac equations follow from the system (13) [in 
place of a proof, we refer to Ref. 1, Sec. 16, where 
the equations are written in c—numbers which co- 
incide with (13) in thequasi—classical case]. 


3. QUANTUM CORRECTIONS TO THE THOMAS— 
FERMI EQUATION OF ORDER f?AND fr 4 


In the computation of the quantum corrections by 
means of the expansion of p [H] in Eq. (13) in a 
series of the commutator components of the Hamil- 
tonian use is made of the formula (see Appendix E): 


f(at+6)=fla+) (14) 


+ f" (a + 6)-[ab] /2 + f” (a + 6)- [Lab] 8} /6 
+ f" (a+ 6)-[a[ab]] /6 + fIY (a + 6) [ab] 2/8, 


where the bar over a +b signifies that a and b 
must be considered as commuting (i.e., if V is to 
be omitted in the argument). Considering the de- 
generate gas (12) , and expanding the operator 

€ [(p—ift V)? ~2Me ©] in Eq. (13), we take 


a=(p—ih A)”, b =—2Me® 


which gives for the commutators 


[ab] = — 4iiicM pV® (15) 


+. 2h? eM A® + 402M (VOV), 
[ab]? = — 16h2e2M? (pV)? +..., 
[[ab] 6] = —- 88222 (VO)2+..., 
[a [ab]] = — 8h2M (pV O+... 


Consideration of more complicated commutators 
in this approximation is unnecessary since it 
gives terms ~ & °% and higher. Upon substitution 
of (14) and (15) in the first equation of (13), and 
after integration of the 6—function and its deriva- 
tives arising here, we get the Thomas—Fermi equa- 
tion with the quantum corrections * 


A® + 4np, = 4nep (0, VO, A®. ..) (16) 


= (4e | anh?) [2M (e® + E,)}" 
— (2M? / 6xk) [2M (e® + E,)\-? 
x [(V)? —4(® + E,/e) AQ}. 
*As has been pointed out by the author, Eq. (16) was 


also obtained by A. S.Kompaneets and E. S. Pavlov by 


means of a method essentially different from that given 
in the present work, 
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Here p is the density of the electron cloud; Eo 


must be taken equal to zero inthe case of a neutral 
system. Equation (16) is simplified in the case 


e® + FE, < 0, 
since here the functions 


J 


l—e, 9,0" 


and so forth are identically equal to zero. This 
gives for any finite order of 


A® + 4x9, = 0. (16a) 
Correction terms of the order of & (and generally of 
any odd order) are absent, as also follows from the 
real nature of p, 

Let usfind the correction to the energy which is 
determined by quantum effects. According to the 
general formula for the approximation of a self— 
consistent field, 


r= oP ae E int, 


e? ( e(r1) e (Te) 
\ i — ral dr dr, 


we get 


Instead of taking (17) into account and using Eqs. 


(14) and (15) , we can establish the connection be- 
‘tween the energy corrections and thedensity p . 
For this purpose, we note that for any order of ® 
(f is an arbitrary functim), 


0 


is represented in the form of anexpansion only in 
half—integer (positive and negative) powers of A 
[in this connection, see Eq.(23)] en his statement 
is based on the parity of the half—integral expression 
relative top and p, and can be proved by induc- 
tion. Let us transform (17) to the form 


BS by 4B, \ pdr Bin. 


Ante : 
E, = oar | SEs) [1 —e (H — E,)] dpar. 


(18) 
Differentiating E, with respect to E, we obtain 


3B ,/2E,=— fp: dr 


Integrating this, expression, we take it into account 
that p depends only on the combination 


eD+E, 


and on commutators which do not contain Eee 4 
Therefore, we can carry out the integration with Ey 


yover e®, taking the commutators to be constant. 
This gives for the energy correction 


i. (19) 
cE = — e\ d® \ % (®, V®...)dr 


+ Ey \2p (®, V®...)dr. 


The arbitrary constant of integration ought to be so 
chosen thatthe resultdid not contain any powers 


of 
eD + Eas 
e® +E, beside the half- integral ones, and in 


particular, that 


eD +E, 
be absent in the zeroth power. 


In the.second order of % , with account of (16), we 
get (for E . = 0): 


(20) 


ieee sean \ A (2Me®)—"* [(Vb)? + 40A9]. 


Transforming to atomic units e =M =h =1 


we express 6,£ in terms of p by Eq.(16). This 
gives, in the approximation under consideration 


oom 0) 
Ont ay \at WolteoOE tin © 


1 ( (21) 
72 o 3 e—0 


: ae 


The first term of this expression coincides in 
form with the well known correction of Weizsacker? 
for the inhomogeneity of the density, but is numer- 
ically smaller by a factor of 9. The second term is 
not important if we put in (21) the density distri- 
bution of Hartree—Fock (or a distribution with a 
suitable behavior at zero; see below, Sec.4). 
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In conclusion, Jet us establish thedependence on 
Z of the quantum correction for an atom with a 
nuclear charge Z. Starting out from the estimates 


ety Fae Wow VS Day A 


we find 


OE ~ ae (22) 


while in the quasi—classical case, 
Ey~Z'. 


Thus, expansion in e is at thesame time an 
expansion in Z~1/3*. This corresponds tothe 
fact that the Thomas—Fermi equation is the more 
accurate the larger the value of Z. 

Let us proceed to the quantum corrections of 
fourth order. The technique of computation in this 
case is the same as above, but in place of (14) we 
use a formula which contains more complicated 
commutators [see Appendix, Eq. (1)]. In the 
process of calculation, the relation 


(23) 


ee) 2\ Mm 

¢ (F @) <f p? a 5 

\ 2M) @ (p? / 2M)" “\oM e®) p dp 
0 


gyn 2 2) 
{2 — (2M) * (2m + 1) (2m —1) 


See lie——on D eD) me ae 


is useful. As a result, we obtain the following 
expression for the correctness of fourth order tothe 
density: 


3,0 = (32e4M*h / 152?) (2Med)~"" (24) 


x (6403A20 — 19290°VO. VA® 
— 6402 (V;V,0)? — 80 (A®)? 0? 
+ 200 © A®.(V®)? 
4. 240V ,@-VV_,0- V,0 — 175 (VO)4}. 


Iixpressing the energy correction in terms of p, 
we obtain in the given approximation [taking also 
into consideration the terms of the same order from 


Eq. (20)], 
*The dimensionless parameter 
h2 / pr? 
has the order of 


pew Zs, 


4 


8B = — 7590 (ae) * 


(25) 


x \ ary (8 (Ve) — 270 (Ve)? Ap + 240" (Ae). 


The estimate of the dependence of Eq.(26) on Z 
gives 
(26) 


OEE 


corresponding tothefact that the Z~°/? appears 
as the expansion parameter. 

In conclusion, we note that consideration of the 
quantum corrections of fourth order to the Thomas- 
Fermi equation requires, generally speaking, a si- 
multaneous consideration of the corrections of se- 
cond order to the Thomas—Fermi—Dirac equation, 
i.e., to quantum corrections in the exchange .This 
problem has a whole series of specific peculiari- 
ties and will be set forth in a separate paper. 


4. ENERGY OF THE ATOM IN THE STATISTICAL 
MODEL 


It is known from experiment, and from quantum— 
mechanical calculations, that the total energy of an 
atom E is a monotonic function of the ordinal 
number Z. This bears witness tothe weak depen- 
dence of E on thedetails of theinternal struct- 
ure of the atom, and permits us to hope for a success- 
ful application of the semi—classical statistical 
model to thecalculation of E. However, calculation 
of E by means of the Thomas—Fermi model, which 
leads to the expression E = — 0.769 Z7/2 gives 
much too large a value (in absolute magnitude) to 
the energy. This is connected with the fact that 
the density in the Thomas—Fermi model varies as 
r-?/3 at the origin while qunntum mechanics leads 
to a finite value of p atr ~~ 0. In view of this fact, 
there is an excess of electrons in‘the neighbor- 
hood of the nucleus in the given model in comparison 
with their actual distribution. This fact leads to a 
lower value of the kinetic energy of the electron 
cloud and to a higher value (in absolute magnitude) 
of the total energy*. The reason for thisis clear 
and is contained in the inapplicability of the quasi— 
classical Thomas—Fermi equation in the vicinity of 
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‘the nucleus, since the quantum effects in this region 
must be especially strong. Therefore, we can hope 
that calculation of the Weizsacker quantum correc- 
tion improves the position with respect to the energy 
of the atom. This is evident if only from the fact 
that for p~r3/2 , theintegral (21) tends to ®, i.e., 
the energy is each case does not have aminimum . 
(a growth of p at zero that is weaker than r -! js 
acceptable). However, calculations of N. Sokolov? 
have shown that although the Weizsacker correction 


also leads to a decrease (in absolute value) of the 
total energy of the atom, this decrease is so great 
that divergence from experiment is obtained just 
as in the quasi—classical case, but with different 
sign. This, and also a series of other considera- 
tions ?—7 leads to the conclusion that the Weiz- 
sacker correction has too large a value. One of the 
reasons is the circumstance that thetest function 
chosen by Weizsacker in the variational method was 
excessively rough and therefore gives a higher 
value of the energy. 

It was established above that quantum—mech- 
anical considerations lead to a quantum correction 
of second order which is 9 times smaller than that 
of Weizsacker. The correction we found has been 
used by us in the calculation of the total energy of 
the atom by the Lenz—Jensen method. This method, 
in application to the present problem, has been 
described inRef. 3, where the calculations are 
carried out with the Weizsacker correction: there- 
fore the details of thecalculation are omitted below. 

The method just mentioned is not connected with 
the solution of the differential equation for the po- 
tential ®, but derives from the expression for the 
energy which is expressed in terms of the density 


be (27) 
Obes ot een) eter 
E = 7 (3) \e gr Z\ ot 
1 e (Ti) e (2) 4 dro 
-- a with sa" Ta oifa T aT, 


<3 (2 NM ptedr + BE +... 
4\u 

Here the first term isthe kinetic energy, the second 
and the third are potential terms, the fourth is ex- 
change (without quantum corrections), and, finally, 
the remaining terms are the quantum corrections of 
the 2nd, 4th, ... orders. Carrying out the cal- 
culations for second order in % , we limit ourselves 
to writing down five terms and seek a minimum of 


(27) by substitution of different test functions of p. 
Here it isshown (see also Ref. 3) that, within an 
accuracy of 3—4% of the quantity E, this minimum 1s 
realized by the class of functions 
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p (r) = cexp {— (\v)""}, (28) 
where A and fh are variation parameters and C is 
determined by normalization. Upon substitution of 
Eq. (28) in OnE, we can discard the secondterm in 


(21) and the Weizsacker correction, decreased by a 
factor of 9, will figure in (27). 
Departure’ of the total energy, 
$=(E—E. ) Bae 


emp 


from the empirical (and semi—empirical ) values which 
are taken from Ref. 4, and also the values of the 
parameters are listed in the Table where, moreover 
we give the values of 5 for the Thomas—Fermi and 
Thomas—Fermi—Dirac equation with the Weizsacker 
correction. 

For argon ( Z= 18), we have carricd out estimates 
of the fourth order corrections of (26). In this con- 
nection, it is important to note that just as the 


density obtained from the solution of the Thomas— 
Fermi equation cannot be used for estimating the 
second order correction because of the notably 
higher divergence, the density (28) is unsuitable, 
for the same reason, for estimating the fourth order 
correction. lt is necessary to set up the variational 
problem for the function included in (26), and we 
must limit the class of test functions to functions 
which do not lead tothe divergencies of (26). More- 
over, for an approximate estimate, we must sub- 
stitute in Eq. (26) the exact solution of theHartree 
equation.? This leads to the estimate 


S,E ~—3%: 


It isevident from theTable above that the second 
order quantum correction contributes a term to the 
energy ~ 20—30%; this bears witness to the ex-' 
cellent convergence of the approximation process. 
In addition, for accurate determination of the fourth 
order correction, it is necessary to take into ac- 
count quantum—exchange corrections (see the end 
of Sec. 3) and also to make use of a much wider 
class of test functions with the purpose of im- 
proving the accuracy of theresult. 

I express my deep gratitude to Corresponding 
Member of the Academy of Sciences, USSR, V.L. 
Ginzburg for his interest in the work and for his 
valued remarks, to A. S. Kompaneets for his judg- 
ment on a number of problems involved in the re- 
search, and also to L. Ia. Trendelev who carried 
out a great deal of the computational work. 
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REALIZATION OF A FUNCTION FROM NON— 
COMMUTING ARGUMENTS 


In a number of problems of quantum theory, one 
deals with functions of the sum of non—commuting 
operators, therule of operation with which has 
recently been clarified by a number of researches. ! 
These methods, which appear to be sufficiently 
general, can be applied to the problem considered 
above of the expansion in powers of # , but have a 


0 


much more useful special property which stems from 
the fact that an expansion in powers of # js si- 
multaneously a computation of more complicated 
commutators. 

As early as 1933, the first terms of an expansion 
of functions ofthe sum of operators were described 
by Peierls but the method used by him in the prob- 
lem of finding the coefficients of expansion was 
extremely crude. A much simpler method is con- 
sidered below, with the help of which an expansion 
up to four commutators was obtained. 

For a sufficiently wide class of functions 
f(a +b), where & and $ are non—commuting argu- 
ments, we can use a Fourier expansion* and thus 
work with exponential functions exp [i (a + b) 71 


Let us represent it in the form 


exp [i (a + 6) <] = exp (ibt) K exp (iaz), (a) 


A 4tY 
here K depends on the commutators of @ and ‘6 onT, 
andis determined by an equation which is obtained 
upon differentiation of Eq. (a) with respect to 7: 


OK / Ot =iexp(—it[b)a] K —ika 


exp (— it [b) a] = e—!*4 qeitb 


(b) 


n 
SS 


= = [O[0 ... [6a] ...]. 


Starting out from K) = 1, we find 


OK, /0t=t[ba], Ky, =? [ba] /2. 


Similarly, limiting ourselves to two commutators and 


to the square of one of them, we get the expression 


*For the functions €(a + b), we mustuse the discon- 
tinuous integral of Dirichlet. 


D. A. KIRZHNITS 


(c) 
Kz (t) = (éx8 /6) {[a [ba]] — [6 [ba]]} + (x*/8) [6a}?. 


In Eq. (a), the operators K and e'®7 no longer act 
on e'>Tasa consequence of which the latter 


can be moved to the right: 
exp [i (a+ 6)*] = K(t)exp[i (a+ 6)t], @) 


where the bar denotes that a and b must be con- 
sidered as commuting operators, and K (7) ought 
not to act on the function following it. Transform- 


ing from the Fourier form to the initial function, we 
ae 
get 


f(a+ 6) = f@+8) - 
+ f" (a+ 6) [ab] /2 + fF” (a+ ©) {Ia6] 4) 
+ [a[ab]]} /6--+ FY (a+ 6) [ab]? /8. 


Consideration of more complicated commutators 
is carried out similarly. Introducing the notation 


Qf = lala... {alb[d..[ba) 1 


m n 


we obtain the reamining terms of the expansion 


K (7) up to four commutators inclusively in the 
form: 


Ks (t) = (*4/24) (@—G—Q) 
+ (ix*/120) (7Q1Qi — 4Q2.Q3 — 6Q3Q° 
+ 3QiQ) + (9/48) (Q2)°, 

Ka (s) = (ix°/120) (Q2 + Q2 — 2 — Q4) 
+ (z°/720) (— 3Q2@° — 10 (Qt)? 
— 120.2 + 4Q1Q8 

+ 9Q2Qi — 5QIQs + 16.Q3Q! 
— 10(@3)?— 10 SQ? 
+ 6Q3Qi) + (éx7/1680) (5 Qi (Q3)? 
+ 11 VQ + 19(Q)?Qt 
— 8 (Q8)?Q3 — 12Q.Q20% 


(g) 


— 15Q2(Qi)") + (78/384) (Qr)*. .. 
(h) 


*The quantity Tplays the role of the differentiation 


operator with respect to a +b. 
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Capture of conduction electrons by charged defects of an ionic crystal lattice is 
regarded as a one-quantum thermal transition from the continuous spectrum to an excited 
state of the discrete spectrum. The role of the perturbation is played by the nonconfigura- 
tional interaction which in an ideal crystal leads to ordinary polaron scattering. The 
capture probability as a function of polaron velocity has been computed and the tempera- 
ture dependence of current—carrier lifetime has been established. 


lL. INTRODUCTION 


I N the phenomenological theory of semicenduc- 
tors, the recombination coefficients of conduc- 
tion electrons with “‘impurity centers’’ such as 
ion vacancies or excess interstitial ions) are 


usually regarded as parameters to be determined by 


comparing the theory with experiment. The large 
number of such parameters endows the formulas of 
the phenomenological theory with excessive ap- 
proximational flexibility so that the comparison of 
the theory with experiment is sometimes incon- 
clusive. Therefore, calculation of the probability 
of electron capture by an impurity center using the 
methods of a microscopic theory is of considerable 
interest. 

We shall not in this article attempt a complete 
review of the theortical work on this problem. We 
shall, however, indicate that a treatment of the 
problem very similar to ours was first published 
by Adirovich,’ who regarded electron capture as a 
quantum transition induced by the nonconfigura- 
tional interaction of an electron with ion motions 
(the violation of adiabaticity). Adirovich’s pro- 
posed model of a pulsating double layer enabled 
him to make a qualitative estimate of capture 


probability. 


A theoretical formula for the reombination coef- 
ficient which does not contain undetermined para- 
meters and which permits comparison of thé theory 
with experiment was obtained by Pekar,” who di- 
vided the process of electron capture by an im- 
purity center into the diffusion of an electron to a 
lattice defect and direct thermal transition to a 
discrete energy level. In crystals where conduction 
electron mobility is low, the first part of the pro- 
cess can play the deciding role. 

Pekar and the present author? made a comparison 
of the recombination coefficient calculated on this 
hypothesis with experimental data on electron 
capture by F centers inalkali halide crystals and 
obtained satisfactory results. Nevertheless, with- 
out a quantum mechanical calculation of the thermal 
transition probability (of an electron) to a dis- 
crete level, the ‘‘diffusion’’ theory of recombina- 
tions is of uncertain applicability. There are un- 
doubtedly cases in which the second stage of the 
process rather than the first, plays the deciding 
role. 

The present article attempts a quantum mechani- 
cal calculation of the probability for electron cap- 
ture by a positively charged ionic crystal lattice 
defect (such as a negative ion vacancy). Such a 


val 
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process occurs in connection with the coloring of 
ionic crystals by x-rays. The captured electrons 
form F centers. 

In a number of recently published investigations 
of the theory of thermal ionization of F centers 
(see, for example, the articles by O’Rourke and by 
Vasileff 4), thewave functions of the continuous 
spectrum are given in the form of the product 


7, (t) IE, (qx) 


of the purely electronic function and the wave 
functions P,, of undisturbed normal lattice oscil- 


lators. These articles thus ignore the effect of 
inertial polarization of the ionic crystal on the 
electron states of the continuous spectrum as well 
as the shift of the equilibrium positions of the 
phonon field oscillators which results from inter- 
acions with electrons. Such an approximation is 
unacceptable since at large distances from a de- 
fect , a conduction electron forms a polaron and its 
state is described bythe dampedwave function 


wie) 


belonging to the discrete spectrum, where € is the 
translational radius vector of the polaron which 
characterizes the location of the center of sym- 
metry of the polarized potential well. 

Confining ourselves to strong coupling between 
an electron and the longitudinal phonon field we 
shall use as a basis the Hamiltonian of Pekar’s 
theory of polarons: 


H = — (4?/2u) A 4+-V(r) (1.1) 


sf pa Ax (1) qu + ‘oho >) (g2 — 0 /q2). 


Here y is the effective electron mass in the con- 
duction aand, V(r) is the interaction potential 
between an electron and a lattice defect, q;, are 
the normal coordinates of the phonon field, w is 
the frequency limit of longitudinal optical oscil- 
lations (whose small dispersion we neglect); 


A,(r)=—< ae grad x, (")) de’ 


x Gn iT y’ | ) 


Cz?) 


where c= 1/n2 —1/e is the inertial polarization 
constant of the crystal. The functions 


(1.3) 


form a complete orthomormal set in the space L?, 
Keeping in mind that a weakly coupled electron 
is a fast subsystem while the lattice oscillators 
comprise a slow subsystem, we can employ an adia- 
batic method, that is, we can obtain an approximate 
eigenfunction of the operator (1.1) as the product 


GE ae ee) (1.4) 


HH. due JO (eer 
where the electronic function satisfies the equa- 
tion 


|- (n2/2u) A + V(r) (1.5), 


+ DS An (1) [Or 2) = Eg) 9 (0, Q), 


x 


and the eigenvalues of 


[E (a) + 1/2 bo >) (q3 —  /0q2)] ® = H® (16) 
x 

are approximate values of the energy’of the entire 
system. In deriving (1.6) we omitted terms result- 
ing from the action of the kinetic energy operator 
of the slow subsystem on the electronic function 
(‘‘nonadiabatic ’’terms). 

In our case of strongly excited states the electron 
moves in a quasi-classical orbit of large radius. 
In this case, the field of the defect affects the 
electronic wave function less than the polaron ef- 
fect in a perfect crystal. This means that the cen- 
ter of localization of the function Y will not coincide 
with the center of the defect Coulomb field 
(the coordinate origin) and we are justified in 
setting 


DT ie Qe oes) = AE tse Oe eee 


“(aZ) 


Following the traditional method, we can cal- 
culate % onthe assumption that the potential 
energy of the slow subsystem differs little from 
its equilibrium (minimum ) value in the configura- 
tion 


(x)min = Que = — Axe /hoo, (1.8) 


where 


Axe =fAx()/% (r — §) |? de. (1.9) 


If we limit ourselves to a first-order perturbation 
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calculation of E (q) from (1.5), then (1.6) becomes 


" [Yo] + W (8) +3/phe0 (1.10) 


me DG n gus) — 03) 4 ® = Ho: 


I [%] = (1? /2u) || ye 2dt —1/, ho >) 42, (1s1) 
is independent of € and 
W (§) = \V (r) | 4 (r —&) [2 de. (7:12) 


Proceeding to an examination of the final form 
of y, , we note that in the limiting case € > “this 
function describes the state of the electron in a 
polaron. However the field of the defect destroys 
the spherical symmetry of yy, and the radius of the 


electronic state is changed. The first of these 
effects can be regarded as the polarization of the 


electronic ‘‘y cloud’’ in the polaron by the Coulomb 


field of the defect. The author’s method of cal- 
culating the polarizability of an F center® enables 
us to show that when 


§>6.19/aVec = 1.241r,/ ec, (1.13) 

where 
% = perc/2h?, 
and 
tgh= Oe 
is the so-called polarization radius of the 
polaron, the deformation of y, can be neg- 
lected. 
In Ref. 6 it was shown that when 
So, Ocal is (1.14) 


which practically coincides with (1.13), it is also 
possible to neglect the change of radius of the 
electronic state in the polaron. Assuming that 
(1.13) and (1.14) are satisfied at all points of the 


quasi—classical orbits of strongly excited states 


we can therefore take wy in the form of the usual 


electronic wave function in a polaron?; 


bo (r) = Ve/ta (1 + ar) em". (1.15) 


We note, finally, that according to Ref. 6, for a 
Coulomb impurity center subject to condition 
(1.14), W is approximated with sufficient accuracy 
by a Coulomb potential. 


The eigenfunction of (1.10) will be sought in the 
form 


equation (é,...q),..-)s 


where 


= Iu— V5» (1.16) 


and € is a function of the variables q , 


. The choice 


of this function is to some extent arbitrary. Ac- 
cording to Pekar2 , the dependence of & on q, is 


given implicitly by 
Dd) 4.0. / 05:= 0 


x 


(f= 152,.3) 7 17) 


The insertion of 


(&, q,) 


after transformations which are entirely analogous 
to the corresponding transformations in polaron 
theory changes (1.10) to the form 


{1 90) + W (@) — (8 /2M) Ae (1.18), 


+ Ye > he (q2 — 0? | 0g) 


(7x) min = 4x2. = — Aye /ho, 


where M is the effective mass of the polaron, 


H’ = (n2/2M) >) Ac qued/dqi; (1-19). 


2 gee (hn? / 2M) (1.20) 


x LDV Iue Ve Gag) F/ 09,09; 


Equation (1.18) differs from the analogous equation 
of the polaron theory not only because ofthe pre- 
sence of the term W (&) but also in that the number 
of variables including the vector exceeds by 3 
the number of degrees of freedom of thelattice. 
Therefore, (1.18) must in general be interpreted 
along with the supplementary relations (Giiees 

However, it is possible to consider the more 
general problem described by (1.18), where € and 
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q ‘ are independent variables. Insertion of the 
dependence of € on q “ into the solution of this 
k 


general problem leads to a solution of our special 
problem. This substitution can be performed in the 
last stage of the calculations, thus including, in 
particular, the entire perturbation theory in the gen- 
eralized stage. Therefore:the transition matrix 
elements can be calculated from the zero—approxi- 
mation eigenfunctions of the generalized equation 
(1.18). 

The zero—approximation generalized functions, 
are obtained from (1.18) if the operators H” and H”’, 
which in the polaron theory lead to one-quantum and 
two-quantum scattering, respectively, are regarded 
as small perturbations. When these operators 
are omitted, the variables in (1.18) are separable 
and the eigenfunctions and energies of the zero— 
order stationary states are: 


Ore (be Gye) = en (8) [[ Pr, (9) (1.21) 


inne == j| [Yo] + 1B. a hoo S\ (Ms + 1). (1222) 


Here . nnd E, satisfy the Schrodinger equa- 


tion 


= (nh? / 2M) Ag®n ae W (&) pn = Been: (1.23) 


which describes the motion of a quasi—particle 
(polaron) in a Coulomb field. The ©, are the 
wave functions of the harmonic oscillators. The 
criterion for the applicability of our approximation 
to strongly excited discrete f—center levels can 
be derived from the virial theorem and the inequati— 
ty (1.14): 


n= > 10ZM /ecu, (1.24), 


where n is the principal quantum number of the 
hydrogen-like term. 

In the present article we confine ourselves to an 
examination of one—quantum transitions between 
zero—order stationary states resulting from the 


n~ 
perturbation 7’. It is assumed that the initial 
polaron state belongs to the continuous spectrum 
and that its energy is given by 


En = E(k) = fk? /2M < hw. (1.25) 


Then a transition with emission of a phonon takes 
place to one of the discrete states, and therefore 


represents the localization of the conduction 
electron close to the impurity center. This tan— 
sition will be regarded as electron capture. 

The captured electron cansubsequently be 
ejected into the continuous spectrum again by 
absorption of a phonon, but there is a much great- 
er probability (when the temperature isnot high) 
that it will ‘“‘drop’’ to the ground state of the F- 
center in a thermal or optical transition. Thermal 
transitions between discrete levels were investi- 
gated by Huang and Rhys.’ 

The single—phonon capture proposed here is, 
of course, not the only possible mechanism. A 
possible competing mechanism is a “‘multi—phonon”’ 
transition associated with deformation of the elec- 
tronic wave function w by the field of the im- 
purity center. As aresult of this deformation, 
the equilibrium values of the normal coordinates 
q, of the phonon field differ in the various elec- 


tronic states, and the corresponding oscillator 
wave functions 


Dr, (Gx — Jue) 


and 
Dy (Iu — Juz’) 


become nonorthogonal. A probability of a multi- 
phonon transition exists in the first perturbation 
approximation. We intend to investigate such 
transitions in one of our future articles. 


2. MATRIX ELEMENT OF A SINGLE PHONON 
TRANSITION 


Forthe succeeding calculations we introduce 
the unit of length 


Gn ==seh 2 Views (2.1) 
In the formulas which follow all quantities hav- 
ing the dimension of a length or a reciprocal 
length will be expressed in units of a) and 
ome respectively. 
If we neglect the small dispersion of the longi- 
tudinal optical vibrations of the crystal and use 


Pekar’s expressions2 for M and Vee the perturba- 


tion operator becomes 


5 ey (sc)"l2 (3) i2 
@ 


% (1 + %?/28c2) ‘ 
a peas (5) 0/09), 


on wT 


=. (2.9) 
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where all of Pekar’s notation? has been retained. In Ri) V2082 sin (Re + In (2k§)/k + 8), (2.10) 


particular 


A = pet / 2h2?, (2.3) 
a = 21.6 (ec)-3 (hw / A)?, (2.4) 
The transition between stationary states 
0 NE, Ee eee ee 
corresponds to the matrix element 
(2.5) 


(aoe ee ee ene) 
=\ 8) I10,, (4,) A on 0) T1 @e, (91) dg’ a 


“x 


For the quantum transition with emission of a phonon 


hw, integration over thevariables q, gives 


II\...d.=Vimens 


for an allowed transition; one term of the sum in 
(2.2) remains, corresponding to the emitted phonon 

hw,. 

In proceeding to integrate over the variables £ 
we make the following simplifying assumptions: 

1) We limit ourselves to a consideration of a 
transition between s—states of the Coulomb field, 
setting 


@n (8) = Rn (§)/4e, (2.7) 
where R fd) is the radial function 

2) We consider a transition to a strongly excited 
state of the discrete spectrum with a principal 
quantum number which satisfies the inequality 

n?> 10M / ecu => 1. (2.8) 

In this state the most probable value of &for the 
polaron is ~n2 >> 1 and, consequently, the 
principal role in the Laguerre polynomial is played 
by a higher term. Consequently, we shall use ee 
following approximate radial function for the dis- 
crete spectrum: 


Ry (8) (2/n)rerte-ein/V (2nji. (2-9) 


3) The wave function of the continuous spectrum 


will be replaced by its asymptotic expression, 
which is valid for large € ®: 


o= are NG 2 i/k). (2:11) 


The wave function R, (€) is normalized in a sphere 
of radius , > ©. 

4) We assume Z = 1. For Z # 1 in the final 
result canbe replaced by ¢/Z. 


Using the wave functions (2.9) and (2.10), we 
obtain after some calculation: 


(Boe) An ete) (2.12) 


= 7,06-10°° V2z Lhe, (ec) 


Foc] Mt x2/28a2) 27 1T (n +i.) 
ho "(1 x2/402)an™t* V (2n)! 


x Ref{f(—x)—f(x)}eir+ineayin), 


where 


x, > 0 and f («) (2:13) 


n—1 


= [l/a—i(k—x)]-@+ib, y = >) arg (¢ Lie). 


=1 


The dimensionless parameters fk and 7 in 
(2.12) are related to each other under energy con- 
servation by 


n2k?/2Maz = — Met*/2h2<2n? ae ho, (2.14) 


or 


iL 1/n® =p, (2.14a) 


= 6.56 (ec)? (hw/A)' 2? & | 
for the majority of ioniccrystals. 

From (2.14) and (2.14a) it follows that capture 
is possible only for small values of the dimension- 
less wave number k. This enables us to introduce 
an approximate formula for y , with the sum in 
(2.13) replaced by an integral: 

na 
~ 
= arc ctg kt 
: 2 (2.15) 


4 5 roe 
ip) rectee i 1) ty, We ie ers 
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3. THE PROBABILITY OF ELECTRON CAPTURE 
BY A DEFECT 


The probability per unit time of a transition from 
a state of the continuous spectrum to a discrete 


level can be calculated from the familiar formula 
w,, (k) = (22 /h) p(E)| (A, nx | H’|n, a,.-+ 1), (3.1) 


where p (E) is the density of states in the energy 
range of the continuous spectrum. For the wave 
functions of the continuous spectrum which we have 
normalized in a sphere of radius L 


p(E) = (L /2z) (43.1 / Ak) (ec)-4 (ho / A)? (8.2) 


The expression for the transition probability which 
is obtained after inserting (2.12) and (3.2) in (3.1) 
contains the wave number x of the emitted phonon. 
When account is taken of the dispersion law of 
optical vibrations, this quantity is determined with 
complete accuracy from energy conservation. If, 
however, we neglect dispersion and replace all 
longitudinal optical frequencies by the frequency 
limit w, the magnitude of x becomes indeterininate. 
In order to eliminate this uncertainty, the expres- 
sion obtained for the probability can be averaged 
over all values of x by the formula 


4 


w(k) = 5 \te (A) dz (x), (3.3) 


Ge (sedans 


where dz (x) is the number of normal frequencies 
in the interval dx and z = L°/Q, where Q is 
the volume of a unit crystal cell, is the total 
number of normal frequencies in the fundamental 
region. 

The probability (3.3) must furthermore be 
multipled by the total number NL ° of defects 
in the fundamental crystal region. The probability 
of electron capture then becomes 
w (k) = 1.07-10-3WQ (co)? (A (3.4) 


G) 


27 1T (n+i/k)|? 
nkn2"*1 (on)! 


[o-9) 


= pe 7 x? (1 + x? / 28a2)2 dx 
x (1x + 1)\ Ri (x) (1 + x? / 4a2)8 


0 


In deriving this last formula, n, was taken outside 


of the summation over x (integration in x space) 
and given its average equilibrium value 


Ny, = (ehol® — J)-1, (3.5) 


where @ is the statistical temperature. 
In accordance with (2.2) 


Ry («) = Re {f(=—) —f @)} eee 36) 


We have not been able to calculate the complicated 
integral in (3.4) in finite form. However, approxi- 
mate values of the integral can be obtained by in- 
vestigating the integrand. 

It is easily seen that the function 


i (*) 2 — (1 + y?)—"n2"e— (2)k) arctg o (3.7) 


y=n(k—x) 


has the character of a & function with its maximum 
at 


y — Ym = 1/nk; Xm = p?/k. (3.8) 


The maximum of |f (—x)| lies in the region of 
negative x, i.e., outside the limits of integration 
in (3.4), and the greatest value of this function in 
the integration interval (for x = 0) is many orders 


smaller than the maximum of | f(x)|. On this basis 
we set 


Ru (x) Se Re eile tintanitof (x) (3.9) 


aie (1 = G7) fen es (ilk) arctg Y eggs Aas 


3, = 7 + In (2k)/k (3.10) 


—In(1 + y?)/2k + narctg y. 


The other factor of the integrand in (3.4) is 


fa () = 2 (7 xe? /2802)8 (1 ida) 3) 
which is also expressed by a curve with its peak 
at x= x, ~ 0.8 a. However, by comparison with 
(3.7) this function changes very smoothly. 

Let us consider the two limiting cases. 


a) The case of relatively fast electrons, when 
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Rx phi 1, (3.12) 


In this case x, ~ P and since as usual in 
ioniccrystals p % a the main part of the 5 curve 
(3.7) corresponds to the region of smooth de- 
crease of f, (x). Therefore f, (x) can be taken 
outside the integral sign in (3.4) using x= x,, 
= p? /k. We note, furthermore, that as a result 


of (3.8) |y| <<1 in the vicinity of the maximum 
of (3.7), so that, in accordance with (3.10), 


Dy >= Dm = ny. 


This indicates that cos" 0, oscillates extremely 
rapidly in the indicated region (n ~ ©!) and can 
be taken outside the integral sign with an average 
value of 1/2. Thus, in the limiting case under 
consideration, 


° (3.13 
\, Ri) fr 0 


=o 


= (p'/2k2) (1 + pt/2802k*)? (1 + pt/4ark?) 


nk 
x nen \ (1 + Bryn? eae) arc tg Idy. 


SS .2e) 


The integral in (3.13) withthe substitution y =tan z 
reduces to 
Zo 
/ (A, k) = \ e-24/k cos2("@—Lz dz, 

riz 
where z, = arc tan nk~ n/2 can be replaced by 
infinity because of the rapid decrease of the inte- 
erand. In this case-/(n,k) reduces to the tabulated 
integral ® 


I (n, k) = er e-24lk sin2("—1) x dx (3.14) 
0 
= kerlt (Qn — QT (1 + i/h) |2/22"-3 | (n + ih) 2. 


By using the well—known properties of the 
I‘ function we easily obtain 


RID (1 + if) |? = x/sh (m/R) ~ (25 /k) en 7, 


since k << 1. Collecting the results we arrive 
in this limiting case at the formula 


w(k) = NOkwec (ny, aE) (3.15) 


( p? y (1 + pt/28c242)2 
x prereset 
(1 ++ pt/4a2k2)8 2 


b) The case of slow electrons, when 


kR<p;n~l/p. (3.16) 


In this case, %m >> % and the maximum of the 

5 function (3.7) is located in the region where 

f, (x) decreases rapidly to zero. A numerical 
tabulation shows that in thiscase the most im- 
portant region of the integral in (3.4) is never- 
theless the ‘‘half width’’ of the 5 curve since in 
thig region f, (x) is approximated very closely by 


fa (x) = (2a)12110/49 (Lee y?)5, (3.17) 


When cos 2 3 a is replaced by its average value, 


just as in case a), we can obtain 


_ 4.45-10°NQa /7o\18 — ; 
Ww (2) = rh (ec)? ( a (ny ae 1) (3 18) 


par Uae te) ane 
(2n)! 


I(n +5, &). 


The insertion of J (n +5, k) from (3.14) leads in 


the considered case of slow—electron capture to 


w (k) = 1.97-108NQe (ec)~? (ho/ A)? (3.19) 


x (Me + 1) L (1)  (p?/k? — 1Y8, 


L(n) =|] (1 +é/2n) ~1. 


i=) 


(3.20) 


As a numerical example we took a KCI crystal, 
for which * ¢€c =1.2;A4=1.10 ev; % w= 0.026 ev 
and p = 0.0166. Figure 1 shows the dependence 
of the probability for single—phonon capture on 
polaron velocity (wave number). The curve was 
plotted for ‘‘large’’ and small k according to 
(3.15) and (3.19) and was extrapolated graphically 
into the region of intermediate values of x. We 
note that the peak of the curve lies in the region 


of ‘‘large’’ k to which (3.15) applies. 
4. TEMPERATURE DEPENDENCE OF CAPTURE 
PROBABILITY 


The temperature dependence of capture probab- 
ility can be obtained by statistical averaging of 
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the foregoing expressions. We assume that free 
polarons are in thermal equilibrium with the lattice. 
The Maxwellian distribution of the polarons is 


Lik)oy =p. V B3/x e-8* IP*k2dk, (4.1) 
where F (k) is the distribution function over the 


wave numbers and w=fhw/@. The statisitically 
averaged probability is 
1 


w =—4 V 83/5 \ a) (ps) eee e f= k/p. (4.2) 
0 
We werenot able to calculate © from (4.2) in 


general form. We therefore confined ourselves to 
tabulating the dependence of © on # for a KCI 


crystal by numerical integration. The results ofthe 


calculations are shown in Fig. 2. The capture 
probability is extremely small at low temperatures 
but increases rapidly with heating and reaches its 
peak at T ~ 120° K. With further heating the 
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probability decreases relatively slowly (by a 
factor of about 4 bet ween 120° and 600°K..). 
The minimum lifetime of polarons in a KCl 
crystal (0 ~ 6.2 - 10723 cm® ) with reference 
to one-quantum capture is 
Amin or LON Pe aa 


(4.3) 
In Pekar’s diffusion theory the polaron lifetime 


against capture by Coulomb centers is calculated 
from the formula? 


PERLIN 


<= ¢/4neuN, (4.4) 
where u is the polaron mobility, which according 
to Ref. 2 is given bythe relationu = uy (e~—1) 

For KCl a 463 abs. units. For T = 122°K 
(8 = 2.5) formula (4.4) gives T~ 1.5 » 10° Na 
sec. Comparison with (4.3) shows that, in the case 
considered polaron diffusion to lattice defects 
is not a “‘bottleneck”’ in the recombination pro- 
cess. The diffusion theory will hardly be appli- 
cable at very low temperatures also. We emphasize 
that our conclusion does not refer to capture by 
neutral centers when, as was noted above, the 
diffusion theory leads to satisfactory agreement 
with experiment. 

We propose in the future to make a comparison 
of the theory with experimental findings, espec- 
ially with reference to the kinetics of the thermal 
bleaching of colored crystals. At the present 
stage of our investigation such a comparison would 
be premature since, in addition to what has been 
presented above, we require a theoretical calcula- 
tion for multi-phonon capture and thermal ioniza- 
tion of F-centers. Subsequent articles will be de- 
voted to these calculations. 

In conclusion the author wishes to acknowledge 
his indebtedness to Professor S. I. Pekar, who 
made a number of very valuable comments. 
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The Schrodinger equation is solved in a semi—infinite molecular crystal. Exciton 
mS localized at the surface are found. The energy spectrum of surface excitons is ob- 
ained. 


by Van der Waals forces, and the binding energies 
are much smaller than the dissociation energy of 

a molecule. These properties are indicated by the 
fact that, when a molecular crystal sublimes, the 
molecules evaporate without dissociation. The 
weak binding of the molecules in the crystal pre- 
serves to some extent the individuality of each 
molecule and allows us to use the most powerful 
method of calculation, perturbation theory. 


I. INTRODUCTION 


S. DAVYDOV? investigated the excited states 


‘ 


A. (given the name ‘‘excitons”’ by Ia. I. Frenkel’) 
of an ideal molecular crystal. If the number of 
elementary cells in the perfect crystal is large, 
it is obviously permissible to regard the crystal as 
infinite and to impose periodic boundary condi- 
tions. 

It has been shown theoretically? that in a large 
crystal the finiteness of the volume, if taken into 
account accurately, does not lead to a noticeable 


Aw 
5 ° 2 . 
Since V doe small, an approximate wave- 
m 


function forthe crystal can be expressed in the form 


disturbance of the normal motions. But the assump- 
tion that a crystal is infinite necessarily makes it 
impossible to investigate physical phenomena oc- 
curring atthe surface. Very few papers? have 
been written on this subject, mainly because the 
disturbance produced by the free crystal surface 
is not small compared with the molecular interac- 
tion energy, and therefore ordinary perturbation 
theory is inapplicable. I. M. Lifshitz’s theory of 
regularly degenerate perturbations*~ ’ makes pos- 
sible some significant progress in this direction. 
Our problem is to study the behavior of an ex- 
cited state (exciton) at the surface of a molecular 
crystal. For simplicity we consider a cubic lat- 
tice with one molecule per unit cell. We neglect 
the molecular motions, i.e., we study a ‘*free’ 
exciton. The equation for a stationary state of a 
molecular crystal can be written in the form 


(SHat+Z DY Vin—E)O=0, 


n 
< * 
where His the energy operator of the molecule in 
4 Siiesanea : 
the n’th cell of the lattice, yx the interaction 


operator between the m’th and n’th molecules, é 
the eigenvalue, and ® the wave—function of the 


crystal. The summation extends over all molecules 


in the crystal, and the prime means that the terms 
with n = m are omitted. The molecules are bound 


@M—.: q ees, 
L Panes + Pi PoP Py = | Pint 
m 


Here (2N, +1)(2 N, + 1)(2N, +1) =2N +1 is the 
number of molecules in the crystal, and y __ is the 


eigenfunction of a single molecule. 
Suppose that the nth molecule absorbs a photon 
and makes a transition to an excited state. Then 


Yn ea , where pf is the molecular wave— 


function of the excited state. The wave—function 
of the crystal will be a superposition 


= QN+1% (2) 


Yen Die Karle bX tlem Gales 
n N m 


Here |a ° |? is the statistical weight of the state 


in which the excitation is carried by the nth mole- 
cule. From the definition of an ideal crystal it 
follows that this quantity should be independent of 
n. The antisymmetrization of the wave—functions 
gives rise to very complicated formulas without 
significantly changing the results, and will for the 
sake of simplicity be omitted in our analysis. We 
substitute Eg. (2) into Eq. (1), multiply bye 
and integrate over the internal variables of the 
molecular wave—functions. The result is 


J if 
YY Mina’ — 08, = 0, @ 
n 
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“a 4 
Mam < \ OnPiVe Ke avs : 


nm 


where ¢ s Tepresents all the remaining terms, in- 


cluding the eigenvalue € (see Ref. 1, inwhich the 
same notations areused). 


The matrix element VM a determines the proba- 


bility for transferring the excitation from the nth 
molecule to the mth. The formula shows that the 
ereater the interaction energy, the more rapildy the 
exciton will migrate. Hence when we go from 
molecular to ionic crystals the migration velocity 
will in general increase. Further, the exciton will 
migrate with highest probability and therefore with 
highest velocity along those crystallographic di- 
rections in which the interaction is strongest. 

If the interaction is due to a dipole—dipole force, 
‘then the transfer probability is W ~ |M La? Rook 


where R is the molecular separation. Any vibra- 
tion of the crystal, even if the changes in the 
molecular separations are small, will produce a 
strong effect on the interaction, on the migration 
velocity, and finally on the line widths in the 
optical spectrum. 


I]. THE SEMI-INFINITE CRYSTAL 


In an ideal crystal | a , ° |? is independent of 


n 


the index n, since all molecules in thecrystal are 
eguivalent. In a finite crystal the molecules at 

the surface are distinguished from molecules inside 
the crystal, and the values of | a © | 2 will be dif- 


ferent. 

Suppose that a crystal is cut by a plane and the 
interaction between molecules on opposite sides 
of the plane ceasesto exist. Between the molecules 
in each half of the crystal we suppose the inter- 
action to be the same as in theinfinite crystal. The 
lattice is supposed to be undisturbed, except for 
molecules close to the cutting plane where the in- 
teractions are different and some disturbance of 
the lattice may occur. 

The equation for the semi—infinite crystal is 


eet a | ee 
n nm 
The operator Yate differs from ae Equation (5) 
may be written in the form 
pa i (6) 
(>! Jaye + If, > Vian rs ue Parties: aa é) vy a 0; 


n nm nin 


a XY 0 Les (7) 
SS Anm = Sy Vam — > Vian 
nm nm nit 
~~ 
where A | is a perturbation operator. If the 


nth and mth molecules are on opposite sides of 
the cutting plane, then by definition V im BO: If 


the aes are on the same side of theplane, 
then V7, = ctas and the perturbation opera- 


tor is zero, except for molecules at the surface. 
Thus it is assumed that the perturbation does not 
penetrate deeply into the crystal. 

We substitute Eq. (2) into Eq. (6), multiply 


by y vi , and integrate over theinternal molecular 


variables. The result is 


; pak Al st Oat Vv n 
>» an \ OmPmV nm onghdr + »} An (\enehVam enohde 
n - ‘ 
if OM (8) 
a, \ Onn Vn ghende ) i amet ——4 OQ, 


/ 
f yf 
> anMinn ae >, aye = fin = 0, 
n n 


where ¢ i. denotes all the remaining terms, as 


before. The index n may be represented as a 
VE COR AIMS AL SOI +n, k, where i, j, k are 


generators of the cubic lattice. The cutting plane 


is parallel to the plane of the vectors j, k and 
passes through thepoint n hen 


The problem can now be reduced to one dimen- 
sion. Since thecrystal remains periodic in the 
plane of the vectors j, k, we can write 
An — Qn, non, — An, ei nakat nyk,) — Gye ae 


3 


Kk. == >) (x / Ni) bz vis 


i=2 


= Nira SNS 
ie Neb» ty nsbs, 


Here be is a vector of the reciprocal lattice, 


and b 


bo b, are vectors of the physical lattice 


defining a plane cell. 

This ansatz for the amplitudes means physically 
that we resolve the exciton wave into three direc- 
tions and let these three component waves propa- 


gate independently of each other. The probability 
of finding the exciton at a given position (mole- 
cule) n, ,n gM, , is then the product of the 
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probabilities for finding it in the three planes pass- 
ing through that position perpendicular to the lattice 
axes i, j, k. 


e sum separately over thevariables n oe 


Se An Mim as 2 GaMave (k-); 
n 


My 


tere 
Mam (k-) = >» alia Ue . 


NoNs 


In the same way we write 


, 
> LE Nese = >) Ga Arms 


n ny, 


This summation means physically that we are con- 
sidering the interaction of the mth molecule with a 
whole plane, say the (m + g) th, of lattice—sites. 
The interaction of the mth molecule with the lattice 
plane in which it itself lies will not be disturbed by 
the cutting plane, and this interaction therefore 
does not affect the amplitude a m of the energy 
level. Pictorially, we may say that the cutting of 
the crystal, withthe assumptions which we have 
made, changes its properties only in the n , direc- 
tion. 


Now n , may coincide with m. 


The equation for a one—dimensional chain may 
he written 


» areal ee (kz) a > GaN 7 in ie Tap, a, (9) 


ny ny 


Henceforth we shall write n instead of n Ae In 


matrix notation, the system of equations (9) be- 


comes 


(M—A—cE)a=0, (10) 


Here M is the matrix with elements Mod , Eis 


the unit matrix, A has elements A J and aisa 


column —matrix. 

We consider the case in which the molecules in- 
teract not only with nearest neighbors but also 
weakly with next—nearest neighbors. Since we are 


now interested only in one half of the crystal (with 
aes 1), the perturbation operator may be written 


r } a a Da 
a »Y (AeOneonl = i Apnm®n1 mo Se LApmn29mi 


nm 


ty aba - 
=F EN en nome =e Nam noone aN Ode mo)» 


Toavoid writing the factor 1/2, we suppose it 


henceforth included in the definition of each matrix 
element. 


The first two terms represent the perturbation 
acting between the first layer of molecules of the 
left half of the crystal (n < 0) and the first layer 
of molecules of the right half. This perturbation 
must be assumed a little larger than V = , since in 
our model there is some interaction between the 
first layer of the right half and the second layer 
on theleft. To avoid having additional terms in the 
operators, we suppose this perturbation of the first 
layer on theright by the second layer on the left 
to be already included at the beginning of the cal - 
culation. The magnitude of this perturbation will 
affect the numerical values but not the form of our 
results. The third and fourth terms represent the 
change in the interaction between thelayers n = 1 
and n = 2. The surface layers of the crystal will 
be compressed in the direction normal to the sur- 
face, and / is a measure of the magnitude ofthis 
effect. The fifth and sixth terms are the perturba- 
tion of thelayer n = 2 by thelayern = 0. The 5 ik 
are Kronecker sybols. 


lil. THE PERTURBATION OPERATOR 


We consider the one—dimensional perturbation 
operator as it was before the transition to matrix 
notation: 


First we transform it as follows: 
¢ \' in a 9 (11) 
>) eae = > CAO pom 


“A “n a a 
+ AnmSn1%mo ai LA nmOn2°m1 


x Dd A is] N A X 0 = 
== LAjmOnome ae nm2no? me = nm2nQ2mo — 


9 
a > » (%niOno == Bron a Haine) 


nh i=1 
a a \ 
x (Yoorae + LmiOm1 <i YmiOma)- 


The coefficients « , 8, y, ete. in Eq. (11) are de- 
termined by requiring that the final expression 
after expanding the brackets becomes identical with 
the preceding expression. In matrix notation the 
operator (11) becomes 


82 
2 ae (12) 
JW y ag wlane 
itt 
(13) 


Tho a \ Onth (&niOno + Brion, + %n ina) A, 


' 
m = | Om n ({midmo + Pmidm, + Amidme) a. 


Eq. (10) may be written 


i (M — ofE) Aa. 


We express the vector A a as a superposition of 
eigenvectors of theunperturbed system, A a 


=> Ue a _,° , the vectors a ,° being orthogonal 


to eachother. The orthogonality condition implies 


2, = ay Aa, 
2 ey 2 (14) 
Dae glace agla linia): 


i 


Ze 
I 
wet 
Ss 


(lng el Ly a): 


2 
2, = DY) a} (LaLody + 13 Lia). 


~w 


All the remaining coefficients are zero, since in 
the perturbation operator only three matrix ele- 
ments are different from zero. We now let the 
operator (I — a E)-1 act uponA a: 


E 15 
a=(M—</E)1 Aa = eee ay ue 
ho — ef 
ms Be, Lo» 
a "ap 
Ta eH e— & 


The coefficient J in the expansion of the vector 
A a in terms of the a xe are c—numbers, and 
therefore commute with the operator (M—e Eri 


The vector a, ° is an eigenvector of the unper- 


turbed problem, i.e., it is an eigenvector of the 
operator M and A n is the corresponding eigen- 


value. 


The absolute square | a ale aN Nel 


the ith component of the (in general infinite—di- 


mensional) vector a in Kg. (10) is the probability 
of finding the exciton at the ith molecule. The 
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vectors of the unperturbed and perturbed system are 
constructed in our model from the same basic states 
(the unit matrix is the same). From Eg. (15) it 
appears that the perturbed vector a has only 3 com- 
ponents different from zero, indicating that the 
exciton is localized close to the surface. In the 
expansion coefficients of the vector a [Eg. (15)] 
there appear the coefficients Dy, nye i de- 


fined by the expansion (14). To complete the so- 


lution of the problem we must calculate 1 oa; L, . 


Ly * 


By operating with L A. on kg. (15), we obtain 


Ze 0 
Lea + Lia,+ L3a, = — 3 Lao 
u ro — ef 
et 1.0 LZ XO 
ale f Lyay : i La, 
a — of Ae — of 


The operation of L,? gives the analogous result 


2 2 2 ae 2 
04) + Ly a,+ Loa, = emais ge Loa 


Oma Tt 
Fy 20 LP» 2.0 
ate ica Bais Lia, + 7 La, 
Ar — 8} Ao — & 


These equations reduce to the form 


a, (Lo + Li— T, —T, —T, —T;) 


+ ay (L3 — T; —T2) = 0, 


a, (Lo + Li —T,—T,— Ts; —Ts) 
+ a(L2 0; Tn) 0; 


= eres 


i=1 
| 

= Ne tos cael i; i 

T» mene! 2 tals, T, = anh > Eis, 


2 
2 | \ Pig , | 
if. ah OE ig ae ae Lip — 
ee 2 Lalo, T3 = 


Using the condition that the two halves of the 
crystal are identical, we have put | a 5 | Ble 


he 
1 
In order that kg.(16) should have a non—zero solu- 


tion, the determinant must vanish, and this gives 


a quadratic eguation for e€ id .Whene f ig 
1 
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known, the coefficients can be calculated from 


Eg. (15), and hence 1 ae = i > » and finally 
the eigenvalue €, can be determined. 


IV. CONCLUSIONS 


The solution which we have found[Eq. (15)et seq.] 
extends only over the region of the crystal which 
is disturbed by the surface. We saw that a 

n 
1 
i.e., the amplitude is non— 


see REALS) ta 


4s) n,2 ny2’ 


zero only at the surface. Such a solution, ohtained 


by writing Eg. (10) in the form 
a=(M—c{E) Aa 


exists only where the operator A is different from 
zero. Inside the crystal, where the surface has no 
effect on the molecular interactions, Davydov 1 


has shown that solutions havethe form of a plane 


exciton wave e! (kn—ot Using Davydov’s 


terminology, we may call the solution (15) a surface 
exciton wave, as opposed to a volume wave. 

The surface exciton wave, which we call for 
brevity a surface exciton, occupies levels distinct 
from the levels of volume excitons. The number 
of lattice planes, into which the surface exciton 
penetrates, is fixed by the depth of penetration of 
the surface perturbation. The number of levels of 
a surface exciton -in turn cannot exceed the num- 
ber of lattice planes into which the exciton pene- 
trates. Or if there are not one but « molecules 
in each plane cell (b , b, ), then each level splits 


into « bands. Each band finally has a continuous 
structure connected with the variation of the sur- 


face wave—vector i of the exciton. 


To observe a surface exciton spectroscopically, 


one must use a crystal with a large inter—molecular 
interaction. The heat of sublimation should be 

of the order of 10 kilo—calories per mole. The 
experiment must be done at the lowest possible 
temperature, and the specimen must have a large 
surface—to—volume ratio, (for example, a powder). 
Mosaic structure and microscopic cracks in a crys - 
tal should also cause surface excitons to appear 
at internal surfaces. 

The method of calculation which we have used 
can also be successfully applied to problems con- 
nected with any kind of lattice irregularity in mole- 
cular crystals. 

In conclusion, the author expresses his thanks 
to V.L.Levshin for his interest in the work, and to 
A. S. Davydov and J. V. Obreimov for valuable 


advice and criticism. 
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A method is described for constructing electromagnetic interaction Hamiltonians of 


a many-particle system, based on the usual Hamiltonian formalism, For illustration 
the Hamiltonian for the pair interaction of spinor particles is derived. 


INTRODUCTION 
HE exact solution of problems connected with 

T the many body problem in quantum electrody- 
namics is confronted by considerable difficulties 
both of principle and of technique. An approximate 
treatment of this problem is possible by means of 
representing complicated motions of a system of N 
charged particles as a superposition of simpler 
processes, in each of which NAN = 203, eae NV) 
real and a certain number of virtual particles take 
part, and by separately investigating each of 
these processes. Due to the work of Schwinger 
it is now known how to obtain the Green’s function, 
and also how to obtain and to solve (approximately) 
the corresponding equation for each of these simp-. 
ler systems. 

In this article we propose a different method of 
describing the elementary interactions of which 
the complex motion of the system of N particles 
is composed. In place of a set of Green’s functions 
we shall make the system of N particles, corre- 
sponding to a set of interaction Hamiltonians of 
different orders. Each of these corresponds to a 
process with a strictly defined number of real 
and virtual particles. As will be seen below, it 
will be possible, by using this method, to calculate 
in a simpler way the relativistic and field correc- 
tions to the optical spectra of atoms which have 


their origin in the multiple interactions of the par- 
ticles. 
An explicit expression for the Hamiltonian of the 


N-th order which also contains the term represent- 
ing \-fold interactions (N real particles participate 
simultaneously) can be obtained from the usual 
equation of quantum electrodynamics 


(E—H) 9 (x) =0; 
H = SY Le (1) 
j=0 


written, for example, in the Schrédinger or the 
Tomonaga-Schwinger representation. In order to 

do this, it is necessary to assume all the processes 
of lower multiplicity (1, 2, ..., N — 1th orders), 
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to be virtual, and to exclude the terms correspond- 
ing to them from the equations of motion (1) by 
means of unitary transformations. A summation 
over the intermediate states of the 1, 2,..., 

(N — 1)-th orders is carried out in Eq. (1). The 
result then describes correctly electromagnetic 
processes in systems with N (N’> N) real and 
virtual particles, and its Hamiltonian will con- 
tain explicit expressions of N“=N, N+1,..., 
2N — 1 orders which can be directly used to de- 
scribe processes in which N “real and virtual par- 
ticles participate. 

The representation of the Hamiltonian of the 


N-th order by summing the processes with all 
possible intermediate states possesses a number 
of advantages which make this method convenient 
for the solution of specific problems. 

First of all, in each approximation (in each 
Hi) the relativistic invariance of the method is 
guaranteed, since the terms are classified only 
according to the number of particles which they 
describe. This allows one to obtain correct non- 
relativistic approximations for the interaction 
Hamiltonians of all orders, even in the Schrédinger 
representation, which is quite useful in view of 
the fact that until now a number of authors!’? 
have attempted unsuccessfully to obtain them from 
Breit’s equation. 


9 . 
summation 


over the intermediate states of the interaction 
Hamiltonian makes it unnecessary to calculate 
higher approximations of the interaction energy by 
means of perturbation theory, and consequently 
a knowledge of the complete sets of eigenfunctions 
of the system under consideration.in the zeroth 
approximation is not required. The energy correc- 
tions of the required order to the energy terms of 
the atom will be simply determined by the matrix 
elements of the corresponding Hamiltonians. 

In the third place, in this case, just as in the 
case of the expansion of the S-matrix in a power 
series, a ““term by term”’ regularization is possible 


In the second place, a “‘preliminary’ 
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since the removal of the field divergences from 
each Hamiltonian of the N-th order means their re- 
moval from the corresponding approximations of 
the theory. 


1, SETTING UP THE N-TH ORDER HAMILTONIANS 


The basic equation of electrodynamics (1) has 
the following form in the Schrédinger representa- 
tion: 

[(id / Ot) —A\v(r, t) =0; 
H =H, + Hy + Hy. 


Here W(r, ¢) is the wave function of a certain 
system of particles in configuration space, 

He H‘, Hi, — are respectively the Hamil- 
tonians of the free fields, of the interaction of 
transverse photons with particles, and of the Cou- 


(1.1) 


lomb interaction between particles. We assume 
all fields to be quantized and we do not introduce 
a potential of an external field*. 

Let us carry out the unitary transformation 


Cir, 4) ey, ft), (ed) 
by means of which (1.1) is brought into the form 
[(i0 / Ot) — Fy) v(r, t) =0; (1.2a) 
. a a 
m=0 


ses o. <1 Siatle tHe Hal. > 1). 


If one demands that 


i So tlel ea, (1.4) 
then the Hamiltonian of Eq. (1.3) will be free of 
the interaction term of the first order (see also 
Ref. 3). But, as has been noted already above, it 
wil] contain explicit expressions for the Hamilton- 
ians of the 2-nd and the 3-rd orders 


Hy = Hy —1)si [Si, Han ys (1.5) 


tT Sia ot [Seo Hy th 


Carrying out in turn the 2,3,...,4,..., (N — 1)th 
unitary transformations of the type (1.2) and impos- 
ing on the operators S, the conditions 


(1.6) 


ly, —t [Sr, Alo] == 0, (1.7) 


* The introduction into (1.1) of the interaction of the 
particles with an external field does not change the 


following calculations, 


analogous to (1.4) we shall obtain as a result the 
equation 


[(t0/ Ot) — FHn-4] ¥(r, t) = 0; 
Ftn—, = exp {— iSw_ 1} Hs exp {iSy_ 4}, 


which correctly describes processes in which N’ 
(V’> N) real and virtual particles take part. In 

its Hamiltonian explicit expressions occur for the 
interaction Hamiltonians of the N, N+1,... 


(2N — 1)-th orders. 


The Hermitian nature of the operators i 


occurring in (1.8) and of the individual terms H, 
which they contain is a direct consequence of the 
Hermitian nature of the original Hamiltonian WN and 
of its terms (1.3), and may be easily proved by 
the method of induction with the aid of relations 
(1.2) - (1.8). We shall not go into this, but shall 
directly state a rule according to which the opera- 
tors S$, should be constructed to satisfy condition 
(1.7). In order to do this we shall represent the 
operator H, in the form 


(1.8) 


? 


Hy =\dp{in(p) + hi (p)}. (9) 
Then S, turns out to be equal to 


x(n (P) — hi () |/(XEr(P) — DEP), 
n D 
where pape ea E;) is the sum of the free 

n p 


energies of particles of the i-th kind with momenta 
Pj}? absorbed (created) by the absorption (creation) 
operators occurring in h,(p); p is the set of all 
the three dimensional momenta occurring in the 


integrand of (1.9). E {p ) stands for the diagonal- 
ized operator for the free energy which in the case 
of Bose-particles is defined by equation 


Ei (p)) = ¢ij = + V py + mi (1.11a) 
and in the case of Fermi-particles is defined by 
equation 


Ei (p,) = 67 = ob V Di tm oa pale) 
It follows from (1.10) that S, is a self-conjugate 

quantity. The verification of this formula presents 
no difficulties and may be carried out by substitut- 
ing into (1.7) formula (1.10) and the expressions 
Hf, and h,(p) which have the form of a product 
of certain coefficient functions by the product 
of field operators. 
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In the Tomonaga-Schwinger representation the 
Hamiltonians Hy, are obtained in the same way as 
in the Schrédinger representation and have the same 
appearance. For example, the terms Hi, H, in 
the Tomonaga-Schwinger representation are iden- 
tical with (1.5) and (1.6). The difference arises 
only in the explicit expression for the operators 
ie and Sy which in the Tomonaga-Schwinger 
representation are defined on an arbitrary space- 
like hypersurface 0 =o (x,), which passes through 


a fixed point in four-dimensional space (x,,) 


Hy, = Aly Coys Sh — Tay [s (Connie (B) 
where S, is a functional. At the same time the 
expressions which define S[o] also take ona 


different form. Thus, to Eq. (1.7) in the Tomonaga- 
Schwinger representation there corresponds (in com- 
plete agreement with Ref. 4, where the expression 
S,lo(«,)] is investigated) the equation 


5 


a (1.7a) 
36 (x) 


Spfotx)) Se) 


by integrating which we shall obtain an explicit 
expression for S, 


e (1.10a) 
Sp fo (x)] =— 4 \ Hy (x’) elo (x), 0 (x')] dx’, 


where 

[o(x), o(x')J= +] Xo — Xp) =20. (C) 
It may easily be seen that with the aid of the 

transformations (1.10) one may eliminate all the 

effects from the equation of motion with the ex- 

ception of the self-energy parts. The reason for 

this is that S, commutes here with H, and does 

not lead to the appearance in the equation of a 

corresponding counter term with a negative sign. 

Therefore, the self-energy effects should be elimi- 

nated from the equations of motion (1.8) with the 

aid of subtraction devices used in the regularization 

procedure. 


for 


2. EXAMPLE. PAIR INTERACTION OF 
SPINOR PARTICLES 


The term corresponding to pair interaction of 
particles (for example, of electrons) in the first 
order in e”(H ze)_iS contained in the Hamiltonian 
H, (see Eq. A°s)). The expressions for this 


term, and also for S, were first obtained by Snyder® 
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who investigated in detail the general covariance 
properties of H,,,, and who also attempted to ob- 
tain an expression for the electromagnetic mass 
of the electron in this approximation. The for- 
mula (1.5) was also utilized in the investigation 
of the problem of positronium? and the results 
obtained in that case agreed with these of other 
authors®’”. Therefore, we shall not investigate 
expression (1.5) in detail, but shall show how it 
can be written, and shall compare it with certain 
well-known formulas. 

In the simplest case of electromagnetic inter- 
action of spinor particles of the same mass, the 
Hamiltonian of Eq. (1.1) consists of the following 
terms: 


H = Hye + Hoy He Pee, (2.1) 
where fee = \ dpv* (p)-(ap os 6m) b (p), (2.2) 
Hoy = \ dkka; (k) a; (k), (2.3) 


Hic = 1 \ dp, dp, dkk-"*3 (k — pys) [ay (k) 


+ aj (—k)] das, (2.4) 


1 2 
AA 3c6 == z 


2 2n)3 (2.5) 


x \ dp, dp. dp; dpsPis -8 (pio + Psa) Vi ba'ds tba 


are, respectively, the Hamiltonians for the free 

elec trons, for the free protons, for the interaction 
between electrons and free protons, and for the 
Coulomb interaction; a; » are the Dirac matrices; 
wAp,) = W.. 18 the absorption operator for an elec- 
tron with momentum P,3 a (k) is the absorption 
operator for a transverse photon with momentum k; 


(D) 
py — Dsl pes 
p, k are three-dimensio nal momenta, and the system 


of units is used in which h =c = 1, g =\/ 4/737 


In accordance with expression (1.10) 


Pab = Pa — Pp; Pa =| Pa |; 


=4 
Ain’? 


Po ge 


(2.6) 


| Bide dk 5 


a, (k) 4%, — a} (k) byoe 
Ve ‘ (k a Piz) ee : 


R—e,-+ & 
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Now substituting (2.5), (2.6) into (1.5) and retaining 


there only terms not containing photon operators, 
we obtain for H 


2ee 


2 
Heap a - 


x \ 4p, dp, dp; dp, (Py2 + psi) - Yiaag'Pon Yay 


> > 0 0 
Sap8ny 917 = PisiP io; 


Pio 2Px2 


( Bia BX jpy ' Sie eX iny \ (2.7) 
x ae 
Pig — &1 + 2 &3 J 


Ris ea 
— an expression which describes pair forces be- 
tween two electrons. Its covariant nature finds 
its expression in particular in the fact that in the 
case of scattering it reduces to the well-known 
formula due to Méller** 
LUGS 2 es ae 


2 (28 


(2.8) 


x \ dp, dp, dp; dp4° (pis + psy) : 


In the case of bound states the first non-rela- 
tivistic approximation (2.7) corresponds to the non- 
exchange part of pair interactions and agrees with 
Breit’s formula 
(2.9) 


Ge 
Hoce = ams 


0 0 
Sees 27% py 1 (a, aX 19) (%, X19) 


284.6 ay ot 
x\ dx, aX, a = 


* 
X1) Yu (Xz) Py (Xe): 


It follows from (2.9) [or from (2.7)] that Breit’s 
formula for the interaction energy is equally appli- 
cable to the description of non-exchange interac- 
tion between electrons, between positrons and be- 
tween electrons and positrons: 


** According to Wick’s theorem 


fad Dich oar : Agee: 


is equal to the sum of its normal product which de- 
scribes pair interactions and the normal product wit 
one pairing which describes the effect of the electron 


self-energy. 


2ee 


.pynon-exch 


Tate. Pu (Di, Dalia (Mia leapnl g beet QD ial on) 
~ \ ap; dp. Gad (P1» Pa Pi» Pa) Pan (Pi» Ps). 


(2.10) 


Here Pa5(P1Po) is the wave function in configuration 
space for a system of two particles; Gym is the 


expression for the interaction energy which occurs 


inside { $ in (2.9) or in (2.7); 


ey £ (ap, + Bm) 
2), 


tee 


are projection operators. This result does not. agree 
with the ‘‘exact three-dimensional equation’’ (13) 
of Ref. 8. 


‘ace: Fab (Bs, P2) = (Liak ss — Lialas) (9,33) 


x \ ap, dp: Gab" (Pr, Pos Pi; Pa) Zan (P1» Pa)s 


obtained in the Bethe-Salpeter theory. As may be 
seen from (2.11) the “‘exact three-dimensional 
equation’’ of Salpeter excludes first of all any 
possibility of interaction between electrons and 
positrons, and secondly leads to different signs 
for the interaction between pairs of electrons and 
between pairs of positrons. Both these facts con- 
tradict reality, and therefore the “‘exact three-di- 
mensional equation”’ (13) of reference 8 can be used 
only to describe processes occurring between elec- 
trons. 

The covariant nature of (2.7) also manifests it- 
self in the fact that it contains a covariant expres- 
sion for the electromagnetic mass of the electron. 
In order to obtain it we must calculate the matrix 


element <a|: Hoee :|a>, Which turns out to be 
equal to 
RR eae (2,12) 
om = tim (an) 
il al 4 m* | 
x \ aps ee ar 2 = €y (PiP2 — €22)® — m+ 


andcontains only a logarithmic divergence as 
Po ? oo, * 

“The calculation of Sm represents a very laborious 
and painstaking effort, and therefore the explicit 
formulation of the Hamiltonians of the N-th orders 

* In (2.12) the matrix element was calculated for 
only the diagonal part of the operator: Hy og since 


the matrix element of its non-diagonal part is identi- 
cally equal to zero due to the violation of the law of 


conservation of parity. 
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in the Schrédinger representation may be considered 
to be worth while only in those cases when the 
process under investigation is not connected with 
field divergences and does not require the regulari- 
zation of the equations. In such cases if we write 
the equations of motion in the Schrodinger repre- 
sentation we shall obtain expressions of simpler 
structure which do not require integration over the 
fourth coordinates. However, in order to investi- 
gate field processes in quantum electrodynamics 

it is more convenient to write the equation of mo- 
tion in the Tomonaga-Schwinger form. This guaran- 
tees a manifestly covariant form for the Hamilton- 
ian of each order, and allows the equations of mo- 
tion to be regularized directly. 
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Some Sum Rules for the Cross Sections of Electric Quadrupole Transitions 


in the Nuclear 


Photoeffect 


Iu. K. KHOKHLOV 
The P. N. Lebedev Physical Institute, Academy of Sciences, USSR 
(Submitted to JETP editor February 6, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 124-129 (January, 1957) 


Two parameters which characterize the cross 


sections for quadropole transitions in the 


nuclear photoeffect are estimated [ formulas (22), (25) ]. Other (known) parameters which 


characterize the dipole transition cross section 


indicate that, in intermediate and heavy nuclei, 


are used for this purpose. The estimates 


the ‘‘center of gravity’’ of the quadropole 


transition cross section is situated at energies exceeding 10-20 mev. 


A pe previous theoretical estimates’~? of the 
parameters which characterize the total cross 
sections for electric quadropole transitions in the 
nuclear photoeffect are based on the liquid drop 
model of the nucleus (let us denote this total cross 
section by o,.(v), where v is the photon energy). 


These estimations allow us to assume that the 
cross section 0, has at least two maxima. The 
first maximum is in the range of energies of the 
order of 1 mev, which correspond to the eigenfre- 
quency of nuclear surface vibration. The second 
maximum takes place on the right of the dipole 
resonance energy, at energies of the order of 20-40 
mev — which correspond to the lowest eigenfre- 
quency of the nuclear matter polarization quadropole 
vibrations. The cross section area under the second 
maximum is appreciably larger than the cross section 
area under the first one. 

In order to obtain a model-independent confirma- 
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tion of the conclusion of Danos and Steinwedel?~? 
on the existence and on the role of the second maxi- 
mum, we will consider two sumrules which charac- 
terize the cross section for quadropole transitions. 
These sum rules [see formulas (19), (20) and also 
(22), (25)] relate the cross sections Oro (v) with 


some constants (with respect to v) which depend 

on the nuclear structure. For the calculation of one 
of these constants (the calculation of the other one 
is trivial), we make use of that phenomenological 
expression for the coordinate distribution of two 
protons in a nucleus which is experimentally con- 
firmed in the case of dipole transitions. For this 
purpose, the first step of this work consists in re- 
considering two known sum rules which correspond 
to the cross section for dipole transitions. 


1. DIPOLE TRANSITIONS 


in the present section, we are interested in the 


ELECTRIC QUADRUPOLE TRANSITIONS 89 


two polionane sum rules which have been considered 
previously 4~ 


4 : f (1) 
= <DD — DD), 


(2) 


op (v) is the total cross section for dipole 


transitions and the symbol < > means averaging 
over the ground state of the nucleus; D is any of 
the components of the dipole moment operator in 
the long wave length approximation. To be speci- 
fic, let D= De == €..2,, where e, and z, are the 
charge and the z-component of the coordinate q, 
of the «-th nucleon. The dot above the operator 
stands for i/h times the commutator with the 
Hamiltonian of the nucleus. 

The coordinates q, are related by the condition 


ya. =0, 


which expresses the fact that we are dealing with 
the relative coordinates subspace. 
Using Eq. (3) and after some transformations, 


we get 
(4) 


(3) 


\ o,-,(¥) dy = 272 he? 
0 


mc 


AZ 
= (1 +A). 


where N and Z are the neutron and proton numbers; 
m is the nucleonic mass; A is a positive quantity 
for the calculation of which it is necessary to 
know 1) the ground state wave function of the nu- 
cleus, and 2) the exchange part of the nuclear po- 
tential; in the absence of exchange, A = 0. 

The theory*’® gives the following estimate for 


A: 


A = 0.1A?/NZ = 0,4. (5) 


This estimate is in excellent agreement with a 
more exact investigation which can be carried out 
in the case of photofission of the deuteron. 

The right hand side of the sum rule (2) is com- 


puted in Ref. 7. (See also Refs.6 and 8). In the 
present Section, we are going to consider the sum 


rule (2) from a somewhat different, phenomenological 


point of view. 
Let us introduce the functions n (rt) and Ny Fs r) 


describing the coordinate distribution of two pro- 
tons in a nucleus 


Nap (Fs t") = (Z(Z— 1]? (6 


\) a 
x Dd) D) or —a,) ar’ —q,), 
Pit Pe 


(7) 


Np (tr) = | Pep (er iudee 


Using the distributions n, and n,, the expression 


< D? > can be rewritten in the form 


(Dy = FIZ, +Z(Z—Nawreh © 


ne \ rn» (r) dr; (9) 


Chips, = tr'ne, (tr; 6) drare 


Let us call ‘‘zeroth’’ the nucleon coordinate 
distribution for which all the distributions 


Nag (I,0’) = <6 (F — qa) 8 (r’ — qg)> 


do not depend on « and f;_ in particular, they do 
not depend on whether the o-th and G-th nucleons 
are both protons, both neutrons, or are different. 
The functions n,, and xn which describe the 
coordinate distribution of two neutrons and of 
two different nucleons are, in the case of a zeroth 
distribution, equal among themselves and equal to 
No» Taking this into account, and averaging the 
square of the Eq. (3) over the nuclear ground state, 
we find that the following equality is true in the 
case of a zeroth distribution: 


GOLA =A) dio a (10) 
Substituting (10) into (8), we get 
0) oe Ce oN Ol Oe 2 NZ ae oat) 
DO SS aot SP) eee 


where R is the nuclear radius. 
It follows that in the general case the sum rule 
(2) can be transformed into the form: 


N (12) 


C iy ee Ne 
EO) ee ae 
0 
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A =—[(Z—1)(A— 1)/NZ <r?) 5] (13) 


rr’n) (r, r’) dr dr’, 
xX P 


(0) (14) 


(1) my i, ia): 


Pept hfs ola) 
In what follows, we are going to assume that 
the coordinate distribution of a single nucleon, 
given by the function n,(r), is the same in the 
zeroth case and in a non-zeroth case; it follows 
then that Le (r, r’) satisfies the condition 


ne (it ar =O. (15) 


The previous calculations °~® of the quantity 
<D? > show that the main reason for the deviation 
of the true coordinate distribution of identical 
nucleons from the zeroth distribution is the Pauli 
principle; according to it, the approach to one 
another of two identical nucleons is appreciably 
less probable than that of two different nucleons. 
Therefore, to get the qualitative character of the 


function oe 

p 
the simplest gas model of the nucleus — so far as 
this model takes the Pauli principle into account. 


it will be sufficient to consider 


The result of such an pres amounts to 


the following: the function n oo is approximately 


proportional to Bee everywhere except in a region 


where the distance between the points r and r’ is 
less or of the order of a, a being comparable to the 
mean internucleonic distance. Considering this 
region as being small with respect to the nuclear 
volume (i.e. neglecting the edge effect), we can 
approximate the function ue G r’) with the help 
of a 6-function of r-r’: a 


(1) 


Set get iy ES FS 


a 
where Q, means (a3/R3), 


Substituting (16) into (13), we get 


A=Q,(Z—1)A/N. (17) 


2. QUADROPOLE TRANSITIONS 
The expression of the cross section for quadru- 


pole transitions in the long wave length approxi- 
mation has the form 


, y \8 
a4, co | Qyo |? 8 (Ey — Ey —v). (18) 


Q is any of the non-diagonal components of the 
quadrupole moment operator. To be specific, let 


—= 1 
Q = Qis = "/s uh CaX aku 


Or (v) = 4n° > 


Using the matrix multiplication rule, we readily 


get 


(19) 


c 42 = —ih 2 < 
\ Sr9(¥) = == (hic)? 5 QQ =a QQ; 
0 


c foray (20) 
) cna) St = GE QP. 
0 


In the derivation of Eq. (20), we have neglected 
the mean square of the nuclear eigen-quadrupole 
moment with respect to (Q )?, ice., we have 
assumed <Q?) = Onn): Oe 5 is the mean value of 
the operator Q in the nuclear gr ound state. The 
bar means averaging over degeneracy (if any). 

It is easy to note that Eq. (19) is analogous to 
Eq. (1), and Eq. (20) to Eq. (2). This analogy is 
very useful. Let us first consider the right hand 
side of Eq. (19). After elementary calculations, 
we get 


— (ih/2) QQ — QQ) (21) 


= (h?/4m) eZ <x?>p (1 + 6). 


<X*>~R*/5; Eis a positive quantity which 
vanishes in the absence of exchange forces. Let 
us try to obtain the relationship between € and 
the quantity A introduced above. For this purpose 
let us assume some simple expression for the nu- 
clear exchange potential energy U; for instance, 


U = Ud. a0) eee 
a, B 


where P, , is an operator representing the coor- 
dinates q, and q 2 (calculations with such a U 
are carried out in Ref. 4). Substituting this ex- 
pression in the sum rule (1) and (19), we get after 
some calculations 
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eae 
ap 


ad ‘ 
Balle eee — ay) Vegas» [S. coey 
a ite Ow 


ay 4 . 
= — 2 ya (Ca — e6)*(a2e— x524)"UepPagd | Dt 8 +22). 


Comparing these expressions, one sees that £ 
has a tendency to be smaller than A by a factor 
of about (r/R). This estimate is of course very 
inaccurate; however, it does not matter for what 
follows whether we put & = 0, in the other limiting 
case, €=A. Tobe specific, let €=0. Finally 

co 


{ sev) 4 =F (2)(2 (22) 
0 


wige) ZR. 
For the evaluation of the right hand side of Eq. 
(20), let us first recall that in the evaluation of 

< D* > we had to take into account the relationship 
(3) between the coordinates q,. and Eq. (10), which 
follows from (3). In particular, we were not able to 
write the zeroth distribution i? (r, r’?. in the form 


of a product of distributions n(n) and n_(r’) because 


it would have led to a qualitatively incorrect re- 
sult: the right hand side of the sumrule (4) would 
have been proportional to Z rather than to ZN/A. 
In the present case, however, where we have to 
compute < Q? >, we can consider the coordinates 
q,. as independent, not taking Eqs. (3) and (10) 
into aceount. It is easy to show that the error 
due to this approximation is of the order of 1/4. 
In particular, we will assume that the zeroth dis- 
tribution (0) (r, r) is simply a product of the dis- 
tribution n_ (r) and n_(r). Further the correction 
for the zeroth distribution is given by formula (16) 
according to the condition (17) and with the addi- 
tional assumption on the multiplicativity of 
oats ©) 


With these assumptions, the expression 
(<Q?) = Yi ge? [Z <x2z®> p + Z(Z— 1) xx'z2"> op] (23) 


becomes equal to 


<Q?) = Mge?Z (x72?) p (1 — NA/A). (24) 


Letting (Ae ge ReaD, , we finally get 


(25) 


dv m2 / e2 \ ‘ 
\ oz2(%) Se = (qr) (I NAVA). 
0 


We see that in this case the correlation has an 
effect twice as small (V/A ~ %) as in the case of 
the sum rule (12) for dipole transitions. 


As already mentioned, the function A = A(A) can 
be obtained directly from experiment by substituting 
the observed value of a, , into the left hand side 
of the sum rule (12). However, the errors on the 
measurements of 0, are now such that the theor- 
etical values of A, calculated in Ref. 7, are probab- 
ly closer to truth than the experimental ones. The 
theoretical values of A can be approximated with 
sufficient accuracy by the following formula 


A =: 0.84(1 + 22/A). (26) 


For A =50, Ax 0.6; for A = 240, A~ 0.76. These 


values confirm the initial assumption on the small- 


ness of the correlation radius a with respect to the 
nuclear radius R. 
Consider the ratio 


foe) 


los} 
wn. (ve dy dy 
s=\ Sr2(¥) oa Sz2(¥) 
0 


0 


(27) 


Dao ! 


— —_— 


ee Re SE IA 


2.4-102 
A‘ (4 — ANJA) © 


We took R = 1.1 x 16713 A?/3 cm. In the case of 
a nucleus with A ~ 50, Eq. (27) gives 7, ~ 25 mev, 
in the case of uranium V, ~ 9 mev. Therefore, 


7, S10 90 May (28) 


Equation (28) gives a lowest bound for the position 
of the ‘‘center of gravity’’ of the cross section for 
quadropole transitions. Indeed, the energy V9 _ 
corresponding to the “‘center of gravity’” is defined 
by 
= \ op (Y) vay | (2x2 (>) dy, (29) 
9 0 


whence V) > V3: me: 

Hence we conclude that the “‘center of gravity 
of the cross section for quadropole transition is 
on the right of the dipole resonance, at energies 
exceeding 10-20 mev. 
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The angular and energy Spectra of pions inelastically scattered on photographic emulsion 


nuclei have been obtained. The average energy of pions scattered backwards (@ > 90°) was 


found to be 64.2 +3 mev. Inel 
was calculated by the Monte C 


astic scattering of 160 mev negative pions on emulsion nuclei 
arlo method on the assumption that the picture of individual 


meson-nucleon collisions is valid. The problem of the sensitivity of the results obtained 
to the assumed characteristics of the interaction of pions with the nucleus is considered in 


detail. By comparing the calculated results with the experimental data, the average potential 
energy of the interaction of the pion with the nucleus was determined at E, = 160 mev as V 


= — (24 +6) mev. 


INTRODUCTION 


Ane interaction of high-energy nucleons and 
pions with the nucleus can be regarded as a 

convenient tool for studying the properties of nu- 
clei. One can expect that, when the wavelength 
of the incident particle is less than or comparable 
with the internucleonic distances in the nucleus, 
experiments on the interaction of these particles 
with nuclei will be sensitive to the distribution 
of nucleons in the nucleus, to the energy spectrum 
of the nuclear nucleons, and to the interaction po- 
tential of the particles in question with the nucleus. 
In view of the fact that we know too little about 
the structure of the nucleus, an exact calculation 
of the interaction of nucleons and pions with the 
nucleus does not appear to be feasible. Therefore 
we can establish our conclusions about nuclear prop- 
erties for the present only on the basis of model 
representations, the extent of whose validity is de- 
termined by comparing the results of calculation 
with experiment. 

One of the possible models for the interaction 
of the fast particles with the nucleus is the hypo- 
thesis of nucleon-nucleon or meson-nucleon colli- 
sions in the nucleus!~?- There are the more reasons 
for such a model, the smaller the wavelength of the 
incident particle is in comparison with the internu- 
cleonic distances and the greater the momentum 
transferred to a nuclear nucleon in a collision. 
Theoretical estimates indicate that the model of in- 
dividual collisions of these particles with nucleons 
of the nucleus possesses adequate validity” at an 
energy %, 50-100 mev of the nucleons and pions. 
The results of experiments on the interaction of 
fast nucleons with heavy nuclei*~® , on the scatter- 
ing of fast protons on light nuclei?"??, on on the 
production of pions in nuclei by protons lead to 
the same conclusion. The interaction of fast pions 
with nuclei has been investigated less fully. In 


the published work, no quantitative analysis of the 
experimental results has been carried out; quali- 
tatively, however, the experiments in question do 
not contradict the picture of individual meson- nu- 
cleon collisions in the nucleus. In short, the re- 
sults of experiments on the interaction of pions 

of 100-200 mev with nuclei lead to the follow- 
ing/3-22; 1) pions are efficiently absorbed ny nu- 
clei; 2) in scattering on nuclei pions lose a large 
part of their energy, which can be explained by 
their being scattered on the moving nucleons of 
the nucleus. 

Usually experiments on elastic scattering of 
fast particles by nuclei are described in terms of 
the optical model. According to this model, the 
potential energy of the interaction of the particle 
with the nucleus is assumed to have the form of a 
square well with real and imaginary parts: U =V 
+io. The real part V represents the average po- 
tential energy of the interaction of the pions (or 
nucleons) with the nucleus. Obviously the quan- 
tity V must be taken into account also in calculating 
the inelastic interaction of fast particles with the 
nucleus, inasmuch as the deviation of the average 
interaction potential brings it about that upon enter- 
ing the nucleus the particle changes its energy by 
an amount /. 

In the present article the inelastic scattering of 
160 mev negative pions by emulsion nuclei is cal- 
culated under the assumption that the idea of me- 
son-nucleon collisions in the nucleus is correct; 
this calculation is compared with experiment. 

It is to be noted that the calculation of the in- 
teraction of fast pions with the nucleus is presented 
mainly in comparison with the analogous calculation 
of the interaction of fast nucleons. 

We remark that the calculation of the interaction 
of fast pions with the nucleus offers the advantage 
over the analogous calculations for fast nucleons 
that in this case it is not necessary to consider 
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the nucleonic part of the intranuclear cascade. The 
fact that, because of the efficient absorption of 
pions in the nucleus, pions escaping from the nu- 
cleus undergo few collisions with nuclear nucleons, 
also simplifies the calculation. 


1, EXPERIMENTAL RESULTS 


In this work a beam of negative pions with an 
energy E,, = 188 +5 mev, brought out of the cham- 


ber of the synchrocyclotron of the Institute for 
Nuclear Physics of the Academy of Sciences, USSR, 
was used. After passing through a deflecting mag- 
net and a collimator the negative pion beam entered 
an emulsion stack composed of 30 strips of NIKFI 
type R emulsion, each 395p thick and 70 mm in di- 
ameter. In order to facilitate the following of 
tracks passing through several emulsion strips, a 
common coordinate grid with lines about 35p thick 
and spaced about 3 mm apart was applied to the 
emulsion by means of x-rays. During processing, 
we selected stars so located in the emulsion that 
the pions which had produced the stars had traveled 
4.4 +0.9 cm in the emulsion, having lost at the 
same time 26 +6 mev. Thus the experimental re- 
sults obtained apply to a pion energy of 162 mev. 

A total of 1185 interactions of pions of the speci- 
fied energy with emulsion nuclei was found, Out 
of these an inelastically scattered charged pion 
was observed in 323 cases. The interactions of 
pions with nuclei were found by area scanning the 
emulsion strips under a magnification of 450 x. 
Therefore elastic interactions of pions witb nuclei 
and 0-pronged stars, in which the scattered meson 


lost less than 80 mev, were not recorded effectively. 


We also carried out an investigation of inelastically 
scattered pions escaping from 0-pronged stars and 
found in scanning a total of 80 meters of beam pion 
tracks. At the same time it was found that the 
characteristics of the energy spectrum of pions 
back-scattered inelastically (6 > 90°) do not 

differ appreciably from the corresponding charac- 
teristics of the spectrum of pions escaping from 
stars with one or more prongs and found by area 
scanning. 

The identification of scattered pions was effec- 
ted by determining the gradient of the grain density 
along the track. The energy of the scattered pion 
was determined from the grain density and from 
the length of the ionizing range in those cases 
where the entire pion track was imbedded in the 
emulsion stack. A graph of grain density vs. pion 
range for the given emulsion was plotted by follow- 
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ing the tracks of pions stopped in the emulsion 
stack to the place of entry into the stack. Values 
of dN/dR for pions at R = 25 cm and R = 16 cm 
were obtained with great accuracy by measuring 

the grain density of tracks in the emulsion stack 
and after traversal of 9 cm of emulsion, respectively. 
A stack 10 cm in diameter of the same emulsion 
was used for this purpose. 
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Fic. 1. Grain density vs. pion energy. (dN/dR is the 
number of grains along B0p1.) 


A graph of pion energy vs. ae in the emulsion 
was plotted from the data of Fay”? et al. and of 
a series of experimental determinations of the 
range of protons and pions**~?° in emulsion. For 
pion energies above 105 mev the graph of E = f(R) 
was extrapolated in accordance with the calculated 
data for Cu and Al. The data of Fay et al. used 
here apply to the Ilford G-5 emulsion; however, as 
was shown by measuring the lengths of muon tracks 
in the 7 + » decay, the stopping power of the 
NIKFT type R emulsion practically coincides with 
that of the Ilford G-5 emulsion”’. The graph of 
grain density vs. pion energy thus obtained is 
shown in Fig. 1. 

F’or determining the energy of the scattered pion 
we selected those events, where the angle between 
the pion track and the plane of the emulsion did 
not exceed 30°, inasmuch as for large dip angles 
the determination of pion energy from grain density 
gave incorrect results. In accordance with this se- 
lection a definite statistical weight, depending on 
the angle between the tracks of the primary and the 
scattered pion, was assigned to each event of a 
scattered pion with a dip angle 8 < 30°. A statisti- 
cal weight k = 1/p is assigned to each event, where 
p is the probability that a particle with a given 
angle of scattering has a dip angle £ (see Appendix). 

The energy spectra of pions scattered into the an- 
gular interval @ = 90° to 180° are shown in Pigs 2. 
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Fic. 2. Energy spectra of pions scattered on emul- 
sion nuclei into the angular interval 6 = 90° to 180°. The 


experimental spectrum is marked with a solid line, the 
calculated spectrum by a dashed line. 


The indicated pion spectrum has an average energy 
E exp = 04 £3 mev and a half-width 


Aer, = (2 (2 — £,)* k;/Dk;)* = 30.9 +3 mev. 


Here k, is the statistical weight defined above. 
The angular distribution of pions scattered inelas- 
tically on nuclei is shown in Fig. 3. 
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Fic. 3. Angular distribution of pions scattered on 
emulsion nuclei. 
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2. CALCULATION OF THE INELASTIC SCAT- 
TERING OF 160 MEV NEGATIVE PIONS 
ON EMULSION NUCLEI 


A calculation of the inelastic scattering of pions 
on nuclei according to the model of individual 
meson-nucleon collisions can be carried out only 
under specific assumptions about a set of innacur- 
ately known characteristics of the interaction 
of pions with nuclear nucleons. In particular such 
characteristics refer to: 1) the angular and energy 
dependences of the cross sections for meson- nu- 
cleon collisions in the nucleus; 2) the parameters 
of the energy distribution of the nucleons in the 
nucleus; 3) the average interaction potential of 
pions with the nucleus. 

In order to estimate the effect of the specified 
parameters of the interaction of pions with the nu- 
cleus upon the results of the calculation of the in- 
elastic scattering of 160 mev negative pions on nu- 
clei, a preliminary calculation was performed: the 
angular and energy spectra of pions that had under:- 
gone a single collision with the moving nucleons 
in the nucleus were computed under different assump- 
tions on the characteristics of the meson-nucleon 
collisions in the nucleus. The Pauli principle, 
which forbids collisions in which a nucleon with 
an energy E, < 20 mev or E, < 30 mev (depending 
upon the assumed distribution of nucleons within 
the nucleus) is formed, was taken into account in 
the calculation. The results of this calculation 
are shown in Figs. 4 and 5 and in Table 1. 

A comparison is shown in Fig. 4 of the calculated 
distributions of pions that have undergone a single 
collision with a nuclear nucleon for the cases of 
interaction of the pions with a neutron and a proton. 
Since the scattering cross sections of pions on 
protons and neutrons have different angular and 
energy dependences, it follows from Fig. 4 that the 
results of the calculation of the scattering of 160 
mev pions on moving nucleons is not particularly 
sensitive to the characteristics of the cross sec- 
tions of the interaction of the pion with nuclear 
nucleons. 

In Fig. 5 there are shown the energy and angular 
spectra of pions scattered on nuclear neutrons and 
protons under the assumption that the nuclear nu- 
cleons have the momentum distribution of a degen- 
erate Fermi gas with maximum energies ieee 
= 30 mev and EF ;/** = 20 mev. From Fig. 5 it is 
seen that the spectra of pions scattered by nucleons 
are also insensitive to the details of the energy 
distribution of nucleons within the nucleus. 

In the present work it has also been shown that 
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the angular and energy spectra of pions scattered 
on nuclear nucleons remain insensitive to the as- 
sumed characteristics of meson-nucleon collisions 


in the nucleus even for lower pion energies (EL, 
= 70 mev). 
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The average potential V of the interaction of 
the pion with the nucleus is related to the change 
of energy of pions as they cross the boundary of 
the nucleus. The average energies of pions that 
have escaped from the nucleus after a single col- 


220 


dN/d@ (relative to unity) 


200 


160 


160 


00 


0 
0 e ° ° ° 0: o A 
0 20 WW 60 0 00 0 m0 0 Wo DIO I OER! SED” BD 


ati MeV) 


6. (degrees) 


Fic. 4. Comparison of the angular and energy spectra of pions that have undergone 


a single collision with the nuclear nucleons in the reactions: J — (dashed curve) 


7 +p27 +p; 2-~ (solid curve) 7 +n+>7 +n. The momentum distribution of 
the nucleons in the nucleus is that of a degenerate Fermi gas with a maximum energy 
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lision with a nuclear nucleon are given in Table 1 
for the cases V = 0 and V = — 30 mev. The energy 
of the incident mesons was taken as F_ = 160 mev. 
From Table 1] it is evident that the results of 
the calculation of inelastic scattering of pions on 


TABLE 1 


Average energies of pions that have escaped from the 


nucleus after a single collision with a nucleon of the 
nucleus. 


te | o—soe | 6o—120° | 120—480° 


V=0 le Hees} 105 87 
== 300MeV | 128 89 61 


= 30 mev. 


nuclei are sensitive to the average potential of 
interaction of the pion with the nucleus. This per- 
mits a sufficiently effective determination of the 
magnitude V by comparing experimental data on in- 
elastic scattering of pions on nuclei with the re- 
sults of calculation. The insensitiveness of the 
angular and energy spectra of pions scattered on 
nuclear nucleons to other inaccurately known para- 
meters of the meson-nucleon collisions in the nu- 
cleus makes the problem of determining the magni- 
tude of V sufficiently definite. 

The inelastic scattering of 160 mev negative pi- 
ons by nuclei was calculated by the Monte Carlo 
method. In the calculation it was assumed that: 

a) the characteristics of the interaction of pions 
with nuclear nucleons do not differ from those for 
free nucleons; b) the momentum distribution of nu- 
cleons in the nucleus is that of degenerate Fermi 
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gas with a maximum energy Ey. =—30 mev; c) 
the quantity V for 160 mev negative pions is taken 
equal to —30 mev, i.e., in entering the nucleus, a 
160 mev 7 meson increases its energy by 30 mev; 
d) the calculation takes into account the Pauli 
principle, which forbids collisions in which a nu- 
cleon would be formed with an energy < 30 mev. 

It was shown above that for the case of the pion- 
nucleus interaction, the results of calculation are 


SSS Se ee ee eee 


80- IN (relative to unity ) 
QE 


o 20 LO SOF 80 TOD F720 40 


£ = MeV) 


not sensitive to assumptions a) and b). Effects 
associated with a change in V and also with a 
change in certain other parameters of the interac- 
tion of pions with nuclei will be considered later. 
The range of pions between two collisions with 
nuclear nucleons and also the scattering by this 
or that angle in collisions with nuclear nucleons 
was determined in each separate case by the Monte 
Carlo method. 
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Fic.5. Energy and angular spectra of pions that have undergone a single collision 
with the nuclear nucleons, for different momentum distributions of the nucleons in the 
nucleus. The ratio of the number of neutrons and protons corresponds to that of a nu- 
cleus with A“ 100. The solid curves are for a Fermi distribution with E fe =30mev, 
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the dashed curves for E 


A. Range of Pion in Nucleus 


The probability that a pion of given energy has 
a range R in the nucleus is 


p (R) = coe-28, (1) 


where & is the cross section of the pion-nucleon 
interaction averaged over the motion of the nu- 
cleons and over the ratio of the number of protons 
and neutrons in the nucleus, and p is the density 
of nucleons in the nucleus. In the present work 
it was assumed that the nucleon density is the 
same on the periphery and in the center of the nu- 
cleus. Actually the nucleon density in the center 
of the nucleus, it seems, is larger than on the 
periphery, which introduces certain changes into 


the calculated results. These changes will be dis- 


cussed below. 


= 20 mev. 
tan eS Se eee 

In the computation of the pion range according 
to formula (1), the cross sections of the interaction 
of the pion with nuclear nucleons were replaced 
by the total cross sections of the interaction of 
free particles, i.e., the absorption of pions in the 
nucleus was neglected. The absorption of pions 
in the nucleus will be discussed in detail in Sec- 
tion D. 

Average cross sections of the interaction of 
negative pions with protons and neutrons of the nu- 
cleus were computed by the method described above 
and are presented in Table 2. 

According to the principle of isotopic invariance, 
the total cross sections of the interaction of neu- 
tral pions with nucleons can be written as 


o(n° + NV) =) ,[s(e +2) + a(n + p)]. (2) 
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Average cross sections of the interaction of pions with nuclear nucleons. 


E, B\MeV | 30 | 50 70 


90 110 130 150 170 


66.0 | 98.8 | 135,1}) 139.8) 168.6) 164.1 
27 BAW ASN BOO Sisal) ia, 


This relationship obviously holds also for the 
averaged cross sections. 


B. Calculation of the Scattering of Pions 
on Nuclear Nucleons 


In order to determine the energy and scattering 
angle of a pion after collision with a nuclear nu- 
cleon it was necessary in each individual case to 
transform into the center-of-mass system of the 
two colliding particles, then to determine the 
scattering angle by the Monte Carlo method, and 
finally to find the corresponding scattering angle 
and the energy in the laboratory system. (The 
method of this calculation has been described in 
Ref. 28). In place of the cross sections for the 
pion-nucleon interaction we took cross sections 
obtained from the unique system of phase shifts 
that best fit the experimental results ?°. 

In calculating the collision of a pion with nu- 
clear nucleons the fact was also taken into 
account that a collision of a pion and a nucleon 
is less probable when the directions of motion 
of both particles coincide as compared with the 
case when the particles move toward one another. 
The corresponding change of cross section can be 
described in the following form: 


9 = 99(1— 


Uy COS (3) 
U;, i j 

Here Vy and v_ are the velocities of the nucleon 

and the pion, and « is the angle between the dir- 


ections of motion of the nucleon and the pion. 


C. Effects Associated with the Change 
of Potential during Passage of the Pion across 
the Boundary of the Nucleus 


Because the average potential V of the pion-nu- 
cleus interaction is different from zero, the pion 
changes its energy by an amount J, and also the 
direction of its motion as it passes through the 
boundary of the nucleus. If the angle of incidence 


of the pion upon the boundary of the nucleus is suf- 
ficiently large, reflection of the particle back into 
the nucleus may take place. But an exact account 
of the effect of reflection does not appear feasible 
since the dependence of the quantity V on the 
energy can be determined only approximately. 


SAGE HI eS: 


Average energies of pions going backward (0 > 90°) 


in mev. 
Number of Without With re- 
collisions reflection flection 
(I 92.4+3.6 96.1-+-4.4 
yy 74.2+3.8 81.7-+4.7 
3 00.2+4.7 60.1+7.8 
4 04,.342.5 Jo. 1 aeoeg 


Therefore two limiting cases are discussed in the 
present article: 1) reflection of pions back into 
the nucleus does not occur on the boundary of the 
nucleus; 2) reflection on the boundary of the nu- 
cleus can take place for pions of any energy under 
the assumption that V = —30 mev. 

Average energies of charged pions that have 
escaped from an emulsion nucleus after one, two, 
and so forth collisions with nuclear nucleons have 
been calculated by the Monte Carlo method and are 
given in Table 3; the absorption of pions in the 
nucleus was not taken into account. 

It is evident from Table 3 that the effect of re- 
flection of pions into the nucleons in crossing 
the boundary of the nucleus does not change the 
average energies of inelastically scatiered pions 
substantially. 


D. Absorption of Pions in the Nucleus 


From experiment it is known that at a pion 
energy of about 200 mev the number of inelasti- 
cally scattered charged pions constitutes approxi- 
mately 30 percent of the number of all interactions 
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of pions with emulsion nuclei (excluding diffrac- 
tion scattering)!5. From this it follows that 
pions aré efficiently absorbed by nuclei. Since 
the mechanism of pion absorption in the nucleus 
is unknown, an exact calculation of this process 
does not appear to be possible. 

One of the possible models for the absorption 
of pions in the nucleus can be constructed on 
the basis of employing the results on capture of 
pions in deuterium: 7*++d- 2p. According to 
this model it is assumed that the cross section of 
the capture of the pion in a nucleus is proportional 
to the capture cross section in deuterium: 


= 9 (d), (4) 


o 
nucleus 


where the coefficient y takes into account the 
probability of the formation of quasi-deuteron 
states in the nucleus and the Pauli exclusion of 
certain final states of nucleons in the nucleus. 
Various authers!®!8>!9 estimate that y~4. In 
the calculation of absorption according to this 
model, the capture of a pion on some part or other 
of its trajectory in the nucleus is determined by 


the Monte Carlo method. 
It is also possible to assume that each collision of 


pions with nuclear nucleons is accompanied by the ab- 
sorption of one and the same fraction « of the pions. 
The magnitude of « is chosen so that the total number 
of charged pions coming out of the nucleus under con- 
sideration of absorption is equal to the experimental 
value. In considering the absorption according to this 


model, the energy spectra of pions coming out of the nu- 
cleus after the first, second and so forth collision remain 


unchanged; only the relative number of pions, that have 
undergone several collisions up to their escape from the 
nucleus, decreases. 

It is to be noted that under the assumption of the 
meson-nucleon picture of the interaction of the pion 
with the nucleus the ‘‘deuteron’’ model of pion absorp- 


tion seems to be more justified. The assumptions about 
the nature of pion absorption in the nucleus, made accord- 


ing to the second model, cannot claim any rigorous 


theoretical basis. The results thus obtained appear 


to be rejected ones and, as follows from Table IV 


show only that the energy spectra of pions scattered 


inelastically by the nucleus are not sensitive to 


the assumptions about the nature of pion absorption 


in the nucleus. 
In Table IV are given the calculated values of 


the average energies of pions scattered on emulsion 


nuclei into the angular interval 90° to 180° for the 
case of absorption according to the “deuteron 


mode] (I) and for the case of equally probable 
absorption of pions in every collision (II). 


TABLE 4 


Average energies of pions in mev with 
absorption taken into account 


(6, > 90°). 

With re- Without 

flection reflection 
I 93,2+3.6 


88.7-+3.0 
I 87,243.2 | 84,.542.7 


3. COMPARISON OF THE RESULTS OF THE 
CALCULATIONS OF INELASTIC SCATTERING 
OF PIONS BY NUCLEI WITH 
EXPERIMENTAL DATA 


The results of the calculation were obtained 
on the basis of statistics in 517 cases of inter- 
action of 160 mev negative pions with emulsion 
nuclei. As the photographic emulsion consists 
of heavy (A ~ 100) and light (4 ~ 14) nuclei, the 
calculation includes a computation of the corre- 
sponding characteristics for both types of nuclei. 
From Table 4 it follows that the calculated 
value of the average energy of the spectrum of 
pions escaping backward (@ > 90% is given by 
(E ,) cale = 08 £5 mev. The quoted error includes 


the statistical error and a possible spread of 
values in taking account of reflection and absorp- 
tion_according to the various models. This value 
of (EF Be is obtained under the assumption 


that 160 mev negative pions increase their energy 
by 30 mev as they enter the nucleus, i.e., V = —30 
mev. This value of V agrees with the results of 
experiments on elastic scattering of pions on nu- 
clei (see Table 5). But the exact value of V re- 
mains unknown. In the present work, it was shown 
that a change of the quantity V by 30 mev leads 

to a change of the average energy of pions scat- 
tered backward (@ > 90°) by an amount AE =7 mev. 
Thus, in spite of the inaccurate knowledge of the 
quantity V at E_, = 160 mev, the value of (E,) 11, 
obtained appears to be sufficiently definite. The 
indicated value of (E _)_,,, applies to the energy 
spectrum of pions in the nucleus. Upon leaving 
the nucleus, the pions decrease their energy by 
the magnitude of the average potential of the pion- 
nucleus interaction, i.e., by —V. Thus by compar- 
ing the experimentally found value, (E PS ee = 64 
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+2.5 mev, of the average energy of pions scattered 
backward_and the magnitude of the calculated 
energy, (E ees of pions in the nucleus, it is 
possible to determine the quantity V for negative 
pions with an energy E', = 160 mev as 


V= (ees = (Ex)ealc= — (24+-6) mev. 


The minus sign implies that the meson-nucleon 
forces at E = 160 mev are attractive. The abso- 


lute value of V is found to be in good agreement 
with the magnitudes of the average potential of 
the pion-nucleus interaction obtained in experi- 
ments on the elastic scattering of pions on nu- 
clei. The results of these experiments are given 


in Table 5. 
{PING ib ia! SS 


Values of V obtained from experiments 
on the elastic scattering of 


Pions on nuclei. 


Pion SiED Refer- 
energy o Nucleus Vv ence 
mev, | Pion 
48 | + C —=- (tare) [22] 
; A = 31 
60 | | myflgeae) COE! | 
2 ae emul- 90) (22] 
ns. P 
‘oe | eneees . 48 [19] 
80 | + Al —20 [33] 
80 | — Al —30 [33] 
105 | +— He — (18-14) [81] 
125 | — G —30 |°4] 


In Fig. 2 there is shown a comparison of the 
experimentally found spectrum of pions scattered 
on emulsion nuclei with the spectrum obtained in 
the present calculation, where it has been taken 
into account that the average potential of the 
interaction with the nucleus of the pions of the 
specified spectrum is given by V = ~—24 mev. The 
half-width of the energy spectrum shown in Fig. 2 
was computed according to the formula 


(AE), aie= V py ea 1 ia) (rl — 3) (5) 


it turns out to be equal to (AE)caic = 30-8 + 2.6 
mev. This value of (AE), ,,, agrees well with 


the value CAE) |S, = 30.9 #9] mev found by ex- 


periment. The good agreement of the experimen- 
tal and theoretical energy spectra of pions scat- 
tered on emulsion nuclei indicates that the assumed 


model satisfactorily describes the interaction of 
pions with the nucleus. 

In calculating the forward (9 < 90°) scattering, 
the change of density of nuclear nucleons from 
the center of the nucleus to the periphery has to 
be considered. A smaller nucleon density on the 
periphery of the nucleus must lead to an increase 


of pions coming out of the nucleus at angles 

0 < 90° as compared with the results obtained in 
the present calculation, where it was assumed that 
the nucleon density in the center and on the peri- 
phery of the nucleus is the same. In the performed 
calculation, the number of pions coming out of the 
nucleus at angles 0 < 90° constitutes about 30 per- 
cent of the total number of pions scattered inelas- 
tically by the nucleus, whereas it was found by ex- 
periment that this number is about 40 percent. 
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The calculation of the pion-nucleus interaction 
according to the model of individual collisions 
with nucleons of the nucleus for the case of vary- 
ing nucleon density presents considerable diffi- 
culties and was not carried out in the present 
work, All the calculated results considered above 
apply to pions scattered backward (0 = 90° to 
1809, for which the effect of the variation of nu- 
cleon density with radius is not noticeable. 

In conclusion the authors express gratitude to 
Professor I. I. Gurevich for a discussion of the 
results of the work, to Professor M. G. Meshcher- 
iakov for the use of the synchrocyclotron of the 
Institute for Nuclear Physics of the Academy of 
Sciences of the USSR, to A. FE. Ignatenko and A. I. 
Mukhin for aid in exposing the emulsion, to G. V. 
Kolganovii and A. A. Kondrashinii for help in 


the work, and to D. M. Samoilovich for developing 
the emulsion. 
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APPENDIX 


In Fig. 6 there is drawn the cone of particles 
scattered into an angle 6 relative to the direction 
AO of the incident particles. Obviously any azi- 
muthal angle gis equally probable. In the present 
case the direction of the primary beam lies in 
the plane P of the emulsion; therefore the dip 
angle 6 of a particle can be measured by the arc 
CF. 

The probability that a particle has a dip angle 
B < B, is given by the ratio of the arc CF to the 
arc CD: p=CF/CD. Obviously p decreases with in- 


creasing 0. 
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Different types of waves that can be propagated in a Fermi liquid, both at absolute 
zero and at non—zero temperatures, are investigated. Absorption of these waves is also 


considered. 


__ 


T HE present paper is devoted tothe study of the 
propagation of waves in a Fermi liquid, and 
proceeds from the general theory of such liquids de- 
veloped by the author.! These phenomena in a 
Fermi liquid should be distinguished by a large sin- 
gularity, connected primarily with the impossibility 
of propagation in it of ordinary hydrodynamic 


sound waves at absolute zero. The latter circum- 
stance is already evident from the fact that the 
path length, and therefore the viscosity of a Fermi 
liquid, tends to infinity for T —0, as a result of 
which the sound absorption coefficient increases 


without limit. 
It is shown, however, that in a Fermi liquid at 
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absolute zero other waves can be propagated; these 
differ in nature from ordinary sound, and we shall 
call them waves of ‘‘zero sound’’. 

Initially, theproblem of vibrations in a Fermi 
liquid was considered by Gol’dman? in applica- 
tion to an electron gas with Coulomb interaction be- 
tween the particles. The problem of a gas with un- 
charged particles, considered in detail here for 
liquids, was first considered in the research of 
Klimontovich and Silin,® and later in a series of 
works of Silin.4-© There, the gas was considered 
to be slightly non—ideal, with an interaction satis- 
fying the conditions of applicability of perturba- 
tion theory, 


1. VIBRATIONS IN A FERMI LIQUID AT 
ABSOLUTE ZERO 


We begin with the investigation of those vibra- 
tions at absolute zero which do not involve the 
spin characteristics of the liquid. This means that 
not only the equilibrium distribution function n 9 , 


but also the ‘‘perturbing’’ function 


N= Ny + oN (p) (1) 


is independent of the spin variables. At absolute 
zero, n, is a step function which is broken off 
at the limiting momentum p = Die a 


The energy of the quasi—particles (elementary 
excitations) is a function of n, i.e., the form of the 
function € (p) depends on the form of n (p). By 
analogy to (1), we write it in the form 


=, (p) + 52 (p), (2) 


where the function € , (p) corresponds to the dis- 


tribution no (p). The value of 6 «¢ itself is connected 


with 6n by a formula of the form (see Ref. 1): 


3 (p) = Spor \ f (p. p’) an’de’, (3) 


dz = ap / (2zh)?. 


Inasmuch as 6n is assumed to be independent of the 
spin variable, the operation Sp is applied only to 


_ *To avoid excessive complication of our study, we 
limited ourselves to the simplest and most important 


caseof an energy spectrum with an occupied region re- 
presented by a uniform sphere of radius py . 


the scattering amplitude f. But the scalar function 
Sp,’f can contain the spin operator o only in the form 
of the product ¢ [pp “| of two axial vectors: go and 
[pp’} (we do not consider expressions containing 
two products of components of g, since for spin 1/2, 
as is well known, they reduce to expressions con- 
taining o in the zeroth or first degree). But this 
product isnot invariant to a timereversal and 
therefore cannot enter into the invariant quantity 
de. Thus o drops out completely and de is shown 
to be independent of the spin variable. 

The kinetic equation for a Fermi liquid has the 
form: 


on On ds On de 
OP or On oper I(n), (4) 


where / (n) is the integral of collisions between 
quasi—particles. The number of collisions is 
proportional tg the square of the width of the dif- 
fusion zone, so that at absolute zero, /(n) = 0. 


Substituting (1) and (2) in (4), and considering that 
nm, and €, do not depend onr, we get 


(007), aie BOR Slev ye OSELe Raum, 
Ot Or Op Gir “Ghiy 
and assuming 6n and 6¢ to be proportional to 


—iwl+ik 
e—tet+t Rs 


Ong x 


(kv — w) 6n = kv a, 08, (5) 


where we have introduced the velocity of the quasi- 
particles v = de, / dp. In view of the absence of 


the 6-function dn, /de from the right hand side ofthis 


equation, there actually enter in them only the val- 
ues of all quantities taken at the limit Pp = Pg of 


the (unperturbed) Fermi distribution. We introduce 
a new notation for what follows: 


F =Spof (p, p’) 4zp2dp /(2zn)ede. 6) 


Then we can write Eq. (3) in the form: 
oe = \\ Fn'ds'do’ / 4x, 


Here only the dn’ are functions changing rapidly 


with « “. Therefore, we can rewrite this expression 
in the form: 


0 = \ Fy'do’ if 4a, (7) 


where the function 
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y(n) = \ an (p) de (8) 


has been introduced which depends only on the di- 
rection n of the vector p, and the function F(p,p) 
is taken on the boundary of the (unperturbed) Fermi 
distribution; here F depends only on the angle y 
between p and p’. 

We note for what follows thatthe relation found 
in Ref. 1, which connects the actual mass m of 
the particles with the effective mass m* of the 
quasi—particles, can, with the help of the function 
F (yx) be written in the form 


F cosy = (m* /m)—1, (9) 


where the bar denotes averaging over the directions 
(in the derivation of this relation, we assume in 
(6) that € = p? / 2m*). The equation for the veloci- 


ty of ordinary sound c can be put in the form 


z : (10) 
F = 3 marc? / p)— 1. 


Let us substitute (7) in Hq. (5) and integrate the 
latter over de. This gives 


a 


(kv —o)y = — ky \ FY do’ /4-. 


Let us take the direction of k as the polar axis, and 
let the angles 0, Y define the direction of the mo- 
mentum p (and the direction of v coinciding with it) 
relative to this axis. Also, we introduce the propa- 
gation velocity u = w/k of this wave, and the nota- 
tion 7 = u/v , so that we can finally write the re- 
sultant equation in the form 


(7, — cos 8) v (6, ¢) (11) 


fd 


= cos \ F (x) v (8, ©’) do’ / 4x. 


This integral equation defines the principal vel- 
ocity of propagation of the waves and the form of 
the function v(@, ~ ) in them. The latter has the 
following graphic meaning. The fact that 67 is 
proportional te is evident fromEgq. (5)] to the de- 
rivative J; /de means that the change of the dis- 


tribution function for vibrations reduces tothe de- 
formation of the boundary of the Fermi surface (a 
sphere in the undisturbed distribution). The in- 
tegral of (8) represents the magnitude of the dis- 
placement (in energy units) ofthis surface in the 
given direction n. 
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We at once note that it follows from the form of 
Eq. (11) that the real (only the undamped vibrations 
are of interest to us) value of 7 ought to exceed 


1, i.e., the propagation velocity of the waves sat- 
isfies the inequality 


eo. (12) 


As an example, letus investigate the case in which 
the function F Oeics to a constant (we de- 
note it by F ). The integral on the right hand side 


of Eq. (11) does not depend on the angles 6, in 
this case. Therefore the desired function v has the 
form (we omit the exponential factor): 
vy = const -cos 9 / (4 — cos 9). (13) 

The limiting Fermi surface has the form of a surface 
of revolution, elongated in the forward direction of 
the propagation of the wave, and flattened in the 
opposite direction. For comparison, let us point 
out that the ordinary sound wave corresponds to a 
function v of the form v = const - cos @which re- 
presents the displacement of the Fermi surface as 
a Whole, without a change in shape. 

For the determination of the velocity wu, we sub- 
stitute Fq. (13) in(11) and get 


ma 
leg cos 9 
4x J) —cos0 
0 


2xsin§d6 = |. 


Carrying out the integration, we find the following 
equation, which determines in implicit form the 


velocity of the wave for a given value of Bee 


14 
ee (14) 


foi Ae ae 
rea FO 


© (ses 


The function ¢(7) decreases monotonically from 
+ to 0 for a change of 7 from 1 to™, always 
remaining positive. It then follows that the waves 
under consideration can exist only for F, > 0. 
Inasmuch as the function F is proportional to the 
scattering amplitude, taken with opposite sign (at 
the angle 0°), of the quasi—particles with one 
another [(see Ref. 1)], then the latter must be 
negative, which corresponds to the mutual colli- 
sion of quasi—particles. However, it must be em- 
phasized that this conclusion applies only to the 
case F = const. If the function F (y) is not con- 
stant (and at the same time is not small compared 
with unity; see below), then propagation of zero 
sound is in general possible, bor both attractive 
and repulsive interactions of the quasi—particles. 
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For 7 ~©: g(y) = 1/32 . Therefore, large E, 
corresponds to 7 = VF, /3 * In the opposite case 
a 0, we find that 7 tends toward unity ac- 


cording to the relation 


(15) 


ed memes, 


The latter case has much more general value. It 
corresponds to zero sound in an almost ideal Fermi 
gas for arbitrary form of the function F (y). Actu- 
ally, an almost ideal gas corresponds to a function 
F which is small in absolute magnitude. It is 

seen from Eq. (11) that in this case 7 will be close 
to unity and the function v will be significantly 
different from zero only for small angles @. On this 
basis, and being concerned only with this range 

of angles, we can replace the function F’ in the in- 
tegral on theright side of Eq. (11) by its value for 
x = 0 (for 670 and 6’-0, x 70 also). As a 

result, we again recover Eqs. (13) and (15) with the 
constant ae replaced by F (0) (this result coin- 


cides with that obtained earlier by Silin‘ ). 

We note that in a weakly non—ideal Fermi gas, 
the velocity of zero sound exceeds the velocity 
of ordinary sound by a factor of 3. Actually, for 
the former, we have 7 = 1, i.e.,.u =v. For the 
velocity of ordinary sound we get from kKq. (10) (neg- 
lecting the term Ff in it and setting m* =~ m): 
Cts Po /3m” = v2/3 

In thegeneral case of an arbitrary dependence of 
F (y), the solution of Eq. (11) is not well defined. 
In principle, it permits the existence of different 
types of zero sound, which are distinguished from 
one another by the angular dependence of their 
amplitude v (0, ?), and which are propagated with 
different velocities. Along with the axially sym- 
metric solutions of v (6), asymmetric solutions 
can also exist. In these v has an azimuthal 
factor exime (m = integer) 


Thus, for a function F (y) of the form 


Eee gh COSY, (16) 


= F, + Fy (cos 9 cos 6’ + sin 6 sin &’ cos (e— 9’) 


solutions can exist with 
yoo ete, 


Actually, substituting Eq. (16) in (11) and carrying 
out the integration over d¢ “(assuming in this 
cgse that y — f (0) e#), 


we obtain 


i types , az ery S a \ 5 20’ ‘db A 
(4 — cos 9) f 7 COS 0sin 6 \ sin? 07] 


0 


Thence, 


sin Ocos0. 
We= CONS tet == = ae es 
4 — cos 9 Ore (17) 


Conversely, substituting this expression in the 
equation, we obtain the relation 


> 
7H — cos 8 Fy 


\ sin? 6 cos 0 Ai a (18) 
U 


which determines the dependence of the propagation 
velocity on F, . The integral on the left side of 
the equation falls off monotonically with increase in 
the function 7. Therefore its maximum possible 
value is achieved for 7 = 1. Computing the in- 
tegral, we find that the corresponding (the least 
achieved) value of F', is 6. Thus, pftopagation of 
the asymmetric wave of the form (17) is possible 
only for F, > 6. 

Turning to areal Fermi liquid——the liquid He® 
——it is reasonable to attempt to approximate the 


unknown function F’ (y) by the two term expression 
(16). We can determine the coefficients /’, and 
F, entering into it by means of the relations 


Fy=3mm*c?/ps—1, F,/3=m*/m—} 


[see Eqs. (9) and (10)], knowing the values of 
the effective mass m* and the velocity of ordi- 
nary sound c. We can derive the first from experi- 
mental data on the temperature dependence of the 
entropy (in the lowest temperature |region). From 
the data available at present,’ we get m*= 

1.43 m (m is the mass of the He? atom). For the 
velocity c, we get 195 m/sec from thedata of Wal- 
ters and Fairbank® on the compressibility of 
liquid He®. Finally, Py is obtained directly from 
the density of the liquid: 


Do[h = 0.76x10" cm}. 


On the basis of these data, we obtain 


Fo= 5.4; Fae (19) 
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From these values, we can draw a conclusion 
about the fact that in liquid He? the propagation 
of asymmetric zero sound is impossible. For sym- 
metric zero sound, the solution of the equation with 
the function F (vy) from (16) and (19)* leads to the 
value 7 = 1.83, when we obtain u = v 
= 1.83 p, /m* = 206 m/sec. 

The possibility of the propagation of waves in 
a Fermi liquid at absolute zero means that its 
energy spectrum can automatically possess a ‘Bose 
branch’’ in the form of phonons with energy ¢ =up. 
However, one must say that it would be incorrect 
to introduce corrections corresponding to this branch 
in the thermodynamic quantities of the Fermi 
liquid, inasmuch as it has a much higher power 
of the temperature (7° in theheat capacity) than 
the departures from the approximate theory dev- 


eloped in Ref. 1. 


2. VIBRATIONS OF A FERMI LIQUID AT 
TEMPERATURES ABOVE ZERO 


For low, but non—zero, temperatures, mutual 
collisions of quasi—particles take place in the 
Fermi liquid. The number of these collisions is 
proportional to 7? . The corresponding relaxa- 
tion time (the free path time) is T~ 1/72. The 
character of the waves propagated in the liquid na- 
turally depends fundamentally on the relations be- 
tween their frequency and the reciprocal of the re- 
laxation time. 

For @ T<< 1 (which is actually equivalent to 
the condition of the shortness of the free path 
length of the quasi—particles in comparison with 
the wave—length A), the collisions succeed in 
establishing thermodynamic equilibrium in each 
(small in comparison with A) element of volume of 
the liquid. This means that we are dealing with 
ordinary hydrodynamical sound waves, propagated 
with a velocity c. 

If @ T>> 1, then, on the contrary, the colli- 
sions do not play essential roles in the process of 
the propagation of the vibrations, and we will 
have the waves of zero sound considered in the 
preceding section. 

In both these limiting cases, the propagation of 
waves is accompanied by a comparatively weak 
absorption. In the intermediate region, w7~ 1, the 
absorption is very strong and isolation of the diff- 
ferent types of waves as undamped processes 1s 
not possible here. 


*These computations were carried out by A. A. Abriko- 
sov and I, M. Khalatnikov. 
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One can easily obtain the temperature and fre— 
quency dependence of the absorption coefficient y 
in the region of ordinary sound with the aid of the 
kn own formula for the absorption of sound (see 
Ref. 9, for example), according to which y is pro- 
portional to the square of the frequency and to the 
viscosity coefficient*. Inasmuch as the viscosit 


of a Fermi liquid is proportional to 1/7 2 1° , then 
we find that 


ebony T* fogeoyeenlia: (20) 

Absorption in the region of zero sound differs 
essentially in its character from absorption of 
ordinary sound. In the latter, the collisions cannot 
lead to a dissipation of the energy ‘‘into the noise”’ 
of the distribution, which is changed only by the 
sound vibrations as such. This is connected with 
the circumstance already mentioned, that a distri- 
bution changed in this fashion remains in thermo- 
dynamic equilibrium in each element of the volume. 
Therefore, the absorption of ordinary sound is con- 
nected with the effect of the collisions on the dis- 
tribution function itself. 

In the region of zero sound the collisions lead 
to absorption ‘‘into the background”’ of the distri- 
bution which is changed only by the vibrations them- 
selves, which in thiscase are not in thermodynamic 
equilibrium (inasmuch as the form of the limiting 
Fermi surface is deformed). This change in the 
distribution function does not depend on the fre- 
quency, andtherefore the absorption coefficient will 
not depend on the frequency either. The depen- 
dence of y on thetemperature is determined by its 


proportionality to the number of collisions, i.e., 
ood s for le | ter e> ese. Luts (21) 


The upper limit of the region of applicability of this 
formula is determined by the inequality w << * T 
(x is Boltzmann’s constant), which allows a clas- 
sical consideration of collisions. We recall that 
the inequality assumed here, 


Ya hi es 


hlo<oxT 


(smallness of the quantum uncertainty of the energy 
of quasi-particles in comparison with » 1), must 


*The contribution to y from second viscosity and ther- 
mal conductivity is proportional to a much higher power 


of T and is therefore inconsiderable. 
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hold since it is the condition of applicability of 
everything generally developed in the theory of the 
Fermi liquid.! 

The determination of the absorption coefficient of 
zero sound in thefrequency range ha > * T 
requires quantum consideration. The corresponding 
calculations can be simplified if we develop them 
in such a way that we express the desired “‘quan- 
tum’’ absorption coefficient in terms of the “‘classi- 
eal” from Eq. (21). 

The absorption of sound quanta takes place in 
the collisions of quasi—particles. If we denote by 


€1 and és the energies of the quasi—particles be- 


fore and after collisions, then at a given fre- 


quency w, they are connected by the law of con- 
servation of energy 


Ropelie pele err aa. 
1-6. hw =, + 8, 


In addition to the collisions, we must also con- 
sider the inverse collisions, which are accom- 
panied by the emission of sound quanta. Taking 
into consideration the well known properties of 

the collision probabilities of Fermi particles, we 
find that the total rate of decrease of the number of 
sound quanta as aresult of collisions is given by 
the expression 


\\\\ © (hi. es Pie pa) ung (1 — 1) 1 — 4) (22) 
— iN (1 —n,) (1 — ny)} 


x 8 (pi + ps — p, — pp — hk) 


\ , / / t 
x 92, + £2 — & — &y — ha) duydt,dt,dt. 


The delta functions in the integrand allow the satis- 
faction of the laws of conservation of energy and 
momentum. 

In the integral (22), theessential values of the 
energy are only those in the region of diffuseness 
of the Fermi distribution. In thisregion, the ex- 
pressions under the integral sign are changed 
strongly only by multipliers which contain n (e). 
Furthermore, it should be noted that the angular 
integrals in (22) are practically unchanged in the 


transition from the ‘‘classical”’ region 


ho <xT , 


‘ ’ 


to the “‘quantum’’ region 


ho > xT. 


In view of this fact, it wi 


ll be sufficient 
calculate the integral for us to 


ine Din AN DAU 


y= \\Q) ure (1 =n) = rg) — yr, (1 — mn) 
xX (l— nz) 6 Ga. ey ae ee hod) dz,d2,de,de,, 


taken only over the energy. Then, substituting 
n(e) = [ewer 4 12 
and introducing the notation 


ma (e=au) (xl, Shen «Ty 
we get (omitting the factor a) 


+00 ’ 


: | \ ah (ath % — 41 — %2,— §) dxydx_dx,dx, 
2 3 (e** 4 4) (e** + 1) (1 te) (1 Lo) 


In view of the rapid convergence of the integral, the 
region of integration can be extended from — ©to 
a CD 

For integration purposes, we transform to the 
variables’ X1> Xo» Yp Yq? where 


y=u—x. 
Integration over x, and x2 is elementary and gives 


J = (1 —e-&) 


x\\\ 8 (1 + Yo + &) dx, dxo dy; dye 
oe et) (er ed) ce) ee 


V1 28 (V1 + Vo + &) dy dys 
(1 — e%) (1 — e%) 


ae 
Shenae) 


CX) 


Sees) ( y(é+ y) dy 
3 her F=1) 
+00 ; 
= f oar ai 
{vba OU oye if 


For calculation of the resulting difference of two 
diverging integrals, we introduce as an inter- 
mediate the finite lower limit —A and write: 


-f00 +00 
p= | 2849) gy ( getiaeesthy 
e- —1 Apeee 
Nt ay es e 4 
cco) —A 
— 9% \ ydy \ y(v—Eé)dy 
e¥— 1 Pp ey| y 
may —A+E 


Keeping in mind that we shall transform to the 
limit A ~®, we neglect ey in the denominator of the 
pais of the integrals. The first we rewrite in the 
orm 
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Se 0 
\ 34 =| er ( say 
=A — | af esl 


Carrying out reductions and then transforming to 
A ~®, wefinally obtain 


J = (Qe? /3) (1 + 8/45). 


The desired absorption coefficient y is propor- 
tional to J. The coefficient of proportionality 
between them is so determined that for é << 1, 
Y=Y_,- We then obtain: 


1=Yer (1+ (ho /2QxxT)?] for ho wxT. (23) 


Considering that y,) ~ T?, ve find that in the limit 


of high frequencies: 


(24) 


{~o?: for iw S>x«T, 


i.e., the absorption coefficient remains propor- 
tional to the square of the frequency, but does 
not depend on the temperature. We note that the 
transition from the formula for ‘‘low’’ to the for- 
mula for ‘‘high’’ frequencies takes place at 


hw~ QrxT ‘ 


(and not iw ~ xT).* The result of (24 re- 
fers, in particular, to the zero sound of all fre- 
quencies atthe absolute zero of temperature. 


3. SPIN WAVES IN A FERMI LIQUID 


In addition to a consideration of zero sound in 
Sec. 1,which does not involve the distribution of 
spins, in a Fermi liquid at absolute zero, waves of 
other types can also be propagated. These we call 


*Considering the frequencies @ >* %7/hr , we at the 
same time assume satisfaction of the inequality 


ho<XxT, 


(To is the temperature of degeneration of the Fermi dis- 
tribution). In the opposite case, particles from the 


“‘depth”’ of the Fermi distribution take part in the ab- 
sorption and all the theory deve loped here would become 


inapplicable. 
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spin waves.* 
In this section, we denote by K the function 
K =f (p, p’) 4xp? dp / (2h)? de, (25) 


in which the operator Sp is not used. In the cal- 
culation of exchange interaction between the 
quasi—particles, this function contains terms which 


are proportional to the product go ”, i.e., it has the* 
form: ! 


K = "oF (7%) + 7/2G (x) 30" (26) 


[F coincides with the function (6) used above] . 
In place of Eq. (11) we have now 


(70s 4) = cos Sp, \ Fy’ do’ / 4x. Cy) 


In addition to the solutions v (nm) considered earlier, 
which do not depend on the spin, this equation 
also has a solution of the form 


yv=p(n)o. (28) 


Substituting (26) and (28) in (27), completing the 
operation Sp and dividing both sides of the equa- 
tion by a, we get 


(1 — cos 6) = cos 4 \ Gy’ do'/16=. (29) 


We see that for each of the components of the 
vector », we obtain an equation which differs from 
(11) only by the replacement of F by G/4. There- 
fore, all the further calculations of Sec. 1 can im- 
mediately be appliedto the spin waves. 

In the real liquid He® , we candetermine from 
available experimental data on its magnetic sus- 
ceptibility only the mean value of G , whichwas 
pointed out previously-—1.9, Inasmuch as this 
quantity is negative, then (inview of the results 
of Sec. 2) it is most probable that the propagation 
of spin waves in liquid He® is not possible. Such 
a conclusion, however, is in no sense categorical. 


In conclusion, I wish to express my thanks to 
A. A. Abrikosov, E. M.Lifshitz and I. M. Khalatni- 


kov for useful discussions. 


*The equation for spin waves in weakly non—ideal 
Fermi gas was considered by Silin.® 
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Letters to the Editor The equation connecting the matrices 
ooo ye) — USE Fits ERD) Cp (i, fin, mask) 


a . . . 
describes a transition accompanied by the absorp- 
tion of i bosons, n fermions and k antifermions and 


Quantum Field Theoretical Solutions by the corresponding emission of j, m, l of these 

Without Perturbation Theory particles), given by us earlier!, makes it possible 
toobtain exact recurrence relations among the U‘S); 

V. 1. GRIGOR EV this in turn provides the possibility for analyzing 

Moscow Petroleum Institute the solution without making use of perturbation 
(Submitted to JETP editor July 5, 1956) theory. 

J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 146-148 In order to avoid cumbersome expansions, we shall 
(January, 1957) not consider antifermions here. We may then disre- 


Pe. ‘ gard k and 1, and set n equal to m. In that case 
I N core eras ee which take place among the equation for y ae considerably simplified 
systems of bosons and fermions, one can, for (the number of terms on the right-hand of the equa- 


instance, split the general transition matrix U[o] tion is cut down by a factor of four) and takes the 
into a sum of particular transition matrices U'S)o], foe 
SUE ER) 136 (x) = N (u(x) yu (x) oF (x)) [UG I-an—I) 4 lin i—Ain) 4 itn) (1) 


4 UIA) 4 HM) YHA) 4 Him 4 YHA MO) 


+N (u (x) y u(x) o') (x)) [UGH RA) ten) ae yl = So n+1) 
vik Uli +1; tae Ub i+ n) ae Us i+ts ae Ue i+t Be Dy. Uh — Yann) 


u (x), DT (x) =(Re/ighe (x) are annihila- Bes Zi aia (4) 
tion operators and u(x) ; oo) (x) = (ke/ig) ot) (x) {K [e]}} = \ dzy u (21) yu (21) 9°" (23) 
are creation operators for free fermions and bosons. it 
The expression for y depends on the choice of se 
interaction and meson type. Finally, the fact that xl dean on Ss 1074 
aa , : ndyu (E no) { 
ert; n) enters twice in the equation, is ) SERIE) et 
linked with the various possible orders of emission 
and absorption of fermions. o 
We shall seek a solution of the system (1) for a f dz,u (21) yu (21) @—(2,) 
non-stationary problems in the form " 
ybisn) _ y® @) 3: 
\ dé dndxu CH ry) £9 45 1 
; 3 x | 6 dy dxu (&) yu (n) @ kes } 
= (€) (8) ¢ p(B) ef KIo] Se pe 
= aye fe AG) ¢ FE} ef{Kio]} 

3 The symbol N appearing in front of all terms in (2) 
where denotes the normal product of the opgrators stand- 
ee VS i (3) ing to the right of it. Apart from A ) the field 
AS =u (E)u(n)...u (E,) 4 (Mp) operators also enter in {F'S)t and {K[olf. Here, 


however, in contrast to A‘%’, there appears not the 

*‘final’’ operators, but combinations of non-commu- 
Keo) ot (xe (1)... 9 (y), ting pairs of operators (0-pairs). Applying the 
symbol N to these expressions denotes that the 
operators which enter in them “‘quasi’” commute 
(anti-commute) with all operators except for these 
which are included within the same curly brackets. 

Fe dae } We shall omit the symbol N below, keeping only 

Bee i 2 EpM + Mtr + Xj--- ile the curly brackets to denote 0-pairs. 


j 
An analysis of Eq. (1) shows that Vaca must 
have the following form: 


a) == doy... db-dn, ... dy dx .«. dx dy ony, 


is a function to be determined. The quantity in the 
exponential is 
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GEO ee > (18, Eqn ptr) + 8: Epp] FP a g8p + 1Ss Cote) 


qs Pits t 


(5) 


+8, Eyl Fr a,+ (8: (p*r) + 3: (apyl (FO Ig, + 8: Egy) FI agbp 


+8, (Eq) PS a, + 3: (Mp) (FE )g, + 182) +3; YD FO) FO}, 


In the preceeding equation, the expression 


3 (E,x,)5 8, Egnp¥1) = 8. Egy) 8, (apy) 


and other similar expressions denote the usual 
5-functions, while the index Tis introduced to em- 
phasize the fact that the operators in the integrand 
of (2) and which depend on the variables entering 
for example in OAS g%,) refer to a time which 
follows all the remaining ones. o “is a hypersur- 
face lying between o and 0; and which contains 
the points” fin *, ory): 

The entire expression in the integrand must be 
symmetric with respect to the permutations 
oe : Bore: ne yg ANd Kye = pV] 3 eV 12 
which treat equally all particles of interest. 

Substituting (2) into the original Eq. (1), and 
taking Eq. (5) into account, the recurrence rela- 
tions for the unknown functions F{°... orcs are 
easily obtained. These relations are as follows 


(FY )ag | En = In =X, = 2] = y (FGI nt (6) 


(PP el En = xj = 2 (7) 


= Yap \ 49 {ug (2) a (q)} (ROI-Ni™) 4) ¢ 


n— 4, 


(8) 


WP )y ln, =) = 2) 


So 


= Yay \ 49 {i,(2) 4(g)} (FOIE) |g, =a, 


Ge 


(Eee | et eee z] (9) 


o 


= Yap \ 4g [oP (2) oP (Q)} (FEM IEMD) iy, ag 


oO, 


Pale? @ et ayy tRGhatrs ty sie Zags 


(Fey ae (10) 


C 


= Yup) Andge {ug (2) a (ay)} [OP (2) oO (qa)} 


pee Wenn OUR Aa Oar ear cy 


TiO? ye ayy CREE ye ge eagle 


(FO) pin =z] = (11) 


= Yap) Ange {i2,(2) u (gfe (2) (a2)} 


o, 


x 9 camer Susu m= 4% Vier = at 
he @ig (gah) RISE Hl Jag te ae 


[PP [xp zl yg, \dqdgofu, (2) u (41)} or 


- a 3) (i,/—1; n+4 : 
% {ity (2) 4 (qa)} (FO TOY E =a Mya 


PKL) = t dzsia (21) yu(2) @*) (21) ue) 
x \ dE gd jody ou (E>) u (No) ep) (Yo)} (fe), 2 ioc Y; | o}, 
where 


{£) Bo 2 ¥j10)} SRO EY ea LA) 
— {FE%) (Bong yo | 0} (FO (Ey... | 6)}. 


These relations yreld an exact solution as a func- 
tion of the interaction constant. 

One might have the impression that the presence 
of the factor el K[c]} leads to a solution in the form 
of transcendental functions of the operators, so 
that its practical usage requires a series expan- 
sion. This however is not the case, since {K[ol} 
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and all other quantities in curly brackets form a 
single ‘‘package’’. 


“a equation (5), F(O=F (& aE fe] lo ’) for K=1, 
e220 265 and tae F, (OE, é -¥;|o)- 


1 V. I. Grigor’ev, J. Exptl. Theoret. Phys. (U.S.S.R.) 
30, 873 (1956); Soviet Phys. JETP 3, 691 (1956). 


ee lated by M. A. Melkanoff 


Concerning the Letter to the Editor 
by V. A. Krasnokutskii 
“Light from Aluminum Melts in an 
Electrolytic Bath’’ 


Z. RUZEVICH 
Polytechnic Institute Poland, Vrotslav 
(Submitted to JETP editor July 24, 1956) 
J. Exptl. Theoret. Phys. USSR 32, 148 (1957) 


|e the above mentioned letter to the editor!, V. A. 
Kranokutskii discusses an interesting light 


effect observed during electrolytic oxidation of alu- 
minum or of aluminum melts. However, the author 
erroneously states that this phenomenon was first 
discovered by him. Light emission from aluminum 
electrodes accompanying the formation of oxidation 
film in electrolytic solutions has been known for 
several decades, and is described in many mono- 
graphs devoted to the technical application of anode 
oxidation of aluminum?’3. In addition, Dufford* in- 
vestigated the light emission under discussion in 
the same electrolytes used by Krasnokutskii and 
partially obtained similar results. Krasnokutskiis’ 
statement that light emission is not observed in 
oxide solutions is applicable only to certain acids, 
while considerable light emission is observed in 
H,PO, and in different organic acids*~©. The in- 
fluence of different impurities in the aluminum 

melt on the spectrum of the light was the subject 
of detail investigations by Guminski®. 


1\V. A. Krasnekutskii, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 30, 192 (1956); Soviet Phys. JETP 


3, 120(1956). 
2A. Jenny. Die elektrolytische oxydation des 


aluminiums and seiner Legierungen Dresden-Leipzig, 
1938, 
3 M. Schenk. Werkstoff aluminum and seine anodische 
.oxydation, Bern, 1948. 
4 R. T. Dufford, J. Opt. Soc. Am. 18, 17 (1929). 
5 A. Gunterschultz and H. Betz, Z. Physik 74, 681 
(1932), 
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6 K. Guminskii, Bull. Acad. Pol. Sci. Letters, Ser. A, 
145, 457 (1936). 


Translated by J. L. Herson 
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Paramagnetic Resonance in Alkali Metals 


N.S. GARIF’IANOV 
Technical Physics ‘Institute, Kazan Branch, 
Academy of Sciences, USSR 
(Submitted to JETP editor July 20, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 149 
(January, 1957) 


PARAMAGNETIC absorption resonance due to 
electron conductivity in metals has been studied 
by a number of authors!*4. We have investigated 
the dependence of the width of the electron reson- 
ance absorption curve on the particle size of metallic 
lithium containing about 5% impurities of different 
metals. Measurements were made at frequencies 
of the oscillating magnetic field of 9350, 400, 225 
91 and 35 mes/s using samples in which the average 
particle size of lithium varied within wide limits. 
The method of investigation was described in an 
earlier work‘. 

It was found that the width AH of the absorption 
resonance curve in metallic lithium at room tempera- 
ture gradually decreases from 20 to 3 Oe with the 
decrease of the average metal particle size from 
wbOito % Oli: 

The width of the curve and the intensity of ab- 
sorption in samples of lithium with average particle 
size ~ 0.l remain constant in the frequency range 
from 9500 to 35 mcs/s and at temperatures from 
300 to 90°K. In samples of lithium with larger 
average size particles the width of the curve also 
does not depend on the frequency or temperature*, 
only a distortion in the form of the absorption 
resonance curve is observed?’® which depends on 


the ratio of the particle size to the depth of the 
skin layer (see Fig.). 

It was successfully shown at the 35 mcs/s fre- 
quency that lattice spin relaxation time is increas- 
ing with decrease of particle size. 

The gefactor value was determined in samples 
of average particle size of 0.1p at a 9500 mcs. 
The value was g = 2.002 + 0. 002. 

In the sodium sample of average particle size 
Q.ly and containing 5% impurities, the absorption 
resonance curve at room temperature has AH = 110 
Oe, g = 2.002 at all investigated frequencies. The 
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temperature dependence of the width AH in this 
sample is in good agreement with the data in Refs. - 


2 and 3. 
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We have not succeeded in trying to detect para- 
magnetic resonance in the potassium metal sample. 


& =| 


Temperature 300°K; a, b, c 225 mcs/sec; d, e, f — 9500 mes/sec; size of lithium 
particles g~50; b~ 30; c ~0,l3@ ~ 30; e~ 5; fr~o01t uv 


* There was observed a widening of the absorption 
curves in all lithium samples at T = 463°K. 


1 Griswold, Kip and Kittel, Phys. Rev. 88, 951 (1952), 

2 A. W. Gutowsky and P. J. Frank, Phys. Rev. 94, 
1067 (1954). 

3 G. Fehrer and A. F. Kip, Phys. Rev. 98, 337 (1955). 

4 R.A. Levy, Phys. Rev. 98, 264A (1955). 

5 N.S. Garif’ianov and B. M. Kozyrev, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 30, 272 (1956); Soviet Phys. 
JETP 3, 255 (1956). 

6 N. Bloemberger, J. Appl. Phys. 23, 1379 (1952), 
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Energy Spectrum of Cascade Photons in 
Light Substances 


I, P. IVANENKO AND M. A. MALKOV 
Moscow State University 
(Submitted to JETP editor July 26, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 150-151 
(January, 1957) 


Y the method of moments!~8, it was possible 
to obtain a fairly complete description of a 
unidimensional development of an electron-photon 


cascade shower in light and heavy substances. 

The method is based on the calculation (with the 
aid of recurrence formulas) of the moment along 

the depth ¢ by the distribution function N(E ), Bont, 
of the number of particles in the shower having 
energies higher than £°, in a shower initiated by a 
primary particle of energy E?. 


In Ref. 3, a method was developed for the cal- 


culation of the energy spectra of cascade electrons, 
employing the system of polynomials, orthogonal 

in the interval (0, 0). In the present work, a simi- 
lar method was used for the calculation of the 
energy spectrum of cascade photons in light sub- 
stances. The results of the calculation of the 
number of photons [M(E,, E°, tpl in a shower 
initiated by a primary electron or a photon in air 

for certain values of Ey E° and ¢ are given in 
Fables 1 and 2. 

The accuracy of the method of calculation used 

was investigated in Refs. 3, 5 and 6. In addition, 
the values of the approximation curves agree, 
within the limits of 10%, with the values calculated 
by exact theoretical formulas at E/B >> 1, where 
6 is the critical energy for a given substance. 
The energy spectrum at the maximum of the curves 
is within the limit of 10 or less percent, in agree- 
ment with the ‘‘equilibrium’’ spectrum. Therefore, 
the calculated curves describe the real cascade 


process with an error of not more than 10 percent. 
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TABER 
{Np (E03 £,)}7 
Pe t | | | 
ee 0.5 { 2 | 3 4 5 | if | 10 
e= 0.14 
0.6 0,74 1 0.54 0.26 0.43 0.064 0.032 0.008 | 0.001 
1 0.76 | 0.58 0,33 0.18 0.10 0.053 0.014 | 0,002 
5 4.12 | 41.24 1.24 4.00 0.70 0.45 0.155 | 0.024 
44 poe oh 8 2.45 2.33 4.85 1.30 0.52 | 0,400 
20 1,29 | 2.24 3.80 4.11 3,57 2,74 1.27 1 0.295 
30 1250 [2.62 4,84 Sas 5.40 4,43 2.30 | 0.594 
50 2.54 | 3.43 5.92 8,07 8,70 7.93 4.72) 1.378 
e= 0.2 
0.6 0.69 | 0.48 0.23 0.110 0.053 0.025 0.006 | 0.001 
4 0.72 | 0.52 0,27 0.140 0.073 0,038 0.009 | 0.0015 
5 AY 05 ke OF 0,97 0.74 0.50 0,320 0.106 | 0,016 
44 4.44 | 4,54 1.98 4.78 1.38 0,95 0.35 | 0.068 
20 Ar 2th 1 eA. 93 3, 44 3,18 2.94 E25 0.92 | 0.186 
30 Aoe| 2.26 4,07 449 4.13 3.30 67. | O42 
50 2-02)! 86 4,98 6.48 6.75 5.98 3.45 | 0.98 
e=0.6 
4 0,68 | 0.46 0,22 0.104 0.047 | 0.022 0.005 
5 0,85 | 0.74 0,55 0.37 0.24 0.144 0,045 | 0.006 
14 0.94 | 1,03 4.412 0.96 0.70 0.46 0.164 | 0.025 
20 0.99 | 1,33 1.84 1.79 1.44 4.03 0.42 | 0.084 
30 4,02 | 1.55 2,48 2.62 2.95 4.74 OL 785 | OT 
50 4.18 | 1.86 3.36 4.00 2.80 3.16 1.65 | 0.43 
cre 
5 OnT7 A062 0,40 0.256 | 0,156 0 090 0.026 | 0.03 
14 0.89" 1° 0.88 0,82 0,607 0.428 0 284 0,102 | 0.018 
20 4.02 | 4.49 1.35 4 22 0.74 0.662 0.275 | 0,064 
30 1/05) 4.3 4 86 1 73 41.54 1.03 0.545 | 0.129 
50 4.467) 4.92 2.66 2.99 2.69 2.44 4.14 0.150 


The curves obtained were used for the calcu- 


lation of the altitude course of differing in energy 


photons of the soft component portion, initiated 


by 7°-mesons. The spectrum of the primary photons 


was taken from the data by Carlson and others” 


The calculated and experimental spectra at the 


height of 45 g/cm? differ considerably. This dif- 
ference, apparently, may be explained by the fact 
that in Ref. 9 a large number of soft photons was 


not taken into account. 
The authors wish to express their thanks to S. N. 


Vernov for advice and discussion of the work. 
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TABLE 2 


(Na Gel-2it) 


0.6 | 0.425 ) 0.14 | 0.073 | 0.023 | 0.007 | 
6, sitorss oro 1) 0.47201) 40n0 
5 es itteen |) so 0.77 0.405 | 0.205 | 0,053 | 0.009 
mr 4.98 | 2.82 | 2.73 2-10 1.37 0.84 0.295 | 0.042 
20 5 33585) |) 4078 444 3.04 2.05 0.81 | 0,146 
30 2.59 | 4.63 | 6.47 6.15 4.90 35 1.55 | 0,327 
50 308 |e5.72° |) 9.48 9.76 8.64 6.75 3.36 | 0.83 
er Ome 
0.6 | 0.063} 0.068} 0.036 | 0,041 
1.0 | 0.172) 0.189] 0.105 | 0.035 | 0.015 
5 1.09 | 1.33 | 0.98 0.538 | 0.265 | 0.126 | 0,082 | 0.007 
7 (64 | 9.27 | 2.46 1.56 1.00 | 0.591 | 0.203 | 0.029 
20 (93. |3.07 | 3.63 3.06 2.24 1.46 0.562 | 0.096 
30 216 (3.79 | 5.44 | 4.75 3.70 | 2.64 i411 | 0.222 
50 9.54 | 4.77 | 7.35 7.67 6.55 5,08 | 2.43 | 0.578 
e=(.6 
1 0.025 | 0.028 | 0.015 | 0.008 | 0.002 
5 0.582 | 0.69 | 0.480 | 0.244 | 0,408 | 0.045 | 0,016 | 0.003 
11 1.00 11.34 | 41.49 0.80 | 0.472 | 0.262 | 0.079 | 0.019 
20 1,32 |4.97 | 2.12 166 1.13 0.70 0.246 | 0.036 
30 1.50 | 2:45 | 3.02 2.60 191 | 1.28 | 0.493 | 0.087 
50 1.66 | 3.09 | 4,54 4.37 5 et ke ae 1.12 | 0.240 
aa 
5 0.382 | 0.452) 0.308 | 0.152 | 0.063) 0,024 | 0.004 | 0.004 
41 0.78 | 4.00 | 0,83 | 0.514 | 0.287 | 0.152 | 0.040 | 0.009 
20 1.08 |1.53 | 4.52 1.12 0.732 | 0.442 | 0.4129 | 0.027 
30 1.28 | 4.96 | 2.21 1.80 1.274 | 0.83 | 0.299 | 0.052 
50 1.52 | 2.57 | 3.38 3.09 2.40 1.69 0.706 | 0.148 
1G, T. Zatsepin, Dokl. Akad. Nauk SSSR 63, 243 deat Capacity of KCl 
(1948), T. L Kucuer 


2S. Z. Belen’kii, J. Exptl. Theoret. Phys. (U.S.S.R.) 


19, 940 (1949). 
3 I. P. Ivanenko, J. Exptl. Theoret. Phys. (U.S.S.R.) 


32, 2 (1957); Soviet Phys. JETP 4, 115 (1957). (Submitted to JETP editor July 27, 1956) 


4S. Z.Belen’kii andB. I. Maksimov, J. Exptl. Theoret. 
Phys, (U.S.S.R.) 22, 102 (1959). J. Exptl. shah see bi 32, 152 
anuary, 


5 I. P. Ivanenko, J. Exptl. Theoret. Phys. (U.S.S.R.) 
30, 86 (1956). 


6 I. P. Ivanenko, Izv. Akad. Nauk SSSR, Ser. Fiz. 19, WE. have calculated the heat capacity of the KC] 


Zhitomir Pedagogical Institute 


624 (1955). : 

; . ore TEES Thea epee eee crystal for 16 temperatures in the range from 
22, 112 (1952). Fos PETE AL ONT TE = 110:898 tor T9676 Ka nthe dlerecminatvantot 
8 I. P. Ivanenko, Dokl. Akad. Nauk SSSR 107, 819 the heat capacity, the values of the natural fre- 

(1956). quencies of KC] were used, calculated by the 


9 Carlson, Hooper and King, Phil. Mag. 41, 701 (1950). author in previous work !>? by taking into account 


Translated by E. Rabkin the deformation of the lattice ions, as well as the 
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differences in mass of the K and Cl ions. The de- 
formation of the ions was taken into account by 
the Tolpygo method °'4- 


The results of the calculations are shown in the 
Figure by the solid curve. On the same curve, in 
addition to the experimental data®’® and the heat 
capacities taken from the Kaye and Laby’ and 
Landolt® handbooks, there are also the plotted 


heat capacities found from the Debye temperatures, 
determined by Iona’ for a model of a point lattice 
and for ida! iis of the K and Cl ions; these 
points are shown by crosses. As is evident from 
the Figure, it is impossible to express any prefer- 
ence for the present analysis by comparison with 
the results of Iona. This is associated with the 
fact that the heat capacity, being an integral 
value, is not very sensitive to calculation. The 
fact that at low temperatures the heat capacity 
was somewhat high indicates a somewhat high 
value of the parameters a,, and a,, of the non- 
electrostatic interaction forces between the ions 


of KCI, which were taken by the author from Ref. 3. 


The author takes this opportunity of expressing 
his gratitude to K. B. Tolpygo for his constant 
interest in the work and for valuable comments. 


1 T. I. Kucher, J. Exptl. Theoret. Phys. (U.S.S.R.) 


32, No. 3 (1957). 


2K. B. Tolpygo and I. G. Zaslavskaia, Trudy Phys. 
Inst. Akad. Nauk SSSR, 4, 71 (1953). 
3 K. B. Tolpygo, Trudy Phys. Inst. Akad. Nauk SSSR 


ee Nae Trudy Phys. Inst. Akad. Nauk SSSR 
5,28 (1954). 

5 Clusius, Goldmann and Perlick, Naturforsch, 
4a, 6, 424 (1949). 

6 W. H. Keesom and C. W. Clark, Physica 2, 698 
(1935). 
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7 D. Kaye and T. Laby, Handbook for Physicj 
Moscow 1949 p. 160 (Russian ecstnanhe moe at 


8 L. B.Landolt, 3, part 3 p. 2269, 
9 M. Iona, Phys. Rev. 60, 822 (1941). 
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Investigation of y—Rays from Po—Li and Po—Mg 
Neutron Sources 


Iu . A. NEmILov, A. N. PISAREVSKII 
(Submitted to JETP editor June 30,1956) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 
139—140 (1957) 


WE lithium and Hae obs bombard with 


a—particles of polonium, all (an) and (ap) 
reactions are energetically possible with the 


exception of reactions an ypon Li® and Mg 
Gamma rays are formed in the investigated sources 


as a result of thenucleus, the product of the corre- 
sponding reaction, being in an excited state, or 
because ofits further radioactive decay. 

The study of the y—spectra was carried out by 
means of single or double crystal scintillation 
spectrometers and utilizing in the measurement 
system high stability multipliers FEU—12 which 
were kindly made available to us by G.S.Vildgrube. 
The resolution (relative width of the line at its 
half height) for the Cs‘37 660 kev y—line was in 
all cases not greaterthan 12%. The stability of 
the measuring system was so high that during the 
work extending over more than a month the appara- 
tus did not require any additional calibration. 

Figure 1 shows the y—spectrum obtained from the 
Po—Mg source. The following y—rays were found: 
0.23; 0.8; 1.25; 1.85; 2.3; 4.2 mev. For lines 
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which were observed on a single crystal spectro- 
meter , attempts made to detect n—y coincidences 
yielded negative results. Neutron—gamma coin- 

cidences could not be observed in measurements 


with the double spectrometer because of its low 
efficiency. 
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Discrimination threshold 


0 


Fic. 1. y-spectrum (in relative units) of Po-Mg 


source using a single crystal specirometer. The y-line 
~ 1] mev is not shown. In the upper right are shown results 


of measurements with a double spectrometer. 
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Discrimination threshold 


BiGe 2s y-spectrum of Po-Li source obtained with a single 


crystal spectrometer. Lower curve: n-y coincidences. 
Resolving time for coincidences 2 x 10—" sec. 


The 0.8 mev y—rays are most likely the known 
line observed at disintegration of Po??° (ref. 1), 
y—lines 1.85, 1.25 and 2.3 mev are apparently the 
result of one of the (ap ) reactions. Line 1.85 mev 
probably corresponds to the disintegration of Al?® 
formed in the reaction (ap) on Mg”° (Ref. 2). 
Gamma rays 1.25 and 2.3 mev are apparently the 
result of disintegration of Al?°? (Ref. 3). 


Some indirect but quite difinite indications of 
the existence of y—rays of the order of 4 mev are 


contained in Refs. 4—5, In this work we have 
found, using a double spectrometer, y—rays of 4.2 
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mev. These lines may be related to one of the 


exothermic type (an) reactions: either to Mg*° 
(an) Si28 with reaction energy Q = 2.7, mev or to 
Mg (an ) ee with Q = 0.04 mev, which may 

lead to the formation of the corresponding nuclei 

in a state excited to 4.2 mev. From energy consider- 
ations, other reactions cannot lead to products of 
such high state of excitation. For the reasons men- 
tioned above it was impossible to find directly 

n —y coicidences with the 4.2 mev line. A special 
verification, using slowed down neutrons, indi- 
cated that the detected y—rays cannot berelated 
to the reaction of the neutron sticking to any 
material of the equipment. 

‘The inensity of the weak line ~ 1 mev was con- 
siderably increased when the measurement crystal 
Cs] (TI) or Nal(T1) was surrounded by an I scat- 
terer. It seems to us therefore more reasonable 
to ascribe this line to the inelastic scattering of 
neutrons by | rather than to the radiation from the 
excited state of Al?® or Al?° as is done in Ref. 4. 
The energy of the line, 1 mev, agrees well with the 
energy (1.01 mev), of one of the y-lines observed 
in the inelastic scattering of neutrons. by I (Ref. 6). 

Several assumptions may be stated concerning the 
origin of the 0.23 mev y-rays. They are not related 
to (an) type reactions, since n—y coincidences did 
not yield a positive answer. No substantial changes 
in the intensity of the 0.23 mev line were observed 
when the measurement crystal was surrounded by 
the Na or I scatterers; the latter preclude the pos- 
sibility of accounting for this line by the inelastic 
scattering of neutrons by the material of the crys- 
tal. Possibly these y-rays are the result of one of 
the (ap) type reactions mentioned above. The 
possibility of their occurrence as a result of the 
excitation of the Mg nuclei by the inelastic scat- 
tering of a—particles cannot be rejected. 

Figure 2 shows the y—spectrum of the Po—Li 
source. Two y—lines, 0.39 and 0.47 mev can be 
observed (besides the 0.8 mev y—line of Po?!°). 
The 0.47 mev line is most probably the result of 
excitation of Li. nuclei by the inelastic scattering 
of o—particles. The obtained y—ray energy agrees 
well with results of other investigations.7—® When 
the measurement crystal was surrounded with Na or 
I scatterers the intensity of the 0.39 mev line 
practically did not change. Measurements of n—y 
coincidences indicate coincidence of y-rays with 
0.39 mev neutrons (see Fig. 2). This permits 
us to conclude that the 390 kev y-rays are con- 
nected with the decay of the excited B!° state 
formed in the reaction Li’ (an) B!®. Indirect in- 


dications of theexistence of such a state of ee 
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are contained in Ref. 9. No satisfactory explana- 
tion has yet been obtained of the origin of the low 
energy peak in the n—y coincidence curve (Fig. 2). 
The 1.5 mev y— rays for Po—Li previously re- 
ported in Ref.8, have not been observed by us. 
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Concerning the Temperature Dependence of 
the Magnetic Susceptibility of the Elements 


B. 1. VERKIN 
Physico-Technical Institute, Academy of Sciences, 
Ukrainian SSR 
(Submitted to JETP editor September 10, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 156-157 
(January, 1957) 


i hea? experimentally-observed magnetization of a 

substance is made up of the diamagnetism and para- 
magnetism of the ionic lattice and the diamagnetism 
and paramagnetism of the free carriers of charge 
(for instance the conduction electrons of the metals) 
Accordingly, one can assume that for the suscepti- 
bilities of the elements 


+ 
ion coun wolect 


+ 
elect () 


(the signs — and + designate the dia- and paramag- 
netic contributions to the measured susceptibility). 
The accepted classification of magnetic sub- 

stances is based on the sign of the susceptibility 
measured experimentally. Examination of the ex- 
perimental data concerning the temperature depend- 
ence of the susceptibility of the elements permits 
us to suggest another method for classifying mag- 
netic materials, based on the character of the tem- 
perature dependence of the susceptibility in weak 
magnetic fields. In line with this proposal, one has 
to consider four groups of elements, exhibiting 1) 


iki by 


paramagnetism which is practically independent of 
temperature (the alkali and alkali-earth metals), 2) 
paramagnetism which depends on temperature (the 
rare earths and the iransition metals), 3) diamag- 
netism which depends on temperature (Be, Mg, Zn, 
Cd, Hg, Al, Ga. In, Tl, C, Sn, Pb, As, Sb, Bi), and 
4) diamagnetism which is independent of tempera- 
ture (the noble gases, etc.). The character of the 
temperature dependence of the susceptibility within 
each group is determined by the predominance of 
one of the terms in (1). Thus, paramagnetism which 
is practically temperature-independent indicates 
the predominance of the paramagnetic contribution 
of the conduction electrons; temperature-de pendent 
paramagnetism is related tothe predominance of 
the paramagnetic contribution of the ionic lattice; 
temperature-dependent diamagnetism (as will be 


shown below) reflects the predominance of the dia- 
magnetic contribution of the conduction electrons; 
and finally, the magnetic properties of the fourth 
group of elements indicates the predominance of 
the diamagnetic contribution of the ionic lattice. 
One should pay particular attention to the fact 
that the elements of the four groups indicated 
occupy a definite place in the so-called long perio- 
dic system of the elements (Fig. 1).* For all 
metals of the third group, the de Haas-van Alphen 
effect is observed at low temperatures. With re- 
spect te their atomic spectra and the magnetic 
properties of their crystals, Be and Mg are closer 
to Zn and Cd than tothe alkali-earth metals, and 
consequently they are situated in the 26th, rather 
than in the 2nd column of the periodic system. 
Copper, silver and gold occupy an intermediate 
position between the transition metals and the 
elements of the third group; the magnetic proper- 
ties of sulfur, selenium, tellurium and polonium 
have been inadequately and insufficiently studied. 
The existing theory of the magnetic properties 
of electrons in metals,’? which includes an ex- 
planation of the essential features of the de Haas- 
van Alphen effect in assuming the existence in 
these metals of anomalously small groups of 
electrons, gives the following expression for the 


constant component of the magnetic suscepti- 
bility:?°3 


ayy —niN2) (T/T oy for TK T, = 
y¥ = 2/sxoTo/T for T >To, (3) 
where 
=f oa) whi ee 
oo hava [> (“ae — 4], 
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and 7’, is the degeneracy-temperature of the elec- 
trons comprising the small groups, responsible 
for the fundamental frequency of the de Haas-van 
Alphen effect. If mM eg < Mos then x, < 0 and 


correspondingly x < 0. 
The temperature dependence of x/x, predicted 


by these relations is presented graphically in Fig. 
2. The curves a and 6 correspond to equations 
(2) and (3); the curve b is a typical experimental 
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curve for the temperature dependence of x /x. for 
metals of the third group. It is obvious that Por 

T <<T, and T >> T, the existing theory qualita- 
tively conveys the character of the temperature de- 
pendence for the third-group metals. The depen- 
dence of their diamagnetic susceptibility on tem- 
perature, as well as the de Haas-van Alphen effect, 
is explained by the presence of the anomalously 
small groups of electrons with low degeneracy-tem- 
peratures. Since m,4, is anisotropic, it is clear 


Sm| Eu 


1820 [30400 
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FIG. 1. The location in the periodic table of elements whose susceptibility 
varies in different ways with temperature. I] — paramagnetic substances whose 
paramagnetism is practically independent of temperature; II — elements whose 
paramagnetism depends on temperature; III — elements whose diamagnetism 
increases with decreasing temperature; metals exhibiting the de Haas-van Al- 
phen effect at low temperatures are encircled with heavy lines; IV — diamag- 
netic materials whose susceptibility is temperature-independent. 


0 t 2 J 4 o $ 
ly 
FIG. 2. The temperature dependence of the sus- 
ceptibility of the conduction electrons in metals: 
a — theoretical curve for T << To; 6 — theoretical 


curve for JT >> T 9: 


that the temperature dependence of XI and x4 
can be different. We note that the calculated values 
of the quantity % 99 taken from data for m,, Mos Ms, 


and FE), obtained from investigations of the de Haas- 


van Alphen effect, are close to the experimental 
values. It is necessary to point out that the prin- 
ciple (large) group of electrons with a high degen- 
eracy-temperature gives only an additive constant 
of the same order of magnitude. 

Thus a systematic investigation of the tempera- 
ture dependence of the magnetic susceptibility 
of the metals of the third group represents another 
possible method of studying the energy spectrum 
of electrons in metals experimentally. 

It would also be of interest to look for the de 
Haas-van Alphen effect in crystals of Ge and in 
the y-phase of a series of alloys (for example 
Cu, Zn,) whose susceptibilities exhibit the same 
temperature. dependence as the metals of the third 
group. 


* In Fig. 1 the numerals represent the values of the 


atomic susceptibilities of the elements at room tempera- 
ture; the arrows indicate the change of the suscepti- 


bility coefficient of each element as the temperature 
increases. 
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Temperature Dependence of the Magnetic 
Susceptibility of Electrons in Metals 


G. E. ZIL’BERMAN AND F. I. ITsKovicu 
(Submitted to JETP editor May 28, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 158-160 
(January, 1957) 


WW have investigated the temperature dependence of 
the magnetic susceptibility x of electrons 
over a wide range of temperatures in weak magnetic 
fields, where x is practically independent of H. 
The necessity of this investigation for the classi- 
fication of magnetic materials was pointed out to 
us by Verkin’. The following cases were studied: 
I) only small groups of electrons are present; II) 
there is, in addition to these small groups, a large 
group of electrons; III) besides the foregoing 
there is a large group of holes. The calculation 
is carried 6ut for a quadratic law of dispersion 
with respect to the spin paramagnetism and to the 
anisotropy of the effective masses. 
We consider hexagonal crystals like bismuth 
(for other types of symmetry the results do not differ 
qualitatively). We make the usual assumption that 
these crystals have three identical small groups 
in the form of ellipsoids, the axes of which make 
an angle of 120° in the plane of the binary axes. 
Case I. Carrying out our calculations as in 
Refs. 2 and 3, we obtain the component x; (3 is 
the index of the principal axis) of the three groups 
referred to: 


%; = —NeAB, (RT)? F_., (6 / RT) = — AB; Vee Xe.(1) 


(since m,<<mp, where Mo is the mass of a free 


electron, we can ignore the spin paramagnetism). 
In this equation, 
A = V 2 2/6rhc2, By == Bo (2) 


= 3(my + mz)/2V mymgms; oe 3m3/V mymems; 


X= UA ata (u); (3) 
Pea casks 
ea ala: " 


= Slime = ( aed y" 


162 V 2mymymg 


F,(u) i 


0 


xSdx € 
(er ’ u= kT 3 

The dependence of the chemical potential € on 
temperature is determined from the condition that 
the concentration n of electrons be constant, which 
gives 


0 = [3/Fs,, (wu) (5) 


By calculating the function F ,,,, we determine 
from Eqs. (3) and (5) the function X(6), which is 
the desired dependence X(T) in generalized c oordi- 
nates, and also €(6)/¢,. For the limiting cases — 
strong degeneracy and Boltzmann statistics — we 
obtain 


T<T):X =1—72 62/18, 
C/% = 1 — 1? 62 / 12; 
T > T):X =2/230, 
© / Co=(8/2) O In [(16 / 9r)'!* 6-3]. 


(3°) 


Curves of X(@) and €(9)/¢,, and also their asymp- 
totic expressions (broken curve), are presented in 
Fig. 1. A series of metals has just this tempera- 
tre dependence for x. 

Case II. The dependence of the chemical poten- 
tial C’ of a large group (we consider its ellipsoid 
of revolution with ™, = ,~ m,~m) on T is 
represented here, as it turns out, by the same curve 
(Fig. 1) as in the preceding case (only the scale 
is changed; the new reduced temperature 0’= T/T G3 
where T)°= Ci /k; generally € ’>> ¢_). From 
the definition of C(T) (for a eal group) it turns 
out that the parameter o = Coie. os il. 


The overall magnetic susceptibility of the small 
(X,) and large groups is equal to 


4,=—AVG, [BX_ 0) +B, X 0], (6) 
Bi = By =1/V m,—3m), V mi. / m2, (6) 
Bs = V mi /m,— 3m, V / m?., 


Se 


oO _ V0" F_y, [w (0’) — =| : 
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however for T > 00, C~ il [compare (3 4) . 
i) oO < fl 


9 
are 
v 


Xa Va [i a 


(1 + x) 02 


Curves of X,(0) are presented in Fig. 2. If 
a<<1, X (0 )has a minimum for T ~ T and a 
weakly-expressed maximum for T ~ Tay if a 


>a, ~ 0.2, X (0) decreases monotonically, approach 


ing X(0) fora~ 1. For T >> Ty, X,(0) = 2/3 0” 
= X(0}. 


FZ. 
= 


/\ 
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For the sum of the two terms in (6) there are 
several possibilities, depending on the values of 
a and the effective masses (in particular, B ,” can 
be negative), but for T < T,) << 7,’ the tempera- 
ture dependence is determined principally by the 
small groups. 

Case III. In this case the total number of particles 
increases with temperature, but n,,; — %, ¥1., = const 


We shall take Nei = "holes? which gives %,=—A VOB, Ke (9) 


, 


LC? 004 006 Q0B Q19 i 


The total magnetic susceptibility is now equal to: 


Siz . - 1+ , en, : - 
YP. (u) =F, ( — “), (8) + B, X/(0’) — B° X® @’)], 


where the B ,° are determined in the same way as 
m,m,m, \ 3 the B.’{67; 
iS i 
0 
3, 


/ 
L 
OO 
1 


4 / 1 Q/- , ,, {= 
oe (9 Vex a V6 ty, le, (0 ) eno a | 


Here there appears only a single parameter y; the 0’ 


mass m,° ~ m, telates to the assembly of holes, La ee ; 
hi eh ae : var XO) eV OT aalenOn (10) 
which we also consider in terms of its ellipsoid of apa 
rotation around the principal axis. The condition X° @’) = ee VF is Sole, ie 
(8) can give a qualitatively different dependence i 2 s 6° rs | 


for ¢“(7)than (5). Namely, €(T) can not only de- 
crease (y > 1), but also increase (y < 1), and even t : j J 
stay identically constant (y = 1), whereupon the law here u yo) is a function determined from (8). For 


of the change of €’ at low T is parabolic, as before; low T: 
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2 
Key = Vali = (14+ %=4 x) 6] (104 
(T € T)); 
yes 72 1— 2y rs , 
Bere Weerps ag 0: (10%) 


2 


boss ml’ m3 bee , , 
Roe UY At 3 0”) (Ty, 


(104 for « << 1 agrees with (7); the function (107), 


depending on y, can also increase as well as de- 
crease. For high TJ all three functions (10), and 
.consequently x, as well (9), increase (for T >> T,’ 
they are proportional to VT , whereupon Key = X). 


Several representive curves are presented in 


. 4, fe) . . 
Fig. 1 for (Xy : Xy ) and in Fig. 2 for (X,,)- For 


the sum of these curves (with corresponding coef- 
ficients) the various possibilities are even more 
numerous than in Case II. In particular, one can 
obtain a curve containing several maxima, similar 


to the experimental curve of Verkin (4) for Zn. For 


it < T , <<T, the small groups give the basic tem- 


perature dependence, as before. 


The authors express their thanks to I. M. Lifshitz, 


B. 1. Verkin and M. I. Kaganov for discussions of 
this work. 
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Contribution to the Thermodynamical Theory 
of Ferroelectrics 


I. A. IZHAK 
Dnepropetrovsk State University 
(Submitted to JETP editor September 25, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 160-162 
(January, 1957) 


ROM the thermodynamical theory of ferroelec- 
trics developed by Ginzburg’ ’”, there follows 
a series of important conclusions concerning the 


11 


dependence of the dielectric properties of barium 
titanate on mechanical stress. Strictly speaking, 
the theory applies only to single-domain mono- 
crystals; however, in the paraelectric region it is 
expedient to attempt to compare experimental data 
obtained for polycrystals with the conclusions of 
the theory. Below we present data which we have 
obtained for polycrystalline samples of BaTiO ‘ 
which corroborate certain conclusions of the ther- 
modynamical theory. 

1. The expansion of the thermodynamical poten- 
tial ® in the presence of an elastic stress ip 
differs from the analogous expansion in the absence 
of a stress only in the coefficients a, for the pola- 


rization Pe 3,4 


- If there exists only a single com- 
pression, along the x-axis, for instance, then for 
the parallel and perpendicular directions we have 
respectively: 


Cc, = & (0 tee caw 10} 


1 earner es Genoa. (1) 


where X41» %» are the Strain coefficients, and a 
the expansion coefficient in the absence of com- 
pression. 

It is possible to determine the coefficients a, 
and a, from measurements of the dielectric con- 


stant: 1,4 


a, = a2n/e,., t= ar /eyy (T > 8). (2) 


In Fig. 1 is shown the experimental behavior 
of the coefficient a, as a function of pressure 
(unilaterally aroma) for various temperatures 
above the Curie point, calculated from our mea- 
surements of the dielectric permittivity for poly- 
crystalline BaTiO, in a weak field (7 volts/em) 
at high frequency (1 Mc/s). It is clear that the 
linear dependence of «, on unilateral pressure, as 


required by the theory, is well realized over a wide 
range of pressure, in which 


%, = + 0.75-10-12 em /dyne (3) 


For measurements of € in the direction perpendicu- 
lar to the axis of compression, the linear depen- 
dence is violated for pressures beyond 500 kg/cm”, 
but in the region where linearity is preserved, 


_ = — 0.23-10-12 em? /dyne (4) 
The values (3) and (4) are smaller than the esti- 


mates based on x-ray measurements and the tem- 
perature dependence of the spontaneous polari- 
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zation (x, = +3 x 10-12 cm?/dyne, x, ~ —1.10 
x 10-12 cem?/dyne)*, but they agree with them in 
sign and merely agree in magnitude, indicating 
the possibility of determining the coefficients %, 
and x, from dielectric measurements, with the 
aid of thermodynamical relations. 


Py 
a 
oa 
ee a 


2. In the thermodynamical theory it is assumed 
that near the Curie point it is possible to use the 
expansion 


a=a,(T—®) (T>8). (5) 


The data presented in Fig. 2 show that the coef- 
ficient ag’, determined from the slope of the 
straight line (5), remains constant over a wide 
range of temperature and pressure, and thereby 
confirm the validity of the expansion (5) assumed 
in the theory. The numerical value of « 9” for 
the samples which we investigated was approxi- 
mately 5.8 x 1075 deg™?. 

3. By treating the data for x, and «y”, ob- 
tained experimentally from measurements of the 
dielectric permittivity, it is possible to estimate 
the displacement of the Curie point under uni- 
lateral compression. Theoretically this displace- 
ment is equal to the following:4 


AQ = —x,0,, /% = + 13-10 deg- em? /kg. 


From experimental measurements it is approxi- 
mately equal to 2.8 x 10-3 deg cm” /kg;> that is, 
it has the same sign and the same order of magni- 
tude as the value calculated from the theoretical 


formula. 

4. Experimental results®’® show that the maximum 
relative change of ¢ under the influence of pressure 
is observed near the Curie point. 

For unilateral compression for T > 0 the theoreti- 
cal dependence of the relative change of the dielec- 
tric permittivity, as measured along the axis of com- 
pression, on the temperature is given by the ex- 
pression 


Ag 0, Ge, (6) 
—\ =a an GeO Le 
(Sev on - Coll 0) Ge Ac 
/ «8 A 
wise +1) + T= AABT, 
Moxy 1 Oxx 


where A and B depend on the mechanical suress. 
Consequently, in the para-electric region the recip- 
rocal of the magnitude of the relative charge of € 
at constant pressure depends linearly on tempera- 
ture , but the slope of the straight line is negative 
(o,, < 0) and diminishes in absolute magnitude with 
increasing pressure. In Fig. 3 are presented the 
corresponding experimental data, calculated from 
measurements of ¢ for polycrystalline samples of 
BaTiO, in the paraelectric temperature region. 

As is obvious from these data, the kind of depen- 
dence (¢,.)o/Ae = f(T) required by the theory is 
well realized. 


Mie eel. 
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Fic. 2. i—p=0, 2—p = 200 kg/cm? 
3—p =400 kg/cem2, 4—p = 600 kg/em? 
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electrons with high frequency fields in resonant 
cavities. And in the first place, the dispersion 
of the kinetic energy or the electron velocity, pro- 
duced during their passage through the resonator, 
was calculated. Erroneous deductions are con- 
tained in some of the above mentioned papers, 
however, and in phere | °57 classical results 
were sometimes considered as quantum; quantum- 
mechanical methods were used for finding expres- 
sions, which are simpler, and which in the more 
general case can be obtained by a classical method. 
At the same time, the problem of the passage of 
electrons through resonators is one of the most 
8 ta Re miepserea 
> ? 
the condition of classicity ha << kT is disturbed, 
is acquiring increasingly greater interest. There- 
fore, we considered it appropriate to discuss 
briefly the problem which is stated in the title 
(this is carried out in greater detail in Ref. 8). 
We will analyze classically the following 
problem: a non-relativistic electron enters into 


Fic. 3.2, 3,4, 6 —the same as 
rey Meets AE 


The comparison which has been made between 
the conclusions of the theory and the experimental 
data supports the possibility of applying the theory 
to polycrystalline BaTiO,, at least in the para- 


electric region. Regarding the ferroelectric region, the resonator os instant t = 0 with a kinetic 
satisfactory agreement between theory and experi- energy K) = mv 5/2, and emerges from the reso- 
ment is observed only for temperatures no more than nator at the instant t = Twith a kinetic energy 
10-12° below the Curie point. K = mv” /2. Moreover, for simplicity we will 
consider the electric field EF in the resonator along 
fs eS J. Exptl. Theoret. Phys. (U.S.S-R-) the electron path as homogeneous and directed 
oe L. Ginzburg, Usp. Fiz. Nauk 38, 490 (1949). along its velocity (such a case is completely real). 
3 V. L. Ginzburg, J. Exptl. Theoret. Phys. (U.S.S.R.) When 


19, 36 (1949). 


4 L. P. Kholodenko and M. Ia. Shirobokov, J. Exptl. E = Ey cos at + (£2 + Fo) sin at, (a) 
Theoret. Phys. (U.S.S.R.) 21, 1250 (1951). 

5 E. V. Siniakov and J. A. Izhak, Dokl. Akad. Nauk we obtain: 
SSSR 100, 243 (1955). dv 

6 1. A. Izhak, Izv. Akad. Nauk SSSR Ser. Fiz. 20, 199 ee a cE, U,= Up (1) 
(1956). 
Translated by W. M. Whitney a as [Ey sin ot ++ (Eq +E) (t= cos on). 
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On Quantum Effects Occurring on Interaction — Let now E, and E. be random values, so that 


of Electrons with High Frequency Fields E, =F, =OandZ ‘ = £2 =Vi/d*, where d is the path 
in Resonant Cavities traversed by the electron (thickness of the resona- 
tor), and V2 is the mean square of the fluctuating 
V. L. GinzBURG AND V. M. FaIn voltage; the averaging, which is denoted by the bar, 
P. N. Lebedev Physical Institute, Academy of Sciences jon Arsied out) over the Comespouding exsemmle 
USSR, and Gor’kii State University of identical systems. As inthe papers cited above, 
(Submitted to JETP editor September 21, 1956) we shall also consider the action of the field in 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 162-164 the resonator on the electron motion as a small 
(January, 1957) effect, in the strength of which we can limit our- 


selves to the terms of the e” order, and for the 
ECENTLY, a number of papers!” were pub- time of the electron flight through the resonator 3 
Riisnca in which an analysis was made of the we shall assume T= d/v,- Then, as can be easily 
quantum effects occurring during the interaction of seen, 


124 ETE MPS) TO 
1S aa Aerige a one) 
(AK,)? = kK Kel == @? d2 VS 
Sse | SI(@u/ 2) |7 
aoa | 


In addition, since (Av )2 << Ones the dispersion 

of the velocity (Av)? = (AK)? mu, ? ° Under 
the conditions when wt << 1, (AK,)? =e? V2, that 
is, we obtain the expression (for the field constant 
with time) that is evident from the law of the con- 
servation of energy. If oscillations of various 
frequencies are present in the resonator, then 


oO 
2 : Oe 
.. a \ LAE [= (wT / =] aoe 


ot /2 


When only one natural oscillation is taken into 
account, a resonator is equivalent to a circuit con- 
sisting of (for example) a series connected resis- 
tance R, self-inductance L and capacity C, so that 
‘the impedance of the circuit when an emf € = Z/ is 
applied will be equal to Z =R + i(wl — 1/wC). In 
this type of circuit, if we consider the condition 
of the thermal equilibrium, the spectral density of 
the fluctuating emf, in accordance with the Nyquist 


quantum theory?’?°, will be equal to 
—; 2 ho ho (4) 
5 aha R () te @ | 5) 
= z jheikT ys | 


the density of the square of the current Peele 
/| Z(w) |* and the density of the square of the 


== |e 


2 
one 


voltage on the condenser 


' | Eee = (5) 


Ped 


R? C2 @ + (LCw® —1p2 
Substituting (4) into (5) and then (5) into (3), we 
obtain the final expression for (AK Ss For a 
weakly damped resonator with a frequency Wy 
= (LC)%, as can be easily shown, we will obtain 
from the general expression for (AK ae (see, for 
example, Ref. 10): 


—— ek 
ell@olRI__4 


(6) 
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Sonitzky.- and Weber’ obtained these results 
by using the quantum-mechanical theory of pertur- 
bations. The corresponding calculations are first, 
more complex and less clear, and second, are 
limited by the region of small damping. At the 
same time, these results hold for any damping of 
the circuit. A more detailed comparison of the 
obtained expressions with those given in Refs. 4,7 
was carried out in Ref. 8. In the same paper, an 
analysis was made of the problem under discussion 
within the frame of canonical formalism, which 
is limited by the case of weak damping and, ob- 
viously, will lead to Eq. (6). 

It*should be noted also that in quantum-electro- 
dynamic solution of the problem of the electron 
passage through a resonator, the same as in a num- 
ber of other cases, the use of the ordinary theory 
of perturbations is limited (see Ref. 12 and also 
Refs. 8, 11), and in some cases it becomes neces- 
sary to use a more complex procedure of calcula- 
tions?’ 1? which in the final count leads to essen- 
tially classical results. 

From formulas (4) — (8) we see that the total 
quantum effect in the problem of the passage of 
electrons through a resonator is determined by the 
account of the quantum fluctuations of the radiation 
in the resonator and, in particular, of the zero 
oscillations with the energy A @/2. In Refs. 4 and 
5, it is asserted that there exists also a quantum 
effect associated with the account of the wave 
properties of electrons. It can be shown, however, 
that the dispersion of the electron velocity, as 
well as the dispersion of the field, calculated in 
Refs. 4 and 5, and associated with the scattering 
of the initial position and the momenta of the 
electrons, can be obtained also as a result of a 
considerably simpler classical calculation®. The 
single quantum element, moreover, consists in the 
fact that the initial distributions of the electron 
velocity and momenta are limited by the ratio of 
uncertainty. This limitation, however, is apparent- 
ly completely insignificant in practice, even if we 
disregard the fact that its existence does not 
change the assertion of the possibility of purely 
classical analysis of the electron motion in a reso- 
nator within the accuracy with which the calcula- 
tions were carried out in Refs. 4 and 5. 

In conclusion, it should be noted that the portion 
of the velocity dispersion determined by the zero 
vibrations, which in the case of (6) is equal to 

(Av)? = eho / 2Cm?v?, 


(b) 
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is quite small®, although it may be of theoretical 
interest in the analysis of the performance of 
electronic instruments. 


1L. R. Smith, Phys. Rev. 69, 195 (1946). 
2D. Gabor, Phil. Mag. 41, 1161 (1950). 


3 I. R. Senitzky, Phys. Rev. 91, 1309 (1953). 


41. R. Senitzky, Phys. Rev. 95, 904 (1954). 

5 1. R. Senitzky, Phys. Rev. 98, 875 (1955). 

6 P. S. Farago and G. Marx, Acta Phys. Hung., 4, 23 
(1954); Phys. Rev. 99, 1063 (1955). 

7 J. Weber, Phys. Rev. 94, 215 (1954); 96, 556 (1954). 

8 V. L. Ginzburg and V. M. Fain, Radiotekhnika i 
Elektronika 2, (1957). 


9H. B. Callen and T. A. Welton, Phys. Rev. 83, 35 
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lo V. L. Ginzburg, Uspekhi Fiz. Nauk 46, 348 (1952); 
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11 V. L. Ginzburg, Dokl. Akad. Nauk SSSR 23, 773 
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12 A. I. Akhiezer and V. B. Berestetskii, Quantum 


Electrodynamics, Sec. 32, GTTI, 1953. 
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On the Problem of K® Decays 


I. lu. KoBZAREV 
(Submitted to JETP editor October 25, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 180-181 
(January, 1957) 


F we assume that in K-meson decays parity is 

conserved, then from the whole of the experi- 
mental data it apparently follows that there exist 
two mesons Tand 6 with spin and parity 07 and Ot 
respectively. Then it must be supposed that there 
exists a certain ‘degeneracy in parity”’ for the 
“strange particles’? . On the other hand one can 
assume that there exists only one K meson and 
that parity is not conserved in the decay interac- 
tions”. In the present note we point out one possi- 
bility for an experimental test of the hypothesis 
of nonconservation of parity. 

We suppose that parity is conserved and con- 
sider the decay of a T° meson. The possible decay 
schemes for it will be 


By aaets © u 


79 => 


a : 


Like the 6° meson, the 7° meson must represent 


3 # 
Roe ree : 


a mixture of charge-even and charge-odd components 


2 = (29-4 19) VE 
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‘ie aa : 
T, Will decay according to all four possible 


schemes, with the decay 7° + 37 being the isot opic 
at s 
analogue of the 7* decay. 


For cig the decay T° + 37° is forbidden, and the 


decay 7 + 7+ 477 47° must go into states with 
orbital angular momentum different from zero and 
will be suppressed, so that the main decay for it 


will be 
+ of 
a =: eet y+ m. 
e 


For both components the lifetime will be of the 
order of 107” sec.? 

The situation is fundamentally changed if we 
assume that there exists one K meson but that 
decays occur with nonconservation of parity. In 
this case the main decay for the K° component 
will be K® + at 4 m3; this decay is a fast one, so 
that the lifetime of K® will be ¢~ 10-1° sec. The 


charge-odd component, for which two-meson decay 
is impossible‘, will decay mainly according to 
the schemes 


ls = 
Ko Bl tytn? or Kode ty 


with lifetime t ~ 10~8-10~7 sec. 

Let us consider the decay curve of T° + at +77 
+7°. Inthe case of conservation of parity, we 
must observe two slightly separated exponentials 
with nearly equal lifetimes t ~ 10~7 sec. But in 
the case of nonconservation of parity we must ob- 
serve together with an exponential of lifetime 
t ~ 107°-10—7 sec a short-lived component with 
lifetime of the order of 10~!° sec. 

I express my thanks to I. Ja. Pomeranchuk for a 
discussion. 


1T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 


(1956). 
2R. P. Feynman, Proc. Sixth Rochester Conference. 


3 G. A. Snow, Phys. Rev. 103, 1111 (1956). 
4 M. Gell-Mann and A, Pais, Phys. Rev. 97, 1387 


(1955). 


Translated by W. H. Furry 
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Reply to Critical Remarks of |. F. 
Kvartskhaval Concerning our Papers2-6 


S. V. LEBEDEV 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor June 18,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 
144—145 (1957) 


IN Refs. 2—6, we investigated the dependence 
® of the electrical emission on the energy E& re- 


leased from a metal at currents i ~ 105 —10’ 
amp/cm?. Let us review the basic results of these 


experiments: a. The anomalous dependence 
R= R(E) is not observed prior to the oceans 
of melting of the metal®. 6.Melting begins an 
ends with the usual values of E and R: E=W, 


s l 
When F reaches the value ES , the metallic reistance 


suddenly disappears and the metal explodes”?>*©?, 


Essentially, E, increases with the increase of 


current i. d. Nearthe melting point of the metal, 
there are observed anomalies of electron emission®’® 
e. In lamps with wolfram cathodes, for which 
the anomalous emission is very high, Langmuir’s 
law does not hold.¢. 

Dependence of E, oni and the anomalous emis- 
sion could not be attributed to errors. An assump- 
tion was therefore made concerning the anomalous 
condition of the metal. In Ref. 5 a faulty deduc- 
tion was made that ati = 5x 10° amp/cm? the 
metal does not become liquid atk =W, + W . As 
indicated by the correct interpretation of these 
experiments, given in Ref. 7, ‘the error made in 
Ref. 5 is not connected with inaccuracies of R 
and £ measurements. 

2. It may seem from Ref: 1 that, in Refs. 2 to 6, 
we arrived at a conclusion concerning the anomalous 


dependence of R on E < W_ and the breakdown 


of Ohm’s law. But the absenceof anomalous R 
and F at E < W) was established with an accuracy 
of ~ 5% in Ref. 6 (pp. 97-100, Fig. 4). 

We have never observed deviations from Ohm’s 

law; on the contrary, in Ref. 5, p. 613 and Ref. 6, 
p- 108, it is noted that the error which lead other 
experimenters to the deduction concerning the 
breakdown of this law, is due to inductive distor- 
tions of the oscillograms. The same error as in 
Ref. 1 is unjustifiably ascribed to us, (Ref. 2, 
p. 630). The assertion of Kvartskhava not with- 
standing, an induction correction was introduced 
in Ref. 2 and in the oscillograms Fig. 7 which is 
indicated on p. 634 of that work. 
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It should be noted that in Ref. 1 (point 1) our 
point of view was not formulated correctly. The 
correct formulation of our conclusions is pre- 
sented above. 

3. Kvartskhava states that our measurements of 
R and E are incorrect, and that the observed ex- 
cess energy of the wire at resistance of i is 
connected with macroscopic movements of the metal 
and not with internal energy. However, our con- 
clusions are confirmed by new data’ according to 
which at i > 5x 10° amp/cm2 , the motion of 
the metal prior to the explosion is not of sufficient 
duration to disturb the constancy of the cross 
section along the wire. Therefore the high values 
and energy of the entire wire enable us to find 
R and E for E < E., , which has been confirmed 
by measurements of Rj, W, and W,, for Ni and W® 


and by measurement of Rj jh Rij for Cu. ? 


If the current is switched off at a valve & even 
a little less than EF, , the wire does not explode 
and instead disintegrates into drops, the kinetic 
energy of which K << £ ~W,.” Therefore neither 
the explosion nor the excess energy ~ W, (of the 
E’, dependence on 7) can be explained on the 
basis of K. The description of the explosion mech- 
anism in Refs. 1 and 8 (Sec. 4) is in our opinion 
incorrect. 

4. In Ref.1 there is an attempt to explain the 
anomalies observed by us of the anode cwrent /, 


by the glowing discharge . The author asserts that 
when discharge takes place along the wire, the 
relation of the ‘‘electronic’’ J, to the ‘‘ionic’’ 


l, is determined by the ratio of the ion mass to 
electron mass m ,/m , and that this relation is 


observed in our experiments. But as the charge 
ignites the growth of currents I, and/_ are 
a 


limited by the properties of the external links and not 

by the ratio m, / m, (Ref. 3,p. 724). The small 

value of J, / 17, medsured by us in the absence of 

discharge* is also not determined by the ratio 

m, /m, , Inasmuch as I; ae changes in the course 

of the experiment and depends on the degassing 

of the electrodes (Ref. 4, Sec. 2 and Ref. 3, Sec. 3). 
5. It is stated incorrectly in Ref. 1 that, at anode 

voltages V, < 1 kv used by us, the inagnetic 


field of the wire heating current i, should in 
general lock the anode current 1, as long as there 


is no discharge along the wire. For the evalua- 
tion of the critical anode potential, V,; in 
Ref. 1 was taken as i = 108 amp and i = 10? amp 
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and the obtained V,, = 100 ku and V;, = Lk, i.e, 
V, > V , - However, inRef.3, we measured / 


when i passed through zero and remained less than 


15 amp. (Ref. 3, Fig. 13) while Vi < 23V, <V,. 


Inexperiments with V, ~ 6v condition Vi<V 
* . . 4 
is also fulfilled, inasmuch as I, is here measured 


with the complete exclusion of current i Ref.4, 
upper curve, Fig. 3g). To a lesser degree this 
condition is observed in Ref.6, Sec. 2, where - 


was measured at i = 17 amp, but even in this case 


Vi,<29V<V,(62V<V.<70 V). 
It is obvious that the condition v= Ve 


was maintained during our measurements: besides 
the anomalous current /, there is also observed 


the normal anode current which precedes it and 
which, according to Ref. 1, cannot take place 
in the absence of discharge (Ref. 4, Fig. 4, g,h 
and F'ig.6, a—h, where V,, = 90 VisV 2)\5 The 


absence of discharge is insured here because in 

normal emission Langmuirs’ law holds and the 

I, =1, (t) curve has a plateau (Ref. 4, p. 496). 
Thus, the explanation proposed in Ref. 1 of the 

anomalous anode current as caused by the dis- 

charge, and the explanation of the E depend- 


ence on i by the macroscopic movement of the 
metal, are contrary to the results of our experi- 
ments. The data contained in Ref. 1 and 8 do 
not furnish a basis for renouncingthe conclu- 
sions given above (a—e). 


*During measurements of J, and [,, the potential dif- 


ference between the ends of the emitter was maintained 
below the discharge ignition potential. 
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Investigation of the Allotropic Transformation 
“2B Zr with the Aid of an Electronic Projector 
A. P. Komar AND V. N. SHREDNIK 


Leningrad Physico-Technical Institute, 
Academy of Sciences, SSSR 


(Submitted to JETP editor October 29, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 184 
(January, 1957) 


4 ee use of an electronic projector permits a 

visual observation of phase transformations in 
metals at crystal particle dimensions of the order 
of 10~*-10—° cm, with a resolving power of 100- 
20A. The investigation of transformations in such 
small crystals has independent interest, since the 
increased role of surface energy must have an 
effect at such small dimensions. 

The usual Muller’ electronic projector was used, 
with a zirconium point, the monocrystalline tip 
which was the object of investigation. The investigation 
of zirconium in an electronic projector makes 
special demands on the quality of the vacuum, 
since with heating, there is a strong tendency to 
form oxides, nitrides, and carbides of zirconium 
which are extremely refractory and nonvolatile, and 
consequently, are not removed from the surface by 
heating the point in vacuum. 

In spite of the fact that the pressure of the re- 
sidual gases in the bulb of the projector was less 
than 10~® mm of mercury, it was not possible to 
obtain a picture of the autoelectronic emission 
of a smooth crystal similar to the well known 
picture of a pure tungsten point. 

Crystal particles such as o - Zr (hexagonal close 
packed lattice), as well as 8-Zr (cubic volume- 
centered lattice) were obtained with corrugations. 
It is natural to associate the corrugation and the 
clearly expressed faceting of the crystal with the 
well-known action of an electric field on the crystal 
during heating”. The faceting of the crystal by 
faces of the cube {001} and {122$ is apparently 
associated with the intrusion into the surface layer 
of nitrogen atoms from the residual gases. The 
nitrogen atoms occupy the spaces between metal 
atoms, which in addition to smoothing the atomic 
unevenness, increases the durability of the surface 
layer. 

The following steps were taken for the “‘purifi- 
cation’’ of the surface: ]) the layer-by-layer 
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destruction of the surface by heating the point 
while a high positive potential was applied to it, 
with a gradient of 1.4 x 10® V/cm at the surface, 
and 2) condensation on the surface of the-zirco- 
nium point of a large quantity of zirconium from 
an external source in a vacuum of the order of 
10-8 mm of mercury. 


DEE Roe: Om EVE Ey GOT 


By heating the point above the transformation 
temperature (862°C), it was easy to form a B-Zr 
crystal, which during cooling was transformed 
over the entire volume into a unique «-Zrcrystal. 
The process of 8 » « transformation was not 
always geometrically reversible, because with a 
repeated rise of temperature, a cubic crystal would 


Autoelectronic pictures of zirc 
a — hexagonal crystal. The axis 


sometimes form with a different orientation than 
the original. However, in all of the observed cases 
for the mutual orientation of the crystal the original 
and new phases satisfied the relations found by 


Burgers® with x-rays 


{0001}, I] {110}, and [1120], |l [t-11],. 


This allows the possible occurrence of 12 orien- 
tations of the new phase for 8 + « transitions, and 
6 orientations of the new phase for ~ ~ f transi- 
tions, corresponding to one orientation of the 
original phase. But for the observed microcrystals, 
the experiments showed that as a rule, one 
(rarely two) of the possible orientations of the 
new phase was realized. Similar effects were ob- 
served by Brock* with titanium. It was noted 
that of the possible orientations, those which 
lead to the minimum change of surface energy 
were realized. This is quite natural for crystals 
of such small dimensions. 

A noticeable rise of the transition temperature 
with an increase of heating duration was observed, 


ium monocrystals at the tip of a point: 
0001] is vertical in the plane of the 


figure. T = 20°C. Crystal diameter d) = 1.6p; b — cubic crystal. T 
= 1060°C, dy = 3p. 


associated with absorption by the zirconium of O, 
and N,, from the residual gases at a pressure lower 
than 10~® mm of mercury. 

A more detailed presentation and discussion 
of these experiments will be given in the Journal, 
“Physics of Metals and Metallurgy’. 


1E. W. Muller, Ergebn. exakt. Naturwiss,. 27, 290 


(1953). 


21. L. Sokol’skaia, J. Exptl. Theoret. Phys. (U.S.S.R) 
26, 1177 (1956), 

3 W. G. Burgers, Physica, 1, 561 (1934). 

4 E.G. Brock, Phys. Rev. 100, 1619 (1955). 
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On the Question of the Spin and Parity 
of the Meson 


I.S. SHapiro, E. I. DoLinskn AND 


A. P. MISHAKOVA 
Moscow State University, 
Academy of Sciences, USSR 
(Submitted to JETP editor October 5,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 173—175 
(January, 1957) 


COMPARISON of the experimental data on the 

energy spectrum and angular distribution of the 
m—mesons formed in 7 + decay with the theoretical 
curves of Dalitz! leads to the conclusion that the 
most probable spin and parity values for the — 
meson are (Q. Dalitz’ curves were obtained on the 
assumption that in the —decay the 7—mesons are 
produced in states with the smallest possible 
orbital angular momenta. Since the correctness of 
this assumption is not obvious, Marshak? pointed 
out the possibility of securing agreement of the 
experimental and theoretical data on the energy 
spectrum of the 7—mesons by assuming that the 
spin and parity of the = meson have the values 2 * 
and that the mesons are emitted with orbital angu- 
lar momenta (2,1) and (2,3) (in each of the paren- 
theses, the first number is therelative orbital 
angular momentum of the two 7 * —mesons and the 
second is the orbital angular momentum of the 
7 ~—meson relative to the center of mass of the 
two 7*’—mesons). In the present paper, we use 
ideas not previously taken into consideration to 
show that the experimental data exclude the pos- 


sibility considered by Marshak. The basis on which 


we proceed is as follows. 
1. We assume that the isotopic spin/,_ of the 


system of three 7—mesons produced in the -decay 
is equal to 1. This hypothesis, already put for- 
ward by several writers (Gell—Mann, ® Wentzel?* ) 
follows directly from the Gell-Mann scheme,° ac- 
cording to which the “meson has isotopic spin 


I, =e 
and the slowness of the decay 
tt att att no 
is explained by nonconservation of isotopic spin. 
It is natural to suppose that the smallest possible 
change of isotopic spin takes place. 
2. We regard the K—mesons that undergo the 

T’—decay. 

qt xt + 2r°, 
as identical with — mesons. 


3. According to the experimental data *®-8 
the ratio of the probabilities of Tand 7’ disintegra- 
tion is close to 4: 
W/W = 4, 


As has been shown independently by Dalitz? and 
by Berestetskii?? , if the assumptions 1) and 2) are 
valid the ratio of these probabilities satisfies the 
€ quation: 

W/W == (4F + ©) /(F +0), 
where F is a quantity obtained by integrating with 
respect to the energies of the 7—mesons the squares 
of the absolute values of matrix elements symmetric 
in the momenta of all 7—mesons, and ® is an anal- 
ogous quantity obtained from matrix elements 
symmetric only with respect to the momenta of iden- 
tical v—mesons. Thus we come to the conclusion 
that ® = 0, or in other words that the 7—mesons are 
produced in states symmetric in the momenta of all 
three particles. We note that if this is the case the 
spectrum of the 7* —mesons from 7’ decay must 
be identical with the spectrum of 7” mesons from 
T—decay.** The lower orbital angular momenta 
corresponding to such states are shown in Table I, 
where there are also shown for comparison the or- 
bital angular momenta and types of matrix elements 
used by Dalitz. 

The diagram shows curves for the energy spec- 
trum of the 7—mesons calculated from matrix 
elements of symmetric states with the orbital angu- 
lar momenta indicated in Table | (for the formulas 
by which the calculation was done, cf . Ref. 11). 
The experimental data are shown in the diagram 
in the form of a histogram representing the total 
of 492 cases of 7+ —decay*published in the litera- 
ture.12—20 As can be seen from the diagram, the 
curves corresponding to spins andparities 1+, 1, 
and 2+ differ markedly from the experimental 
spectrum. The curve for the case 2°, although in- 
deed closer in shape to the experimental distri- 


bution, agrees with it considerably less well than 
the curve corresponding to spin and parity 0, 
These conclusions are confirmed by calculations 
of the quantity )2 and the Pearson probability 
Pye which are shown in Table 2. 


Summarizing what has been said above, we come 
to the following conclusions: a) the most probable 
values of the spin and parity of the meson are 
the combination 0- ; b) the combinations 1*, 1-, 
and 2+ must be regarded as practically excluded. 

Thus the most probable values of the spin and 
parity of the #mesons turn out to be just the 
values that lead to the appearance of the so—called 


6é 


7. <0 problem.’ 
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In conclusion we express our sincere gratitude 
to Prof, I. I. Gurevich for an interesting discussion 
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of the results. 


TABLE I 
se rte Rie Wine S| EON Se 9 ee 


Spin and parity 
of the Fmeson 


act 


Q+ | pie 


feral 


Saeeme | Seo) eames 


Minimal pairs of values | (0.0) F 
(1, 1’) for symmetric 


states 


(2.4) F 


(4.4)F | (2.3)F | (2) p 


(2.0) 


Be ee | ___aats | a a eee 


Minimal pairs of values | (0.0) F 
(L,1°) and types of 


matrix elements used 


by Dalitz] 


(0,1) ® 


1) ® OFZ 
(2.2) DV" (2:4) OO) F 


Oe Pe a ee 


TABLE II) 


Spin and parity of the 


92 68.49 | 112.32 


135.55 


7J—meson 
x2 | 7.53 | 2 
Py, 0,188 | ~10-4 


<2-40-16 


<10-16 | «10-18 


*The experimental data are not very exact. In Refs. 
6 and 7 the error is not indicated; in Ref. 8, the 


result 
W., |W, = 0.25 + 0.12. 


is obtained. The analysis of the stability of the 
results of the present paper with respect to small 
additions ® is complicated by interference effects. 


** At present there are 34 cases of T’ decay for which 
the energy of the 7* meson is known. These data 
are insufficient, however, for comparison with the theo- 
retical curves because of the small statistical pre- 
cision. 


*After the conclusion of the present work, the writers 
learned of a paper?! in which 481 cases of Ttdecays are 
collected. The comparison of these experimental data 
is made, however, with theoretical curves found without 
taking into account the considerations 1)—3) that are 
the basis of the present paper. 
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Scattering of 7—Mesons on 
Nucleons in Higher Approxima- 
tions of the Tamm—Dancoff 


Method 


Iu. M. Popov 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor September 29,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 
169—17 1 (January, 1957) 


N the Tamm—Dancoff method!>? the nucleon— 

meson equation for the state with isotopic spin 
| =3/2 is studied in higher approximation than 
the one used until now. Forthis purpose, the 
equations are renormalized and the four—particle 
approximation is considered. In the equations 
(written according tothe T—D method) for the 
nucleon—meson and nucleon—two mesons ampli- 
tudes (in the Dalitz—Dyson notation? , for the 


<a, 0% uw and (49 0.Fp p?—g=hw 


amplitudes, respectively) only those amplitudes 
(with the number of particles n <_4 are taken into 


account) which are found on the right hand sides 
of the equations for these amplitudes (connected 
with them by one “‘step’’). The kernels of the 
resulting equations contain infinities corresponding 
to the self—energy diagrams of mesons and nu- 
cleons, and we always drop these terms from the 
equations. The system of equations obtained in 
this manner in the “old’? T—D method coincides 
with the system in the ‘‘new”’ method formulated 
by Dyson4 when the amplitudes with ‘‘minus”’ 
particles are omitted from the latter. In the mo- 
mentum representation, following Dirac,° \we are 
looking for the first of the above—mentioned ampli- 
tudes in the following form: 


<G,,0- 7, = 84 — 4) 


+ Ky (99) 84 (e—@, — E,). (1) 


Examining the higher approximations of the T—D 
method, we assume that 
e<m + 2p 


that is to say, no additional mesons are produced 
and the second amplitude is of the form: 
(2 
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Taking all the above into account, we obtain 
the equations for K, and lien 


Gs (qkqo) 
(3) 
= | dB (egp) P(e— 0, — ©, — Epp) Ky (bp49) 


+ d%pB (qkp) P (© — &y — &y — Ey g)* Ky (40%) 
+ 1A (gh) [3(k — qq) 
SF oy (¢-—, — E,) K, (2q,)] 


+ tA (kg) [8 (4 — 99) + 8, (e — ©, — Ey) K, (99); 


K, (qqq) = | 4°#C (gk) [8 (2—4,) (4) 


+84 (e—@, — E,) K, (eag)] 
ating \ d8RL (qh) P (© — @, — ©, — Eq4y)7* Ky (40): 


G? 4 
B(kqp) = Q 


wW 
pails 
Vo ®, 


Q+(—q—k=p) 


eee se 
k q Pp ~“k+q+p 


at OG gp) re 
cL ey Coe eae SiR, 
G “l * 
C(qk) =—=Q Visa? W_aY 
qk 
Q- (—q—k) 
x = 3 yu; 
A (qk) =— Gwe 7_pYTU_p / V 2, 
L (qk) = —iGujyt,w_,_p/ V 20, 


Q* (p) =[E, + (ep + Bm)] /2E,, 


G= 2) Qn) Q= (ctu ts.) 


The system of equations (3) and (4) contains di- 
vergent terms even after removing infinities arising 
in nuclei. This fact represents the main diffi- 
culty in the study of higher approximations of the 
T—D method for thecase of the meson—nucleon 
equation. We have found such a solution of the 
non—covariant (three—dimensional) equations 
(3) and (4) in which the infinities are contained 
in the functions for the vertex parts and can be 
removed by renormalization ([tabashi® proposed a 
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similar method of renormalization for covariant tion for Ee , analogous to those of Ref. 6, we 
equations). The amplitude sbtained, ati aehcares, CMEC 
Ke (qkqo) 
can be expressed by the resolvent R, of E.quation K, (99,) = \ d®q'M (qq') [8 (q’ — 4) 
(3) in the following way: (6) 


+8, (e—0,,— Ey) K,(4'G)) 


K,(qkq,) =i \\ dq’ d?k’R, (qkq’k') A (k'q’) [8 (q’ — 4) , 
ave a0 \\ : r M (4q') = —[C (qq’) + Mi (99’) + M299’) + Ms (99’)] 
+3, (e— a, — Ey) Ky (4'90)1- (5) 
a s! i gee bee (we omitted from the kernel the term corresponding 
Performing several transformations upon the equa- to the self—energy of the nucleon), 


Joe eee ee eee 


M, (99')=0(qq')" gq’), Mz (aq’) = \ 4°eF (4p)B(pqq’)" (pq'), 


B ea rf 
M3 (9q') = \\\\ a3p d3p’ dp®” d®p” T (qp) P Sa aeaeeate ae p’p”) 
p! b'+p 
« P B(p p “a, I’ (p mw q’). 
E— On = pr — Esp 


The sense of the applied transformation lies in 
the fact that the infinities contained in the system (9p) P 
of equations (3) and (4) are separated in the 


B (pqp’) 


=e went 2(pp’p"p”) 


functions for the vertex parts [(9q’) and{” (gq’): We shall write the amplitudes of K, and K, 
as products of functions depending on the absolute 
DT (9q') = L (4q’) | (e — ©, — Og — Eqs 1) (7) value of vectors, and functions depending on the 
angles 


+ | a°p0 (ap) B (4p9"), 


K, (gk4o) = Fy (R45) S\, [<499n> ap + Opt n> nl Or ate 
’ (qq’) = A (qq’) + \ d%B (g’ap)" (9). BR Ral ale ET a elle Saha 


The actual solution of Eqs. (3) and (4) is im- Ky (99) = Fy (9%) Day (0 m %q,? M- (10) 
possible without separating the angle variables. . , 
We shall separate the angles in the equation for Making use of the orthogonality of spherical func- 
Ke (akan) tions with spin, we shall obtain from (3) and (4) 
2 ae A) 


a system of equations forthe functions fo and 
in thecase when the total moment of the system— 


nucleon—two mesons J = 1/2, and the angular mo- 
ments of mesons lie between 0 and 1, which makes 
it possible to take into account higher ap proxima- 


f, which do not contain angle variables (the 
symbol ~ denotes the independence of angles). The 
equation for the vertex parts is of the form 


tions for the scattering of pions by nuclei in ¥ (qq’) = L (aq') + |p? dp (qp) B(9pq), (11) 
the S—state. In this way, in the case studied by :. me m i 
us, the angular state of two mesons and a nucleon ER EE or aaa LEAL) 
is characterized by the function We shall introduce new functions: 
wiih (0,0,) = 7 (8) V (2q') =" (zq’) | A (2q'), A(qz)=V(qz) ZL (gz). 


yes : F For the function 
—V%2— M Y™"h(O,) YO(Q s 
2 ( /2 1 ( 7) 0 ( 2) = ito Vs Sere yk (mqq ) 
Vint M YEE (Q,) ¥9(Q5) regularized by the Dalitz—Dyson method,*® we have 


The state of a nucleon and a meson with / =0 (12) 


is characterized by the function vk (mq0) = 1 4- \dp [B: (mogp) — B, (moop)| VR (mpo). 


Vili yh (9) When V* (mgo) is found, we can further find 
M+ 1, Y¥¥— (0 
Wiz (Q) = = ae wk === <0 ay. V® (eqq’) = V® (mgo) +.W (eqq’), 
a " 7M (13) 
{3 aM irr l2(Q 
+ 4/2 ¥% (Q) W (eqq’) satisfies the equation 


LETTERS TO THE EDITOR 133 


W (eqq') = | dp [Bs (eq’ap) — By (mogp)] V® (mpo) 


+ | dp By (e4’4p) W(epq’o). (14) 


an an analogous way, theregularized function 
A* (q9’) is found. In order to eliminate the com- 
plex expressions from the equations for [1 (990); 
we shall introduce a new function 
i Og E, 


-1 
TE rae hla | mk 5) 


u(q) = h(q) |: = i 
After replacing T (qq’) and Y’ (qq’) by regularized 
functions I'* (gq’) and }’ (gq’), the equation for 
the function w(q) becomes 


(16) 


u (q) = MB (qo) + |S MR (qq') u (q’). 
q’ q 


The function w (q5 ) determines the phase-shift 
of the scattering of 7-mesons on nucleons in the 
state with isotopic spin / = 3/2 by means of the 
following formula: 


@, E 
S85 =— arc tg ee «|. (17) 
qo 


The author wishes to express his deep grati- 
tude to Prof. I. E. Tamm for proposing the subject 
and for his help in its treatment, and also extends 
his thanks to V. Ja. Fainberg for his advice given 
in the discussion of the present work. 
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Cn the Absolute Value of the Stripping 
Cross Section and Cross Section for 
Diffraction Scattering of the Deu- 

teron 


I. I. IVANCHIK 
P.N.Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor September 21,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 
164—165 (January,1957) 


NUMBER of recent investigations were de- 

voted to the interaction of deuterons with 
heavy nuclei.1—5 The cross—section of the dif- 
fraction scattering of deuterons on nuclei was 
calculated in Refs. 3—5, while Ref, 4 treated the 
case of the diffractive scattering as well. The 
calculations (for an ideally black nucleus) were 
effected by seemingly different methods, which, 
however, can be shown to be essentially identical. 
Some difference in the final formulas is due to 
the fact that certain simplifying assumptions of 
Ref. 4 were too crude. 

In Refs. 3 and 4, as well as in usual calcula- 
tions of the stripping reactions cross—section®, 
the wave function of the internal motion in the 
deuteron is taken as 


oyexp (—ar)/r, ha =V Me, 


where M is the nucleonic mass and ¢ is the deu- 
teron binding energy which corresponds to the 
assumption of-a zero radius of the p—n force. The 
question arises of how a finite force radius would 
influence the cross sections of the above pro- 
cesses. If we assume a square—well potential of 
the p—n interaction of radius a and depth U 


(where Ua--rh2/2M), 


it is possible to calculate the stripping and dif- 
fraction disintegration cross—section by means 

of the well-known wave function obtained for 

this case.’ It is convenient to make use of 
Glauber’s method5 [see his formulas (5) and (6)]. 
As the result, we obtain the following expres- 
sions for the stripping cross—section o,,,;, 


and the diffraction disintegration cross —section 


Oates of deuterons on a black nucleus of radius 
diffr 


ke 
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O strip 
2nR 


(1) 
2(1 + aa) 


cos? 5 a? cos? 8 + 
x| as Ta caaereaticy ae a ate 


Gaitive€ 21 0e! ip +)-$(z-in2) 
2nR ‘ 24 


(for «a < 1). (2) 


(the exact formula for a4 ;¢¢, is very cumbersome and 


for the values of a given in the table yields the 
same numerical results). In these formulas, 6 
is determined from the equation 


{ 


(3 + 3)ig 8 = a0. 


The case a=0 corresponds to the usual formula 


5 =TRR,/2=0.54-10- 2nR em,? 


strip 


= @RRy /2( 4 in2 =) = 0.596 


Saiftr rs) 3 strip 


From the above, numerical computation yields: 


a-10% cm: 0 1 2,82 
(6 (27R) 10% cm:0,54 0,69 0,87 
strip 
(Case /27R) 10 em: 0,32 0.31 0 30 
It can be seen that the diffraction scattering 
cross section is insensitive to the choice of the 
force radius, while the stripping cross—section 
is rather strongly dependent on it (for the limiting 
reasonable choice 


a = 2.82-10-* em, 
the result differs by a factor of ~ 1.6). It is 
possible thatthis fact can explain the marked 
discrepancy with the experimentally found 
cross—section® which is larger almost by a factor 
of three than the one resulting from the equation 


7RR 4/2 


SS 
strip 


(the effect of the diffraction disintegration is, 


evidently, contributing essentially to this dif- 
ference). 
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Angular Distribution of the Products 
of the $3? (d,p) $33 Reaction 


I. B. TEPLov, B. A. TuR’EV, AND 
T. N. MARKELOVA 


Moscow State University 
(Submitted to JETP editor September 24,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32 
165—166 (January, 1957) 


Ap HE reactions of the (d,p) type have already 
been well studied for many light isotopes. 
For the majority of the nuclei investigated, how- 
ever, the experiments were carried out for a single 


value of the incident particle energy. It is of 


considerable value, in the interest of amore ac- 
curate theory of the stripping reaction, to inves- 
tigate the shape of the angular distribution of the 
products of such reactions for different energies 
of incident deuterons. We therefore measured the 
angular distribufion of protons produced in the 
S32 (d,p) S33 reaction for 1.8 mev and 3.8 mev 
deuterons. This reaction was studied earlier by 
Holt and Marsham? for 8.18 mev protons. 

The deuterons accelerated in a 72 cm cyclotron 
bombarded a target of sulphur (~1 ju thick) coated 
on painter’s gold. The protons produced in the 


reaction were registered by nuclear emulsions of 
the type Ja—2(100p thick) placed around the target 
at the distance of 10 cm. 

The angular distribution was measured for two 
groups of protons, Po and p,, corresponding to the 


production of the final nucleus in the ground and 
the first excited states, respectively. The ex- 
perimental results obtained by us are shown in 
Figs. 1 and 2, where @ is the angle in the center 
of mass system and N(@) is the number of protons 
emitted at the angle 0; the dashed lines separate 
the isotropic part of the angular distribution. The 
theoretical curves, calculated according to the 
formula of Bhatia et al.2 for R= 6.6-10- cm 
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(for this value Holt and Marsham obtained a good 
agreement with the theory) are shown as well, 
assuming that in the ground state formation, the 


O- >-"° S"”— TT 


] 


10° 80° 
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neutron is captured with the orbital moment 1=2, 
and in the formation of the first excited state- 
with the orbital moment ]=0. 


mw 


150° 16" 


Ur] 


2 30° b0° 3° 


Fic. 1. Angular distributions of the Py proton 


group. Deuteron energy: a—3.8 mev; b—1.8 mev. The 


Statistical errors are shown. 


correspond to 1=2. 


It can be seen that the theoretical curves 
correctly describe the position of the primary 
maximum (the small angle maximum) in the dis- 
tribution of the p, protons (Fig.2). In the angular 
distribution of the py group, the maximum obtained 
is somewhat wider than the theoretically predicted 
and is shifted towards smaller angles. This 
widening and shift of the peak is considerably 
more pronounced for the 1.8 mev protons than for 
the 3.8 mev protons. A characteristic feature of 
the resultant distribution is the presence of rela- 


tively large secondary maxima—at about 115° for 
the p, group and 60° for the p, group which in- 


crease with decreasing energy of incident deuterons. 
(There are no indications of a secondary peak in 

the Holt—Marsham distribution; for the case of the 
non—excited nucleus these authors report the 
distribution only up to 60 °.) In the angular dis- 


Continuous curves 


tribution of the p, group, a marked increase for 


angles close to 180° is also noted. 

In order to explain the singularities of the ex- 
perimental angular distributions obtained by us, 
it is necessary to take the Coulomb interaction 
into account, since the effective Coulomb barrier 


of the S32 nucleus for deuterons is equal to 5.1 
mev. This, however, shifts the primary maximum 
towards larger angles and does not bring about 

the appearance of marked seoondary peaks, as 
shown by several authors.*—© Evidently, a more 
correct picture could be obtained taking into 
account not only the Coulomb interaction but the 
nuclear interaction of the emitted proton with the 
residual nucleus as well, since it follows from 
the calculations of Tobocman and Kalos® (see also 
Ref. 7) that the latter interaction should cause the 
shift of the principal peak towards smaller angles 
and its narrowing as well as the appearance of 
secondary maxima of considerable magnitude. 
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60° = 90° a’ 15" BO” 
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FG. 2. Angular distributions of the P, proton 


group. Deuteron energy: a—3.8 mev; b—1.8 mev. 
Continuous curves correspond to /=0Q. The scale of 
the ordinate axis of Figs. la and 2a is identical, the 
same is true for Figs. 1b and 2b. 
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Moscow State University 
(Submitted to JETP editor September 29, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 
167—168 (January, 1957) 


METHOD is given below for the study of the 
A nucleon—nucleon interaction in nuclei based 
on the following assumptions: A) the forces in 
nucleus act between pairs of nucleons; £8) the 
mean velocity of a nucleon in the nacleus is of the 
order of 0.1 c or less. Besides these assumptions 
which are essential for the application of the 
method, we assume the isotopic invariance of the 
proper nuclear interaction and neglect the difference 
in the masses of the proton and the neutron. 

The wave function of the nucleus with mass 
number A is expanded in terms of the products A 
of single particle eigenfunctions of nucleons in a 
three—dimensional oscillator well. In this oscil- 
lator representation, Schrédinger equations are 
written down for different nuclei, in which the 
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matrix elements of nuclear interaction and the co- 
efficients can be eliminated by writing secular 

equations for the different levels. In the secular 
equations, only the matrix elements of the nuclear 


interaction between pairs of particles are unknown, 
since energy eigenvalues are known from experi- 
ment. If the expansion of the wavefunction in terms 
of the oscillator function converges rapidly, the 
secular equations can be cut off. The resulting 
system of the cut—off secular equations is then 
solved simultaneously for these matrix elements. 
The fulfillment of the condition B corresponds to 
the rapid convergence of the nuclear wave function 
expansion in terms of the oscillator functions. 
The oscillator problem consists of finding the mini- 
mum value of the expression 


Wp ray RA KAs 7", 


proportional to the oscillator energy, where <. . .> 
denote the mean values in a given state, 


ro = (h/ ma)! 


2 
w is the basic oscillator frequency. In a pure 
oscillator state with the quantum number n, we 
have 
W = 2(n + */2)- 

If a given state represents a mixture of oscillator 
states with quantum number rand higher, then 

W 2 2 (n + 1/2). 
If, on the other hand, it is known that in a certain 
state W = 1, then in the expansion of the wave 
function in terms of oscillator functions, the co- 
efficients with n > 0 are small. In general, if 

Vv = 2 (n ain 1), 
and all states with quantum number less than n 
are occupied (in accordance with the Pauli 
principle), then the only important term in the 
expansion is the one with quantum number n. 
The estimation of W for a given nucleus is 
straightforward. Ax is the nuclear radius, known 
from experiment, and Ap is obtained from the 
assumption v = 0.1 c (it should be noted that 
these values of Ax and Ap are subjected to the 
indetermination relation). The parameter ris 


chosen in such a way that W is minimum. Cal- 
culations for He* with 

ep De NO? Orie 
yield the value W =~ 1. Analogous calculations 
for heavier elements up to oxygen yield W = 3. 
It follows that, in the expansion of the wave 
functions of H3 , He? and He4 nuclei, only the 
first oscillator state with n = 0 is essential while, 
for the heavier nuclei up to oxygen, the two 


first states with n=0 and n = | are essential. 
The contribution of the other exicted states 1s 


small. 

The convergence rate of the expansion of the 
wave function in terms of oscillator functions 
decreases with the deviation of Fe from 


the optimal value for a given nucleus, corre- 
sponding to the minimum of W. This optimal 
value of r, varies only slightly for different 
nuclei: 

lo~ VAxw~ A'le- 
the expansion of the wave functions of close 
nuclei can be effected for an oscillator well of 
the same average width. 

Three out of the 3A coordinates of the nucleons 
in a nucleus describe the free motion of the nu- 
cleus as a whole. The expansion of a plane wave 
in terms of oscillator functions diverges and 
therefore the motion of the system as a whole 
should be separated before passing to the oscil- 
lator representation. The use of Jacobi coordi- 
nates makes it difficult to take advantage of the 
symmetry properties of the wave function. It is 
more convenient to proceeed as follows: subtract 
the kinetic energy of the movement of the nucleus 
as a whole from the total Hamiltonian; the Hamil- 
tonian in the center—of—mass system is then ob- 
tained; its eigenfunctions represent the energy 
levels of the nucleus. In the doubly quantized 
form, this Hamiltonian is 


HV 9) 9 ax — ae {YO PvE aa 


2m 


=) YOY OV =x) 4) Ye) dx dx’ 


where wy and ys” are the usual nucleon destruction 
and creation operators. They are spinors both 
in the ordinary and in the isotopic space; the 
interaction 

V (x— x’) 
may contain matrices of both spins. The first 
two terms in the expression for together repre- 
sent the kinetic energy operator in the center— 
of—mass system and can be written in the form 


1 ¢ ! (p os. p’)? , , 
=a | ot 0 oF) PEPE 400 0) dae’. 
It should be noted that the operator H commutes 
with the operators of total momentum and of 
coordinates of the center—of—mass. 
The operators wy, w* can be expanded in terms 


of the oscillator functions 


ve (x) = > Dnimor Rni (+) Yim (9) 9) Xo (¥) Xe): 


nlmot 
where n, J and m are the principal, orbital, and 
magnetic quantum numbers, o and Tare the pro- 
jections of the ordinary ad isotopic spins. The 
operators 
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b = b(q), 5* (9) 


nlmot —— 
destroy and create nucleons in the state q. In 
the new representation, the vector of state is given 
by the sets of functions 


Ca (91, 92--+ Ya)> 


depending on a sets of indices; the Hamiltonian 
is of the form 


A 


H 


4 ra ’ op , , 
=>) cay: b* (qx) b* (qe) <91 92 | A } 91 %5> 6 (9,) b (gy). 
16299 y 


No assumptions are made about the convergence of 
the matrix elements 


<9 92| | 95 95> 


in terms of the oscillator quantum number n. 

Only a small part of these elements will be inde- 
pendent and non—vanishing; in an interaction be- 
tween a pair of particies, the total momentum 

of both particles, the coordinates of their center 
of gravity, the total moment and the isotopic 
spin, their projections, and parity are conserved. 
In order to make use of the above conservation 
laws, one can express the matrix elements through 
the matrix elements 


A 
CV || Q 
in terms of the oscillator wave functions of the 
relative motion of the two particles (Q and Q’ are 
the sets of quantum numbers describing the 
relative motion of the two particles). 

The operator # (or V) does not act upon the 
coordinate of the center—of—mass of two particles 
(71 + 72) / 2. 

The matrix element 


QI V1 Q> 
is diagonal in respect to the total moment and the 
isotopic spin of the two particles and is independ- 
ent of their projections. If, in the expansion of 
the wave functions, we limit ourselves to the 
first two oscillator states with n = 0 and n = I, then 
there will be only 16 different matrix elements 


<Q1V1Q 


We can hope that it will be possible to describe, 
by means of these 16 values, the ground and the 
lower excited states of nuclei up to oxygen. 
The actual computations in this approximation 
require the use of computers. 

We shall present the results of computation in 


the most crude approximation (n = 0, i.e., all nu- 
cleons in the Js state) for the H® , He? and He4 

nuclei. In these approximations, there are only 

two matrix elements 


CSP hat Sire = 0 =a; 
Sq,T =1|V|1So, T= 1> = Ag, 


for which we obtained the following system of 
equations: 


(3h? / mr¢) — 3 (A, + Ay) = — 8.49 mev, (H) 
(3h2 / mrs) + (2 /Var,) 
3 (Ay ae Ao) = Un (10) mev, (He?) 


(9h? / 2mr2) + (2e2 / Vx ry) 
— 6 (A, + Ao) = — 28,27 mev, (Het) 


This system of three equations contains two 
unknowns i and A, +A). The equations are sat- 


isfied for 
A, + A, = 10,85 mev, and +, — 2.27.10-13 em. 


The Coulomb energy 
2e? | Vrro 


equals to 0.716 mev, while the experimental value 
is 0.764 mev. 


1 J. Blatt and V. Weisskopf, Theoretical Nuclear 
Physics. 


Translated by H. Kasha 
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Scale Transformation and the Virial 
Theorem in Quantum Field Theory 


Iu. V. NOVOZHILOV 
Leningrad State University 
(Submitted to JETP editor October 4,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 171-173 
(January, 1957) 


NDER the term ‘‘scale transformation’’ we 

shall understand the transformation of the 
scale of coordinates, accompanied by an inverse 
change of the mass scale 
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Lx,'> AX m>m/r; MMs, () 


where A is areal positive number, m is the mesonic 
mass, and M the nucleonic mass. Neutral meson 
and nucleon fields will be considered for the sake 
of simplicity. Two facts pertaining to the group 
of scale transformations will be noted below: 
a)the invariance of field equations with respect 
to this group of transformations and the relations 
following from this, and b) the virial theorem, de- 
duced by means of scale variations. The variation 
of the length scale was earlier studied by Fock! 
and then by Demkov? in connection with the virial 
theorem in quantum mechanics. The variation of 
the scales of length, time and mass for the Dirac 
equation were studied by Infeld and Schild? in 
gravitational theory. 


The field equations for the meson and the nucleon 


fields are of the form 


D(x, M)¥(x, M)=i(y,0/0x, +M) v(x, M) ©) 
ae 8Y5? a m) y (x, M), 


(CO — m2) 9 (x, m) = — gh (x, M) ys (x, M) — 4k9° (x, m). 


It is easily seen that Eqs. (2) are invariant under 
scale transformation (1), if the field operators are 
transformed according to the formulas 


wb! (x, M) = 2°? b (ax, M] 9); 
(3) 


gp’ (x, m) = Ag (Ax, m/d). 


It should be noted that the term containing ¢ in 


Eq. (2) is the only non—linear term which can be 
added to the meson equation without impairing the 
scale invariance of the field equations. The 
creation operators 


at, bt, er 


and destruction operators a, b, c for free fields, 
which satisfy the commutation relations 


(a (p, M), a(p’, M)} = 6* (p, M), b(p’, M)} 
= [c(p, m), ct (p’, m)] =8 (p—p’) 


are transformed, according to (1), in the following 


Way: 


at (p, M) = 27 Pat (p/2,.M/ >); (4) 


ct (k, m)= xc (k J a, m / A): 


It follows from the invariance of the field 
equations with respect to the homogeneous space— 
time “‘expansion’’ x > \ x and the proportional 
mass Construction that the transformation function 


Urs =(T (oa), a (o;)), 


is invariant. WY (¢) denotes the Heisenberg vector 
of state, determined by means of the field opera- 
tors on the space—like surface a. Indeed, accord- 
ing to the Schwinger action principle 


8U12 =i (F (62), 8WH¥ (c,)) (5) 


the variation 6U is determined by the variation 


of the action operator § WS which, however, does 


not change under transformation (1). The variated 
and unvariated actions 


og 


, 7 y ube M if — 
Wia= \ L(x, 2, wb, §, 9) dx’, 
Ao, 


Wie=\ LO, mM; d, % 9) dx, 
O71 
are equal, if relations (3) are satisfied. In the 
expression for W1,, , Ao denotes the space—like 


surface obtained from o as the result of replacing 


x by AX. 


In the special case when o, ~ + © anda, — © 


? 


the transformation function oe becomes the scat- 


(2) WD). If we 


tering matrix S,, =(Wou 


limit ourselves to scattering problems in which ¥ 


and YW. describe free particles, we can make use 
in 


of the relations (4). The relation S$ a = She 


is then equivalent to 


SiPp eo Pa Py oe Pap te) (6) 


p pAcen, Pr om M 
_ ’) Pig | Ma a nee er ee 
aa le (n-tn oe tee ces ) fy, 


where the unprimed values correspond to the 
initial state, and the primed values to the final 
one; p, is the momentum of the 7 th particle, and 


n is the number of particles (nucleons and mesons). 
For a uniform change of all the masses and mo- 
menta of the particles, the transition matrix ele- 
ments is therefore multipled by the normalization 
factor 

8 (nN), 
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In the case of the Bethe—Salpeter equation, a 
relation concerning the kernel Q of the equation 
follows from the invariance of the field equations 
with respect to thescale transformation (1). We 
write the Bethe—Salpeter equation in the form 


D(x, M,) D (y, M,) i (x, y) 
= \ Q(x, ys X,Y May My, m)F (2, y!) dx" dy’, 
where Mf and M, are the experimental masses of 
a 


the particles, and the kernel Q can be regarded 
as already normalized. 
The relation in question is then of the form 


Q(x, y3 x’, y'5 Am, AMG, 4M,) (7) 


= 21°Q (AX, AY; AX’, AY’; m, M,, M,). 


The Virial Theorem. The invariance of the field 
equations (2) with respect to the scale transfor- 
mations (1) is disturbed in the presence of external 
fields. The variation of the scattering matrix 6S, , 


does not vanish in the presence of an external 
field. In order to find its value we shall make use 
of the action principle (5). It is evident that, in 
the absence of an external nucleon field, the varia- 
tion of a matrix element of the scattering matrix 


— 7 7P(2) 
SS), = Fay 


out? 


SW iY) 


will be determined by the variation of the part of 
the action operation ie depending on the external 


meson field ge: 
W, = —ig\ Y (x) ¥5%0 (x) ¥ (x) de. 
The varied action Ve is obtained from W. by 


putting x =A y and the introduction of variated opera- 
tors w “(y) =A 3/2 w (Ay) and w (y) = d3/2 Wry), 
which yield 


W,=—igh | Wr sre Ow ¥ (y) dy. 


Putting A=1 +e, where ¢ is infinitesimally small, 
we find therelation 


3 2Sro (8) 
i SOP; 
es 1 OS} TSO CANE yas 
to A orem dm om * 2 _ 
j Pj 
i ye) 0%. 
out? & \ ? Ys uy) Pet xy Ox, er) ? 
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where the ,summation is extended on the incident 
particles (total number n) and thescattered parti- 
cles (total number n “). The expression under the 
sign of the integral in the right—hand side of 
Eq. (8) is of the form typical for the virial theorem. 
The relation (8) can be therefore regarded as the 
virial theorem of the quantum field theory. 

If we consider the case when we have an external 
nucleon field, (x) instead of the external 


meson field, the nucleon field being characterized 
by the current 


— ig Ve (x) Yse (x), 


we find in an analogous mannerthat the right—hand 
side of the equation (8) will be equal to 


je 


Of, (x) 


out? (¢ (x) [3 (x) peel hc ¥Q)) | (9) 


i (we 


The generalization of the above ideas for the case 
of other fields is straightforward. 


Note added in proof: After the paper had been sub- 
mitted to the editor, I. M. Shmushkevitch drew the atten- 
tion of the author to the fact that the seale invariance 
of the equations of quantum electrodynamics is men- 
tioned in the book of Jauch and Rohrlich.4 The conse- 
quences of this fact and the virial theorem are not, 
however, studied there. 


1 V. A. Fock, Z. Physik 63, 855 (1930). 

2M. N. Demkov, Dokl. Akad. Nauk SSSR 89, 249 (1953). 

3 I. Infeld and R. Schild, Phys. Rev. 70, 410 (1946). 

4 J. Jauch and F. Rohrlich, Theory of Photons and 
Electrons, Cambridge, Mass, 1955. 


Translated by H. Kasha 
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Some New Electrets from Inorganic 
Dielectrics 


A. N. GUBKIN AND G. I. SKANAVI 


P. N. Lebedev Physical Institute 
Academy of Sciences, USSR 
(Submitted to JETP editor September 28,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 140—142(1957) 


iT T is known that the electret represents an elec- 
tric analog of the magnet. It is a dielectric char- 

acterized by a ‘‘constant”’ electrification with op- 

posite charges at its ends. Usually electrets are 


obtained by cooling a heated dielectric in an elec- 
tric field. 


141 


ERTEERS TO THE EDITOR 


*poureigo useq yoh Jou oaey Bex 


AWATIONPUOS [VUIO Ito 0} UOTeTa1 ue YuUENs oINOeTerp soy] Aq POIUWI] o19M S][eI IO} eUl 
jo dnoad e soy uotezisejod Surmp poureqrew oimjeiedwo, pue Aysuaqwt prey jo sonjea oy], 


wo/A¥ OL 1 pez te fod sodures ok ouou euou euou Quouw (bs Gaob e1-O} Ly sjeisAi0 199 val 
ok auou euo0u euou euou s-Ol'S'€ et-Ol> AE zyuenb pesny| ¢} 
+0908 % PleyemmedmaL | suoy | guou | auou | ouou | 10°0 »-0-0°F v0) n.8°¢ sees xeKkg | Zy 
#°OoSLT % play emresoduray, Be euou ouou auou s-OF'°S'F 11-0}—or_OT Q—), sse{3 Areutpig | Jy 
zwo/Aayx OT : 
ye peztsejod sajdures ek ex euou auou suo v-01°0°S st-O}—ar-0F eae, ormeliay | OF 
a sek Gy Ve €'0 2-01" et-OV—s1-01 G-y emesis | 6 
wo/A¥ OL 
peztejod a1am saydureg | °] 2 Vad gor 0 0% yo) v-01°6'S e1-O0}—ot-0F 0021 *OlL?d| 8 
“ul $C"€ ayeueyly 
sojdurs jo ssouyory fy, ek xk 8°0 (ane) ao .-OF'0'L st-O}—et-O} OSL qmustq-umiTyuons |  L 
G9 0 L0 V0 GG Ly -Ol'7'€ 3t-Ol—or-0F GLY SOILIS| 9 
GY 9°6 8° GOV €S s-0)'0°S et-O)—st1-OF OS) SOMLY2) aa @ 
~Wo/A¥ OL 
peztejod o1om se[dures 8'y (a 6'& 8°9 0° OV y-O1'S et—O)—at-0F 08 eyeuewy YMusiq | 7 
HN 9°F (Gn) 8% Vy 2-01'°9°F vt-O}—et-01 82 "OILY ORd| € 
Lou 70 €°0 20 ¢°0 -O1'V'S -t-O}—er-01 a6 2OHLUZ | 
¢‘0 g°0 c‘0 7a 6°) s-O'0'¥ vt-Ob—et-01 9) FOILSW | y 
— | 
e Ber |S Bhs |SSSSR Se Clag ee! “dev a 
rp 8 o |e 2 3 Sho aS > 3 5. g &|& 56 3| uoreztsejod 1-WO I aA 3 
gi a Areas = |e Ama Eile ease: Ba =i Surmp Jopio Ul 
syrewey a D We Ws Miata S jessie “ON 
—_——-—| wnuwixejy |——- q — 
zW9/[NOD ,o}+0 S73 bec. 
Ayrsuep edieyo aoryng Wee peeks ag OR OM OS 
ue JUeISUOD OIIOOT Or 


142 LETTERS TO THE EDITOR 


There is a series of published works on the inves- 
tigation of properties of electrets, obtained from 
different organic substances. !+2 

Inorganic substances have been studied very little 
in this respect, and available information about them 


+610" 


is very contradictory. In general electrets of poly- 
crystalline inorganic dielectrics have not been 
studied, although mention was made of the electret- 
like behavior of field polarized barium titanate 
samples? in the program of the American Physical 


Coulomb 
Wy 


| A el ae 
cm2 pesitive Ae ee 
& 


2 negative side 


g 
-61 Coulomb 
cm? 


Society meeting of 1953. 

We have first shown that stable electrets, the 
properties of which are not connected with pyro- 
electricity, can be obtained from polycrystalline 
inorganic dielectrics, such as titanates of mag- 
nesium, calcium, bismuth, strontium, zinc, strontiunr 
bismuth, from metatitanate of barium, tetratitanate 
of barium and from steatite. 

The following polarization procedure was used 
to obtain electrets in all cases; the sample was 
placed in a field of 20 kv/cm, maintained at room 
temperature for 30 min, raised to 200° C in 2 hours, 
maintained at this temperature for 2 hours and re- 
duced to 65—90° C in 2 hours. The samples were 
5 mm thick and about 60 mm in diamter. The elec- 
trodes were brass discs 30 mm in diameter. The 
surfaces of the samples and electrodes were thor- 
oughly polished. The current was measured during 
polarization. The polarized samples were wrapped 
in lead foil and kept in a desicator with CaCl... 
Effective surface charge density o of some electrets 
was measured by the electrostatic induction method 
and the signs of the surface charges were deter- 
mined. 

The basic results are shown in the Table. Values 
of o inthe Table are given only for one side of the 
electret, namely the one which was facing the minus 
side* during polarization (the negative side of the 
electret, the opposite side being positive). The 
signs of charges at the ends of the studied sam- 
ples shown in the table coincide with polarity of 
the voltage applied to the samples during polari- 
zation (it is customary to refer to such a charge 


as ‘‘homocharge’’), with the exception of pyrex 
glass. which has charges of opposite polarity (such 
a charge is called ‘‘heterocharge’’)** 

The Figure shows thevariation of o with time 
for the CaTiO, electret. Similar curves were ob- 
tained for other investigated electrets. Prelimi- 
nary experiments with MgTiO, samples indicate 
that the “‘life time’’ of electrets of this dielectric 
exceeds 1.5 years. 

It follows from the data in the Table and the 
Figure thatthe surface charge density of the new 
electrets in all cases reaches the value for 
electrets made of carnubian wax (]—2 x 1079 
cm); and in some cases considerably exceeds this 
value (electrets of CaTiO, and others). 

It is characteristic that in polarization without 
heating the dielectric also acquires homocharges, 
but they fall off with time much faster than those 
which were obtained with supplementary heating. 
Thus values of o of CaTiO, samples, obtained 
without heating were, one month after polariza- 
tion, 10 times smaller than the corresponding 
values of o obtained for samples heated to 200° C. 
When electrets of magnesium titanate and of 
steatite are polarized in a5 kv/cm field a hetero- 
charge is observed, which after a few days is 
changed to a homocharge and then remains practi- 
cally constant for a long time. At intensities of 
less than 5 kv/cm the samples of MgTiO, samples 


only a homocharge which slowly drops to zero. 
If the electrodes are formed by evaporation of 
silver (there is no layer of air between the elec- 
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trode and the surface of the electret), then, in 

the absence of corona discharge from the con- 
ducting wires and from the electrodes, there are ob- 
tained insignificant charges ( exhibit of ZnTiO, ) 


which drop to zero very quickly. An analogous sit- 
uation is also obtained by the polarizations in a 
silicon organic liquid. 

The work on the study of properties of electrets 
from inorganic delectrics is continuing at the pre- 
sent time. 

The following persons participate in this work: 
junior scientific assistant V. S. Mitronina, senior 


laboratory techncian A. N. Kalganova and also, in 
the early phase of this work, P. Ch. Muchamedieva. 


*Jt should be noted that the absolute values of o on 
the opposite sides of the electret are nearly equal. 


**On the surface of dielectrics of high specific 
resistance (for example on quartz) there frequently 
appear, as aresult of working the material, friction, 
etc., surface charges. However, these charges, as a 
rule, are of relatively small magnitude and are of the 
same sign at the two ends. Therefore, the error intro- 
duced by these changes into the measurements is small. 


1 G. Wiseman and E. Linden, Electr. Eng. 72, 869 


(1953). 
2 F. Gutman, Rev. Mod. Phys. 20, 457 (1948). 
3 R. Thickens and R. MacDonald, Phys. Rev. 90, 375 


(1953). 


Translated by J. L. Herson 
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Dependence of Dielectric Strength of 
Alkali Halide Crystals on Temperature 


E. A. KONORAVA AND 


L. A. SOROKINA 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor June 28, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 
143—144 (1957) 


T has been considered until not so long ago that 
the dielectric strength at puncture does not de- 
pend on temperature. Investigations of recent 
years2—© have shown that the dielectric strength 
of alkali halides in the region of puncture does not 
remain constant, and, as reported in all cited 
references, the temperature dependence of the die- 
lectric strength at constant intensity exhibits 
a maximum. The results of these investigations do 


not agree, however, so far as the puncture values 
for pulsed voltages are concerned. There is also 
no agreement in the values of the temperature maxi- 
mum. 

In order to refine the existing experimental 
data, we have investigated the temperature depen- 
dence of dielectric strength for puncture KBr and 
KCI in the temperature interval from —170° to 
+ 200°C. Investigations were conducted at con- 
stant voltage and with pulses of 10-2 , 10-4 and 
10°© sec duration with the voltage increasing li- 
nearly. For constant voltages and 10-2 sec pulses, 
measurements of the voltage applied to the sample 
were made with an electrostatic voltmeter whose 
error does not exceed 5%. The cathode ray oscil- 
lograph KO—20 was used for recording of the 1074 
and 10° sec pulse amplitudes with the sample 
voltage applied to the plates of the oscilloscope 
through a divider. The measurement error in 
this case did not exceed 10%. 

Samples for crystals were prepared from mono- 
crystals KBr and KCl grown by the method of Kiro- 
pulos . A cavity was bored in the crystal plates 
after which, in order to remove mechanical 
strains, the samples were subjected to a tempera- 
ture 50 to 70° below the melting point and then to 
slow cooling at a rate of 1° per minute. After 
annealing the thickness of the sample in the 
region of the cavity was reduced, by polishing 
of the plane surface, to from 0.1 to 0.2 mm and 
silver electrodes were formed on the surface of 
the cavity and on the plane surface by evapo- 
ration ina vacuum. To guard against cracking the 
rate of heating and cooling before puncture was 
made not to exceed 1° per minute. 

Figure 1 shows the temperature dependence 
for KBr. Each point on the curve corresponds to 
the mean value of dielectric strength based on 
measurements of 12 to 20 samples. The mean 
square error did not exceed 8% for constant vol- 
tages and 12% for pulses. As shown in Fig. 1, 
the temperature dependence of the dielectric 
strength E ,, at constant voltage exhibits a maximum 


at 50° C which is smoothed out with decrease of the 
voltage duration. For pulses of 10-6 sec duration 
there is no maximum, and a gradual increase of the 
dielectric strength with temperature is observed. In 
the region below 50°C, the dielectric strength 
does not depend on temperature for constant vol- 
tages and pulses of 10-2 and 10-4 sec. Figure 2 
shows theresults of £ ,, temperature dependence 
measurements for KCl. 

The following conclusions can be made on the 


basis of the present work. 
1. It is established that the temperature depen- 
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FIG. 2. Temperature dependence of E,, for KBr: 


1—for constant voltage, 2—for pulses of 10® sec, duration. 


dence of the dielectric strength Ee for alkali 


halide crystals of dielectric voltage exhibits a 
maximum which is smoothed out as the duration 
of voltage application is decreased. According 
to the present theories of electric puncture, which 
connect the electric breakdown with impact ioni- 
zation by electrons, there should be observed a 
gradual growth at constant strength with tem- 
perature in the entire temperature range, inde- 
pendent of the duration of voltage application (at 
any rate for 10-6 sec pulses). In Frohlich’s 
‘‘high temperature’’ puncture theory,’ , an effort 
is made to explain the existence of a maximum in 
the temperature dependence of EF _, ; however, it 


is impossible to explain from the point of view of 

this theory the fact, that the definitely exhibited 

maximum at constant voltage is completely absent 
for pulses of 10°© sec duration. 

2. The obtained temperature dependence indi- 
cates that the appearance of the maximum is 
connected with long duration processes taking 
place in the dielectric upon application of the 
field. The theory applicable to the explanation 
of the obtained results is that of Hipple* accord- 
ing to which reduction in puncture strength is 
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caused by distortion of the field at the expense of 
volume charges: at low temperatures negative 
(electron) charges due to cold possible emission, 
and at high temperature positive (jonic) changes 
due to crystal conductivity. It is cathode that at 
a certain temperature, both charges so compensate 
each other that the field isrelatively undistorted 
and puncture strength reaches a maximum. In- 
crease of dielectric strength with decrease of ap- 
plied voltage duration at high temperatures 
indicates that the time required for the formation 
of the ionic charge is greater than 10° sec. 

3. The magnitude of the electron volume change 
apparently depends on the emission velocity of 
the electrons from thecathode and, therefore, in- 
directly on the cathode material and condition of 
the contact surface as well as on the concentra- 
tion of theelectron traps in the crystal, i.e., on 
the degree of crystal contamination, preliminary 
heat treatment, etc. 

Since it is very difficult to set up identical 
experimental conditions, it is quite natural to ex- 
pect differences in the data obtained by different 
investigators (especially shift of the maximum). 

Final conclusions pertainingto the causes of 


temperature dependence of F ,, at puncture, it 


seems to us, can be made by studying the nature 

of the currents in the prepuncture field region. 
The present work was conducted under the super- 

vision of Prof. G. I. Skanavi, to whom the authors 

express their sincere thanks. 
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Elastic Small sates Scattering 
of Neutrons by Heavy Nuclei 


V. S. BAR ASHENKOV, I. P. STAKHANOV 
AND Iu. AAALEKSANDROV 
(Submitted to JETP editor September 6, (1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 
154—156 (January, 1957) 


R ECENT investigations of the scattering of fast 


electrons on hydrogen! substantiate the con- 
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clusions of the meson theory on the extended dis- 
tribution of electrical charge in the nucleon. This 
distribution of charge is caused by the ‘‘cloud’? of 
charged mesons around the central nucleus—the 
core. Under the action of the external electrical 
field the distribution of the electric charge in the 
nucleon will be changing. In particular, one may 
expect polarization of the oppositely charged 
mesons Cloud and core in the neutron and the ap- 
pearance in the neutron of an induced dipole elec- 
tric moment p = & F, which should show up in an 
anomalous behavior of the differential cross sec- 
tion of the small angle scattering of neutrons by 
heavy nuclei? . If as a first rough approximation 
we assume that the meson field of the neutron, 
located in an external electrical field E = kV/z, 


where k = 1, canbe described by the static equation 


[V? + (e/ ch)? E%24] @ (1) 


— (mc /h)? 9 = (4 /c) gd (r), 


then the induced dipole electric moment will be 
given by 


(2) 


e? g? exp (— 2mer / i 
P= —~ F202 e\e = r? dex +- OE) 


From (2) it follows that 


a (he / g*) = (eh / mc?) x / 3m = 2,1-10-4, 3) 


As aresult of electrical polarization the neutron 
undergoes additional scattering in the coulombic 
field of the nucleus. The effect of polarization 
scattering will be greatest when the parameter of 
collision d is limited by the conditions: 


Rad <a; (4) 
where p= 1,5- 10-8 A’ls 


is the radius of the nucleus; 
a =0,53 - 10-® Z'ls 


is the radius of the electron shell. In this case, 
the energy of the interaction between the neutron 
and the nucleus has the form: 
ta (+ \2 


5-5 (——] o[rV] — «Z2e2 os 
U Op8 me } : 


H(t) =U (1) — “i 


Here the first term is determined by purely nu- 
clear forces, the second term describes the inter- 
action between the magnetic moment of the neu- 
tron po and the coulombic field of the nucleus 
(‘‘Schwinger scattering”’) . 


F’or the evaluation of the magnitude of the po- 
larization scattering the Born approximation was 
used. At distances greater than R, the nuclear 
forces decrease rapidly, and from the condition 


H (kh / mv 0) < 2E6 (5) 


(m, v and EF are the mass, the velocity and the 
energy of the neutron, scattered at the angle @)4 


it follows that at 


Oba 10-3 


910-41 cys Z~50—100, O< 6< 15° 


it is possible to use the Born approximation for 
energies £ = 10 mev. On the assumption that the 
energy of the nuclear interaction U is independent 
of spin, we will obtain the following expression 
for the differential cross section of the elastic 
scattering (cm” sterad) of a beam of non—polarized 
neutrons on the nucleus (Z, A): 


mc} \ he 


o@)=| FOF +zur( P(E) cers 6) 


+f (8) Ref, (9) ++ + #2 (0), 


where f\(@) is the amplitude of nuclear scattering: 


ey. 2met e a je KR (b) 
ee era ) Re 
cosKR ee: 
= KR +- Sl KR | ) 


K =4,44.102VE sin (6 / 2), 


E is the energy of the scattered neutron in millions 
of electron volts. 

The results of the calculations by Eq. (6) are 
given in the graph, as well as in the Table, where 
the relative contribution of the polarization scat- 
tering 


Ne (s—c,)/¢ 


is expressed in its dependence on the value of the 
coefficient of polarizability (forE = 4 mev, 9 = 3°).* 
For the nuclear scattering, the solid sphere ap- 
proximation was used. From the given data it is 
evident that the polarization scattering, as well 
as the Schwinger scattering, is manifest in the 
small angle scattering of neutrons. The range of 
angles 

O-—3 e105 


was found to be the most convenient for measure- 
ments, where the nuclear scattering is still only 
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slightly dependent on the angle, and the Schwinger 


scattering is already negligible. From a comparison 


sterad 
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with Ref. 2, it follows that ais appreciably 
smaller than 10-39 cm.3 


Differential cross section of the elastic scattering of 
neutrons of energy e = 4 mev and @ = 10740 cm3 ; 


01, Sg, 93 


are the cross sections of the nuclear, Schwinger and 
polarization scattering on U238; 


7 / 
64 = 0, +59, 5 = 5, +524 63. Gj), 5p, 


, 


, 
7 
Sip ter ygie. 


are the corresponding cross sections of scattering 


on Pb,297 


Polarization scattering introduces a considerable 
contribution into o(@) in the scattering of low 
energy neutrons and it decreases slowly with an 
increase in the angle 6. Thus, in the scattering 


PAB EE 
ee es WE 
nucleus 
a 
Cust Ppb2°7 Us 
10-39 54 83 88 
{0-20 iN? 5.9 6.7 


on U238 of neutrons of energies E = 0.1 mev for 

% = 10°40 cm3, A=57% at 0=3° and A = 62% at 
6=10.° However, in this case for comparison 

with experiment it is necessary to have a good 
knowledge of the absolute value of the purely nu- 
clear scattering since the slope of the curve o (6) 
constructed by formula (6) is small and qualitatively 


the curves o (@) and o, (0) are difficult to dis- 


tinguish. At a neturon energy E ~ 3—5 mev itis 
hoped that one may be able to distinguish these 
curves qualitatively, all the more, because for the 
above energies, in any case for Pb, the solid 
sphere approximation applies inadequately well.° 
In conclusion we consider it a very pleasant 
duty to thank I. I. Bondarenko and L. N. Usachev 


for valuable discussion. 


*More exact calculations inthe different variants 
of the meson theory will be published later. 


*In the calculations by Eq. (6) it is necessary to take 
into account that the allowable range of the angles 
@ and of the energy E is limited not only by the re- 
quirement (5), but also by the conditions KR << 1, 
ka >> 1, which follows from (4). 
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Heat Capacity of Laminar Structures 
at Low Temperatures 


E. S. ITSKEVICH AND V. M. KONTOROVICH 
Institute of Physico—technical and 
Radiotechnical Measurements 
Institute of Radiophysics and Electronics 
Academy of Sciences, USSR 
(Submitted to JETP editor October 18,1956) 

J. Exptl. Theoret. Phys.(U.S.S.R.) 32, 
175-177 (January, 1957) 


|B is well known that the heat capacities of lami- 
nar and chain structures do not obey the DeBye 
law C ~ (T/@)3 at low temperatures. In the work 
of I.M. Lifshitz!»? it was shown that the deviation 
fom the T? law is associated with the special 
role of bending waves in such structures. The 
anomalous form of the dispersion law (the relation 
between the frequency w add the wave vector K 
for bending waves leads to an anomalous tempera- 
ture dependence of crystal energy. In Ref. 2, the 
dispersion law was obtained for bending waves 


in strongly anisotropic media, and the corresponding 


heat capacity of a laminar crystal was calculated. 
For temperatures at which the interaction between 
layers may not be neglected (TENDS . 

where 7 and ¢ are small elastic moduli), the for- 
mula for the heat capacity obtained in Ref. 2 may be 


transformed into the form* 


(1) 
(2) 


Cs? / A = (8/8) +2 {3K (s) —s dK (s)/ ds}, 
A = Vkatn? / 16a%y3¢, 


S— jlo, sa 720)/ Aral ; 


where vp is the ‘“‘transverse stiffness’’ of the 
layers (v ~ 1), a “and a are the atomic distances 


in the layer and normal to it, and 


© 42 (3) 
Kies fl t? arctg (¢/ s) dt 
0 


eam aaa 


: A : 3 
Using an integral representation for In I’ (s)°, 
it is easy to show that 


dK (s) gine 52 - 


=| (4) 
a ey oe qs nT (s)—Ins +9; : 
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100 


75 


40 


25 


Lattice part of the heat capacity of graphite.° [J—data 
for the region 1.0—4.4° K. J/—data for the region 4.0-21.0° 
K. Solid line—theoretical curve. 


In the region of temperatures under consideration, 
the term 
3/s=CT/NO< 1 


and may be neglected. From Eqs. (1) and (4) we 
obtain the precise formula: 


Cee 
A ds (CS*) = 8 ds? 


InT(s)—s (s+) — >, (5) 


where d?In/ds? is a tabulated function.* Thus, 
inthe region of very low temperatures (7X70, CA) 
it is easy to tabulate the heat capacity of laminar 
crystals with the use of one graphical integration. 
A comparison with experiment is possible in 
spite of the fact that the elastic constants in the 
region of temperatures under consideration are not 


known for laminar lattices. In fact, for 


s-0: s?C/A—0.0914 


(the region of quadratic dependence of heat capacity 
on temperature); and for 


(T0), s8C/A— 1/30 


(the region of cubic dependence). Determining the 
combinations of constants required for Eq. (2) by 
the limiting laws, the entire curve may be con- 
structed. 

Until very recently, the necessary experimental 
data was not available. The data of Keesom and 
Pearlman® , which appeared recently, allowed a com- 
parison with experiment for graphite, as shown in 
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the Figure. Over the entire temperature range, the 
divergence does not exceed 10—15%, and may be 
partly due to the error attached to the exclusion of 
a linear term (electronic contribution to the heat 
capacity). 

It should be noted that Eg. (1), obtained without 
appealing to models, but on the assumption of 
strong anisotropy, and yielding satisfactory agree- 
ment with experiment for graphite, cannot lay 
claim to a detailed agreement with experiment for 
lattices that are not so strongly anisotropic lattices, 
e.g., laninar halide salts of cadmium.® However, in 
the same way that DeBye’s interpolation formula 
gives good agreement with experiment in the 
general cases up to J’ ~ 0, while the precise 
cubic law ceases to be fulfilled very early, so also 
in the anisotropic case it may be expected that the 
interpolation formula obtained by the use of the 
limiting law of dispersion in Ref. 2 by an integra- 
tion along k, not to infinity, but to the boundaries 
of the wave vectors, will give better agreement 
with experiment at low temperatures and will be 
applicable to a wide class of laminar structures. 
This is due to the relatively great stability of the 
integrals expressing the heat capacity under varia- 
tions of the dispersion law.7? and to the considerably 
ereater influence of the upper limit of integration, 
which is taken into account by cutting off at the 
boundaries of the wave vectors. 

It should be noted that in structures in which the 
layers differ (for example, in cadmium iodide, in 
which they are not monatomic and the surfaces of 
iodine ions facing one another have different posi- 
tions with respect to the origin in a hexagonal 
system of coordinates), soft optical branches asso- 
ciated with weak interactions between layers may 
also contribute to the heat capacity. 

The last remark was made by Prof. I. M.Lifshitz. 
We take this opportunity to thank him for his in- 
terest in this work. 


*A direct numerical integration of the I. M. Lifshitz 
formula was performed by N.N. Lazarenko (diploma research, 
Kharkov State University, 1954). However, the accuracy 
attained therein is insufficient for comparison with ex- 
periment. 
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Investigation of the Excitation Functions 
for the Reactions C!°(p, pn)C?? 
Al27(p, 3pn)Na24 and Al?7(p, 3p, 3n)Na22 


in the 150-660 Mev Energy Range 


Iu. D. PROKOSHKIN AND A. A. TIAPKIN 


United Institute of Nuclear Studies 


(Submitted to JETP editor October 19,1956 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32; 


177-178 (January, 1957) 
HE reaction C}2 (p,pn) C!1(1) is widely used 


for the measurement of proton flux. In con- 
nection with this, it is of interest to determine the 
value of the cross—section forthis reaction for 
various proton energies. The excitation function 
of the reaction (1) was measured by Aamont and 
others for energies from the threshold energy up 
to 340 mev. Comparison of the results of Ref. 1 
withthe data obtained by Soroko2 (see Figure) in- 
dicate a rapid decrease of the cross—section in the 
300—460 mev range. However, the measurements of 
the ratio of the values of the cross—section at 
290 mev and 660 mev revealed? that, in this ener- 
gy range, the value of the cross—section for the 
reaction (1) decreases much more slowly. The 
mentioned-ratio was found to be 


o (670) / 6 (290) = 0 84 + 0,03. 


We therefore concluded it probable that a syste- 
matic error (~ 15%) in the determination of the ab- 
solute cross—section in one of the References 

1,2 is the real cause of the discrepancy. Results 
similar to those obtained in Ref. 2 were soon ob- 
tained in new investigations4»5 in the 410—460 mev 
range. Finally, the cross—sections in the 170— 
350 mev range were measured with great accuracy 
by Crandall et al,® (see Figure). The values found 
in Reference 6 are in good agreement with the 

data of Refs.2-5, The cross—sections given in 
Ref. 1 are, evidently, systematically larger by 
some 15—25%. 

The existence of these discrepancies led us to 
the Investigation of the reaction (1) in the 150—660 
mev range. In the course of the experiments, a 
graphite target was placed in the chamber of the 
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accelerator of the Institute for Nuclear Problems. 
The decrease in the proton energy was effected 

by means of varying the distance between the tar- 
get and the center of the accelerator. The proton 
flux through the target was determined with an 
accuracy of about 2% by means of a calibrated 
thermal battery. The relative activity of the graph- 


E: 150 


260 290 [3] 
o’ (C11): 4,49+0.06 


1,23+0.02 1.19+0,04 


These results, normalized for the value of the 
cross—section at 350 mev®, are shown in the 
Figure. The smooth curve is drawn according 
to the mean of the measurements of Refs. 2,4,5, and 
6 and of the present work. (In the region below 
150 mev, the results of the relative measurements 


260 


149 


ite target was measured with a group of propor- 

tional counters. The half—life was found to be 
20.8 0.2 min. The following energy dependence 
of the cross—section for the reaction (1) was 


obtained ( E, is the proton energy in mev, o ” 
=o(E, ) /o (660) is the relative reaction cross— 
section): 

350 450 560 660 


1,1640,03 1,034+0.02 0.98+0,02 4,00 


of Ref. 1 were used). Our data are in a good agree- 
ment with those recently published.7.8 

The excitation functions for the reactions Al27 
(p,3pn) Na24(2) and Al27 (p,3p3n) Na27(3) were 
also measured by the same method. The results 
are: Al?” (p, 3pn) Na (2)and Al (p, 3p3n) Na?? (3): 


on 150 350 450 560 660 
o’ (Na%4):1,1040.05 1,08340,03 1,014+0.02 14.02+003  0,97+0,02 1,60 
o’ (Na2”) 31.20 £0.15 1.0404 0.96+0,12 4,040.4 1.004-0,07 4,00 


The energy dependence found for the reaction (2) 
is in an agreement with the results of reference 9. 


Ls 


== 
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Cross—section for the reaction C12 (p,pn) C}? for 
various proton energies according to the data of: 
Ne=RefeuleixeRete2: @ Ref. 4, @ Ret. 5, O—Ret. 6, 
V —Ref. 8, W_the present work. 


Comparison with the results for the reaction (1) 
shows that the ratio of the cross—section for 
reactions (1) and (2) decreases smoothly with in- 
creasing energy. This does not agree with the 
results of Ref. 10, according to which the above 
ratio decreases sharply in the 200—500 mev range . 
The latter fact leads to the conclusions !°® about the 
presence of a maximum for the reaction (2) at 500 
mev, which is contradicted by our data. 
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(1952). 

2 L. M. Soroko, Reports of the Institute for Nuclear 
Problems, 34 (1952); B. V. Gavrilovskii, ibid. 
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4 A. H. Rosenfeld, Phys. Rev. 96, 1714 (1954). 
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101, 329 (1956). 
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Scattering of K Mesons with Change of 
Intrinsic Parity 


V.B. BERESTETSKII AND Iv. A. BYCHKOV 
(Submitted to JETP editor October 25, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 181-183 
(January, 1957) 


ft HE analysis of the experimental data on the 
decay of K mesons! leads, with a high degree 
of probability, tothe conclusion that: 1) the spin 
of K mesons is equal to zero, and 2) K mesons 
can occur in states with different intrinsic parities, 
positive (@ mesons) and negative (Tmesons). In 
collisions of K mesons with nucleons there can 
occur changes of the intrinsic parities of the 
former (conversion of mesons into T mesons and 
vice versa). For a consideration of some general 
features of such a process we shall represent the 
wave function V of the system K meson + nucleon 
as a combination of two spinors Wand yy, trans- 
forming differently on reflection, 


y 
Y. 
where / is the operator of reflection. 
In the scattering problem V has, as usual, the 
following form 


WY = uexp (ik nor) + F (n)e!*" /r, 


where n, and n are unit vectors in the directions 
of the incident and scattered waves, and u and F 
are the corresponding amplitudes, which like W, 
are two-spinor quantities. The amplitude F can 
be written in the form F = Ru, where R is a two- 
rowed matrix (each of its elements is a two-rowed 
matrix with respect to the spin variables). 

If the properties of 9 and 7 mesons are the same 
as regards interaction with nucleons, this last 
relationship holds also for the ‘‘parity-conjugate”’ 
amplitudes 


(ie 6 oy ee 014 
wu’ =Cpu; F'=C,F, Cel ea 


where eo is the operator of parity conjugation intro- 
2 
duced by Lee and Yang”. 


Consequently, the matrix R must satisfy the con- 
dition RC. =C_R and can be written in the form 
R=a+b Xe where a is a scalar and b is a pseudo- 
scalar (more precisely, corresponding matrices in 
the spin variables). The amplitude au describes 
the ordinary scattering (without change of intrinsic 
parity), and is of a form that is well known from 
the theory of scattering of spinor waves. Our aim 
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is to find the general form of the amplitude bu that 
describes the scattering with change of intrinsic 
parity. 

For this purpose we consider the relation between 
the incident and outgoing waves with definite 
values of the angular momentum and parity. We 
write it in the form 


t ° i 
Fim =S(j, g) Yime 


where j, M, and g are the quantum numbers for the 
angular momentum, one of its components, and 
the parity, and S is a two-rowed matrix in the 
same sense as R. We can write this matrix in the 
form 


Sy Sip 
S i, = “ — ANE 4)U+1 
8) (Ce at ae 


where / = 7 + % is the orbital angular momentum of 
the meson and /’=j7 +% is that of the 7 meson. 
By the general symmetry properties of the S-matrix 
Siy2= 90/1 
F arthetore: since 
Fim—g = Cp¥ img 
the invariance of the interaction with respect to 


the parity-conjugation transformation leads to the 
relation 


S(j, —g) = C,S (i, g) C5}, 


i.e. 


; Spy Sip 
vi Si 


We see that the off-diagonal elements S,,-do not 
depend on the parity g of the state. a 

We can now construct the expression for the scat- 
tering amplitude bu. For this purpose let us 


consider the amplitude u of an incident wave with 
components v, O (a@meson). To this there corre- 
spond ingoing waves of the form 


ete 2ni! x 
Bo (Qitm (Mo) 2), 
where g = (—1)! and Qiu is a spherical spinor®. 


The outgoing waves will be of the form 


win __ (6 iy (n) 
ze ( 0 


SS 


Sap @ (Oy i 
yout =| Il jim (") it) on 
iMg Sip € Qi (n)) (— 1) Sepa 


and consequently we have 


2r 

be = =2 a 

eae): > (Qi (Mo) 2) Qi y(n). 
ilLM 
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By making use of the following transformations? 


* 4 > 
Di D}ra 0) QO) = (ay, + ele Imus), 
&s1 = (i + /s) P; (cos 9), Bir 


=F Pi for !=jF 3/2, cos®=non 


(P, and aon are Isegendre functions), we have 


aia (Mo) v) Qiim (n) =o(n Mites M091) 
M 


Use of well-known relations between Legendre 
polynomials leads to the equation 


Tpit 6p gal dy, p1ap, 
zs qj, ja = (d/d cos 8) (Pi4s, a Pj_1,)- 


Inserting all of this into the expression for b , we 
have finally 


b = B (8) o (ny) +n), 


14 d 
B(®)= FR » Sint haces 9. ith ie 
d a 


For small momenta we can retain in this ex- 
pression only the term with j = %, corresponding 
to transitions Sy § Py: Then B does not depend 

2 


on the angles, and the differential cross-section 
for scattering with change of intrinsic parity 
takes the form 


| b |2 =o, (1 + cos:9), 


where o, is a constant and, according to general 
properties of the elements of the scattering matrix, 
0, ~k*. Unfortunately , this dependence of the 
cross-section on angle and momentum is not suf- 
ficient by itself for an experimental singling-out 

of the process under consideration here, since the 
differential cross-section for ordinary scattering 


at small momenta contains an analogous dependence 


[a P= cf-+ of *eos.®, 


15] 


where c, and c, are constants (the first term corre- 
sponds to the s-wave and the second to interfer- 
ence between the s- and p-waves). 

From the expression for b it follows that in 
this type of scattering no polarjzation of the nu- 
cleons occurs. But if the nucleon was polarized 
before the scattering, then the spin components 
perpendicular to the vector n, +n change sign. 

All the preceeding discussion applies also to 
the scattering of = and A particles by nuclei of 
spin 0, if the spin of these particles is equal to 
%. The same expressions also describe the pro- 
cesses 


KN > oso, Kea A, 
with the amplitude 6 in this case referring to the 
appearance of a hyperon of the same intrinsic 
parity as the incident K particle (since an odd 7 
meson is produced). 

The writers express their sincere thanks to I. Ia. 
Pomeranchuk for many helpful discussions. 
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Absorption of y-Quanta of 500 mev Mean Energy 
in Lead, Copper and Aluminum 


M. D. Batukov, M. Ts. OGANESIAN AND 
A. A. TIAPKIN 


United Institute of Nuclear Studies, Laboratory for 
Nuclear Problems 
(Submitted to JETP editor October 26, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 183 
(January, 1957) 


E. measured the absorption coefficients of y- 

quanta of 500 mev energy“in Pb, Cu and Al. 
y-quanta from the decay of 7°-mesons produced in 
the internal phasotron target by protons of 660 
mev were registered by a 12 channel-pair y-spec- 
trometer. The spectrometer was placed at the dis- 
tance of 23 m from the target. A device, periodi- 
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cally covering the y-beam by a lead absorber, was 
placed before the collimator situated in a 4 meter 
thick shielding wall 13 meters from the spectro- 
meter. A lead plate in the form of a half-disc, 
mounted on the reductor axis of an electric motor, 
periodically covered the y-beam making 12 r.p.m. 


The counting of the y-quanta registered by the 
spectrometer was done separately for the cases of 
the completely covered and completely uncovered 
beam. 

For the purpose of the determination of the ab- 
sorption coefficients of y-quanta in Cu and Al by 
means of the same revolving device, the lead ab- 
sorber was periodically changed by a copper and an 
aluminum absorber. A frequent change of the ab- 
sorbers made it possible to carry out the measure- 
ments without a monitor and, besides, removed 
errors due to the time variation of the sensitivity 
of the spectrometer. The y-beam, after traversing 
the collimator, was purified from electrons and 
positrons by a special magnet. 

The values of the absorption coefficients (in 
cm7/g) of y-quanta of the energy Ey = 500 +50 
mev, obtained in our work, are: 


Pb : 0.1115 + 0.0025; Cu: 0,0510 + 0,0025; 


Al: 0.0295 + 0.0017. 


The absorption of y-quanta of Ey = 500 mev is 
due basically to electron-positron pair production. 
The calculation shows that the absorption due to 
the photoeffect and the Compton effect amounts 
for Pb to ~ 0.5%, for Cu to © 1.2% and for Al to 
~ 2% of the total absorption cross-section. 

The y-absorption cross-sections obtained by us 
are in a good agreement with the results of calcu- 
lations by Davies et al’. 

It should be noted that the results for y-quanta 
of 500 mev, which are in agreement with the cal- 
culations, were obtained with a lead filter of the 
thickness 5.55 g/cm permanently placed in the 
beam. The values of cross-sections obtained 
without this filter were 10% higher. No influence 
of such a filter was observed in measurements of 
the cross-section for 280 mev y-quanta. The ob- 
tained value of the cross-section for 280 mev y- 
quanta is in good agreement with Ref. 2. It has 
not been possible to explain the cause for the 
higher result for the absorption cross-section of 


500 mev y-quanta in the absence of the additional 
lead filter. 
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1 Davies, Bethe and Maximon, Phys. Rev. 93, 788: 


(1954). 
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A Physical Model of the Hyperon 


G. D’ERD1 (GyorG!) 

Central Physical Research Institute, 
Cosmic Ray Division, Budapest 
(Submitted to JETP editor August 2,1956) 
J. Exptl. Theoret. Phys.(U.S.S.R.) 32, 

152—154 (January, 1957) 


I N recent times a number of attempts have been 
made to reduce the number of particles that are 
regarded as ‘‘elementary’’ by regarding some 
of them as compound structures.!—5 Some propo- 
sals of this sort are not in agreement with ex- 
periment and with the very successful phenomeno- 
logical scheme of Gell—Mann, since they lead 
to charge states that most frobably do not exist 
in nature.°’> The one that seems most natural is 
an early proposal of Goldhaber,? which, being ap- 
plied in the light of our present knowledge, pro- 
vides the correct charge multiplet of the hyperon 
and a very attractive picture of the interaction 
of baryons and heavy mesons. 

We assume that_hyperons are bound systems* 
of nucleons and K—mesons, which, according to 
Gell—Mann, form a charge doublet K (K°,K-). 
The nucleon and the K—meson can form singlet and 
triplet charge states. The singlet state can be 
identified with A°, the triplet with =+, 2°, Z-. 
The qualitative features of the proposed interaction 
between K—mesons and nucleons are such that, 
in agreement with experiment, the binding 
forces are independent of the charge and depend 
only on the isotopic spin, the forces being larger 
for the antiparallel orientation of the isotopic 
spins. As a model for the E —particle (which we 
assume to be a doublet) one can take the bound 
system of a A° or a 3—particle and a K-meson 
(doublet of the NKK system). According to the 
idea being developed here there must exist a hy- 
peron with isotopic spin 7 = 3/2 and with a mass 
greater than the mass of the E, if the interaction 
between the & and K-—particles is sufficiently 
strong to form a bound system with parallel iso- 
topic spins. If there is no degeneracy, then there 
can exist other states with JT = 1/2 besides the =. 
For the state with T = 1/2 higher than the © and 
for the components ihe = + 1/2 of the state T=3/2 
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there is possible rapid decay to © with emission of 


a y—quantum, If the mass difference is large 
enough, the components 


— 


via a strong interaction, to E anda charged pion. 
In connection with our considerations, the 
question can arise as to why bound systems are 
not formed of nucleons and K(K*,K°) particles in 
analogy with the systems NK . To account for 
this, we assume that the interaction energy of 
the K—meson field and the field of the given nu- 
cleon changes its sign on charge conjugation 
applied to the K—meson variables 


(Kt<> K-, K°<K?). 


A similar situation is well known in quantum elec- 
trodynamics: the interaction energy of the Dirac 
field and a given electromagnetic field changes 
its sign on charge conjugation applied to the 
variables of the Dirac (for example, electron) 
field (e+ <>e-). 
Then if the NK forces correspond to attraction, the 
forces between nucleon and K—particle correpond 
to repulsion and have the same magnitude. 

If the principle of invariance under the parity 
transformation holds as formulated by Lee and 
Yang,® then the properties of the 3 and Tparti- 


cles areidentical, except for the intrinsic spatial 


parity, and we can assume the existence of two- 
parity —conjugate states of types (N33) and (N7). 
The existence of such states has been predicted 
by Lee and Yang. 


_ The operator of (strong) interaction between 
K and K mesons and nucleons is taken in the form 


U = Gy (POyY) (XOX) + Gs (VTAVW)HTAR)- (1) 


Here y is the operator of the nucleon field and 


x is that of the K—meson field. Both functions are 


taken to be isotopic spinors of the first kind in 
accordance with the proposal of d’Espagnat and 
Prentki? (x corresponds to the destruction of K° 
and K + particles and the creation of K® and 


K~0 ); ¥ has the reverse effect); Qy and Qx 


are operators acting on the space and spin coordi- 
nates. 

The bilinear form of the interaction energy (1) 
in the operators ¥ and x, which is a consequence 
of the isotopic spinor nature of the K—particles 
and the postulate of charge invariance,’ provides 
for the joint creation of K and K particles. If a 
K-—particle (or more than one of such particles) is 
created in a bound state with a nucleon, then 
we have to do with associated productions of 
types > KA,K, KKe, 


[, = +3/2 can also decay, 
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predicted by Gell—Mann’s theory. 

According to our hypothesis the decay 3 -27 
occurs because of a direct weak boson—fermion in- 
teraction of the type diccussed by Oneda: 8 


The same coupling with the constant g leads to 
the decay of the hyperon: 


N) bal 


It is easily seen that if our considerations are 
correct, they provide a physical basis for the 
phenomenological classification of particles and 
types of interactions given by Gell-Mann. The 
‘strangeness’? quantum number receives a simple 
interpretation: in our model it is identical with 
the difference N, between the number of K—particles 


and the nuniber of K (anti—K) particles. Nx is 

a constant of the motion for strong interactions. For 
strong interactions there is conservation of the 
number ¢@ of elementary isotopic fermions, given 


by the sum of Nyx and Ny (number of nucleons minus 


number of antinucleons). But Ny itself is separ- 


ately conserved since, according to our con- 
ception, all nucleons are elementary baryons, 

and thus the number of heavy particles (a con- 
stant of the motion) is just Ny . Therefore S= Nee 


is conserved in all fast reactions. The weak in- 
teraction of K—mesons with nucleons destroys 
the conservation of Nx . 


The writer is deeply grateful to Prof. I. 
Kovach and Prof. K. F. Novobatskii, who pro- 
vided him with the possibility of working in the 
favorable atmosphere of the Institute of Theoreti- 
cal Physics of Hotvés University. The writer also 


thanks his friend G. Marks for advice and discus- 
sions. 


——$———_ 


* The situation here is analogous to that occurring in 
the interaction of electrons. The number of electrons 
minus the number of antielectrons is conserved as long 
as only the electromagnetic interaction is considered. 
But the weak (8-decay) interaction of electrons with 
nucleons destroys this conservation law. 
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154 


3 M. Gell—Mann and A.Pais, Proc. Int. Conf. Glas- 
gow, Pergamon Press, 1955. 

4 S. Filippov, J. Exptl. Theoret. Phys. (U.S.S.R.) 29, 
707 (1955). Soviet Phys. JETP 2, 572 (1956). 

5 V.Karpman, J.Exptl. Theoret. Phys. (U.S.S.R.) 30, 
781 (1956). Soviet Phys. JETP 3, 754 (1956). 

6 T. Lee and C.Yang , Phys. Rev. 102, 290 (1956). 

7 B. d’Espagnat and I. Prentki, Nucl. Phys. 1, 33 
(1956)- 

8 S. Oneda and A. Wakasa, Nucl. Phys. 1, 445 (1956) 


Translated by W. H. Furry 
28 


On the Structure of Nucleons 
I. E, TAMM 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor October 26,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 
178—180 (January,1957) 


OMPARISON of the results of the measurements 

of the scattering of fast electrons (with energy 
up to 550 mev ) by protons, carried out by Cham- 
bers and Hofstadter.! with measurements of the 
interaction of electrons with neutrons2’® has led 
a number of physicists to the conclusion that these 
data as a whole are in contradiction either with 
the charge independence of the interaction of 7— 
mesons with nucleons, or else with the foundations 
of quantum electrodynamics. The purpose of this 
note is to present arguments against the legiti- 
macy of this sort of conclusions. 

The most direct argument in favor of the conclu- 
sion mentioned has been formulated by Yennie, 
Lévy and Revenhall4; it reduces to the following. 
Chambers and Hofstadter have shown that the root— 
mean-square radius of theelectric charge distri- 
bution of the proton is close to the value 


r= 0.77-10-%em = 0,55 h/ ue. (1) 


On the other hand, if the interaction of 7—mesos 
with nucleons is charge invariant, then the meson 
clouds of proton and neutron must be mirror—sym- 
metric (identical charge distributions, but with 
opposite signs). Therefore if, following Saks, one 
superposes the charge densities of proton and 
neutron, their meson charges cancel mutually and 
we obtain the charge density of the so—called 
“‘core’’ of the nucleus , i.e., the charge density 
due to the distribution of just the single nucleons 
and of nucleon pairs: 


, (7) = ep (r) +e, (7). 
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Using the above—mentioned experimental data, Yen- 
nie et al, found that the root mean square radius 
of the charge of the core is practically equal to 
eR 
Pp 

Pha oa 0.77-10-3om ~ 3.7h/ Me. (2) 


It is just thisresult that isregarded as paradoxi- 
cal, and for the following reason. If we confine 
ourselves to the consideration of mesons with 
energies less than pe? , then the recoil in the 
emission of a meson by a ‘‘bare”’ nucleon can be 
neglected, so that the nucleon must be in.the cen- 
ter of the physical nucleon (r,~0), while the ra- 


dius of the distribution of mesons must be of 
the order h/wc, which does not contradict Eq. 
(1), but does contradict Eq. (2). But in thecase of 
emission of mesons with energies of the order 
of yc2, it is necessary to take into account the 
recoil experienced by the nucleons, and owing 
to the recoil, the nucleons will be displaced by 
about the same distance as the mesons; but this 
distance must be of the order of h/Mc. Accord- 
ing to Eq. (2), however, r, is considerably 
greater than this value. 

In my opinion, the argument that has been 
presented is based, though not obviously, on the 
idea of weak interaction of mesons with nucleons. 

Since in reality this interaction is strong, each 
meson must be dissociated for an appreciable 
fraction of the time into a @ nucleon—antinucleon 
pair. Therefore, the distribution of these pairs 
(which by definition forms part of the core of the 
nucleon) must be just about the same as the meson 
distribution itself 


(r ~h/ye), 


in accordance with Eq. (2). 

It is true that if we confine ourselves to con- 
sideration of processes of the type 7 ~N +N >a 
(where V denotes an antinucleon ), then the charge 
of the nucleon pairs will be distributed in just 
the same way as the charge of the mesons, and 
conse quently cancels out in the calculation of the 
quantities p, andr. But measurements by Segre “ 


and others have shown that the cross—section for 
annihilation of antiprotons on nucleons is very 
large* (which is quite understandable from the 
point of view of meson theory). Therefore the anti- 
nucleons produced at the mesonic periphery of the 
physical nucleon will have a large probability of 
being annihilated with the nucleon located at its 
center, being created again, and so on. The re- 
sult is that the charges of all thenucleons and 
antinucleons (i.e., the cherge of the core) is dis- 
tributed more or less uniformly over the whole 
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volume of the meson cloud, in agreement with Eqs. 
(1) and (2). 

The ideas that have been explained here also 
agree entirely with the fact! that there are no 
experimental indications of any concentration of 
the charge of the proton near its center. 

If the total charge of the nucleon is indeed dis- 
tributed over its whole volume then there cannot 
be mirror symmetry of the charge distributions 
even in the peripheral regions of proton and neu- 
tron. This, however, does not necessarily have to 
be in contradiction with the mirror symnetry of their 
anomalous magnetic moments, since, in view of the 
difference of the masses of meson and nucleon, 
these moments are probably mainly due to meson 
(and not to nucleon) currents, and the meson 
currents have mirror symmetry owing to the charge 
invariance. 

We take note of one further misunderstanding 
in connection with the structure of nucleons. In 
nonrelativistic approximation, the interaction 
between the electromagnetic field and an (on the 
whole) neutral particle with spherically symmetric 
charge distribution (a neutron ) is characterized by 
a potential energy 


V = —adivE. (3) 


Foldy° pointed out that the experimental value of 
the constant a for the neutron is very close to 
the value 


Am = (h/2Mc) vy 


(where p,, is the magnetic moment of the neutron) 


which corresponds in nonrelativistic approximation 
to a Dirac particle having a relativistic interaction 
with the electromagnetic field given by the Pauli 
term 


G72) E,1 1 F 5: 


2,3 


According to the latest experimental data” , 
the difference between a and a amounts to only 


2 +7 percent. Thus there is practically nothing 
left of the interaction of the neutron with the 
electric field to correspond to the electric 
charge in it. 

On the other hand, if we estimate this latter 
part of the interaction, starting from the usual 
model of the neutron (a small positive core, sur- 
rounded by a negative meson cloud of radius of 
the order h/yc) this contribution to the quantity 
a must be several times as large as the whole 


experimental value of a. 
This contradiction is removed if we adopt the 
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model of nucleons described in this note: they 
contain inside them nucleons and antinucleons 
distributed according to approximately the same 
law as the 7 mesons, an since the total charge of 
the neutron is equal to zero, the charge density in 
it is close to zero and the contribution it makes 
to the value of a must be small. 

It is necessary, however, to register the objection 
that both attempts to estimate the value of the 
difference a—a_ from a definite model of the 


neutron are unreliable. In the phenomenological 
theory 


a=a,+a', 

where the value of the constant a’ is entirely 
arbitrary ( in the relativistic theory a’ appears in 
an interaction term ; 

a’y OF *® / Ax®), 
A direct calculation, starting from a definite (re- 
lativistic ) model of nucleons, can determine the 
dependence of the quantity a’ on the distribu- 
tion of charges in the particle. It ishard to foresee 
the result of these calculations. Thus, for exam- 
ple, from calculations conducted according to 
meson theory by perturbation method and 
including the second order in g, it is found © 
that a°= 0.32 a, . But in any case there is at 


present no reason to suppose that the so—called 
zero value of the electrical radius of the neutron 
(i.e., the equation a —a = 0) is not consistent with 


charge invariance. 

From the point of view of the ideas that have 
been presented here, theories that do not take 
into account the production of nucleon pairs 
by mesons (for example, the theory of Chew and 
Low) cannot be expected to give a successful 
explanation of the structure of nucleons. An 
exact theory of nucleons must also take account of 
the peculiar properties of the cloud of virtual 
K--mesons occurring around a nucleon.? 


*According to data presented at the Conference on 
Theoretical Physics in Seattle in September 1956, this 
cross—section is equal to 120 to 100 mb at antiproton 


energies 200 to 500 mev. 
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